MATH 850 Grobner Bases Homework

(1) Divide 2%y + 1 and 2 + %2 into 1 + 2° + = + y + 23y + 2ty + v? + 22%y? + 23 twice, giving
preference for one or the other polynomial. Use lex order with = > .

(2) Let R be aring, a1, as,...,an,b1,b2,...,b, € R, and let F be a field.

(a) Show that ajas---a, — biby--- b, € <a1 —bi,a0 —bo,...,an — bn>

(b) Prove that, if f(x)afl(x)va(X)w'-afm(x) € F[X] and f = p(flanv"'afm) for some
p(y) € Fly], then

fx)=p(y) € (y1—fry2—foroo o Ym — fm)
in F[x,y].

(3) Let G = (2#* +y, 2%y + 1) C R[z,y]. Show that G is not a Grébner basis with respect to any
term order on Zon-

(4) Let I = <a:2 +y2 422 —4, 2?2+ 2% -5, 2z — 1> C R[z,y,z]. Compute a Grobner basis for I
with respect to lex orders with = > y > z and y > 2z > x, and graded lex order.

(5) Compute a polynomial p(y1,ye) such that x} + x5 = p(z1 + 29, T122).

(6) Let I = (be+y+2—17T,24+y—2—-1, 2 +y+2—9) C Rlz,y, 2]. Compute a Grébner basis
for I with respect to the usual lex order. Explain the relation to Gauf} elimination when solving
the following system:

0T +y+z=17
r+y—z=1
z+y+z=9.

(7) Blow the dust off your old calculus book and convince yourself that, to find the minimum and

maximum values of

3+ 2xyz — 22

for (x,y,2) on the sphere given by x? 4+ y? + 22 = 1 can be solved using Lagrange multipliers
via the system
322 + 2yz — 22X = 0
20z —2yA =0
2cy — 2z — 222 =0
4yt +22-1=0.

Solve this via Grobner bases; we suggest to use lex order with A > x > y > z.



