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Bernoulli Relations
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Norlund (1922): Relations for Bernoulli polynomials By (z) defined through
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Dilcher (1996): Relations for Bernoulli numbers of order n defined through

n k
z . (n) =~
L

k>0

and their polynomial generalization.

Goal: Relations for Bernoulli-Barnes numbers By (a) defined through
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Bernoulli-Barnes Relations

Z’)”L

Bi(a a=(ay,as,...,a,) € RY,
(€417 —1)--- (em? — 1) I;) >

Theorem 1l Forn >3 and odd m >1

n

n+j—4 1 % fn=m=3
2 ( j—2 )(m—nﬂ')! Z.anH(aI):{o

. otherwise
j=n—m

where the inner sum is over all subsets I C {1,2

.,n} of cardinality j
and aj := (a; : i € I).
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Bernoulli-Barnes Relations

Zn

(€alz _ ]_) eanz _

ZBk a=(ay,as,...,a,) € RY,
k>0

Theorem1l Forn >3 and odd m > 1

n

n+j7—4 1 % ifn=m=23
2 ( j—2 )( —n+J)'ZBm whi8r) = {0 |

. otherwise
j=n—m [I|=j

where the inner sum is over all subsets I C {1,2,...,n} of cardinality j
and aj := (a; : i € I).

Corollary Forn >3 and odd m > n — 2

z”:(n—i—j—él) m! (n)B(j) J3 ifn=m=3
. i=2 J(m—n+)I\Gj) ™" |0 otherwise

Jj=2
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Bernoulli-Barnes Relations

Z’)’L

(e — 1) (e = Z Bi(a a=(ay,as,...,a,) € RY,
k>0

Theorem 1l Forn >3 and odd m >1

- n+j5—4 1 1 ifn=m=3
Z ( J—2 )( —n+j)! Z Br—ntilar) = {(2) otherwise
j=n—m [ 1|=j
where the inner sum is over all subsets I C {1,2,...,n} of cardinality j,

and ay :=(a; : 1 € I).

Poof Don't use a Siegel-type integration path with integrand
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Bernoulli-Barnes Relations

Z’I’L

(ea1z — 1) eanz — 1 ];)Bk a= (al’ az;. .- a’”) = RZO

Theorem 1l Forn >3 and odd m >1

& n+j5—4 1 i ifn=m=3

> ("2 T Bnen@) =8 e
j=n—m J—2 (m—mn+j)! 7= 0  otherwise
where the inner sum is over all subsets I C {1,2,...,n} of cardinality j,

and aj := (a; : 1 € I).
Proof idea Show that

> ("7, e S
: j—2 [L,c; (%% —1)

| I|=j

is an even function of 2.
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Barnes Zeta Functions

Cn(2z,25a) := Z !

z
ot (x +miag + - - + mpay)
>0

defined for Re(z) > 0, Re(z) > n and continued meromorphically to C.

a=(1,1,...,1) — Cn(s;x) :=C((s;2,(1,...,1))

is the Hurwitz zeta function of order n. The Hurwitz zeta function is the
special case n = 1, the Riemmann zeta function the special case x = 1.
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Barnes Zeta Functions

Cn(z,x;a) := Z !

z
ot (x +miag + -+ + mpay)
>0

defined for Re(z) > 0, Re(z) > n and continued meromorphically to C.

a=(1,1,...,1) — Cn(s;z) i =((s;x, (1,...,1))

is the Hurwitz zeta function of order n. The Hurwitz zeta function is the
special case n = 1, the Riemmann zeta function the special case x = 1.

(—1)"k!

Cn(—k,z;a) = (it n) Biyn(x;a)

where By (x;a) is a Bernoulli-Barnes polynomial defined through

Note that By(a) = By(0;a)
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Barnes Zeta Relations

mGZTZLO
SN eT? Zk:
= B a)—
(ealz _ 1) (eanz _ 1) Z k(x’ )kl
k>0
Theorem 2 Let aq,...,a, be pairwise coprime positive integers. Then
D e n—1
(siza) = SN (P ) B w(@a) ¢l — ki)
(n—1)! k
k=0
n a;j—1 n
. R T+
—|—Zaj Z o_r(@1,y ..., Q... 0n;05)C (s; —
j=1 r=0 J
aj—1 2mimr/a;
e J
where o, (a1,...,a;...,a,;0;) := — .
7“( 1 J n J) a; n; Hk;éj (1 . 627mmak/aj)

Is a Fourier—Dedekind sum.
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Reciprocity Theorems

Theorem 2 Let aq,...,a, be pairwise coprime positive integers. Then

_1n—1

oma) = G2y (") Bstwan s o

n

a;—1
T+
_8 AN . .
+E a; E J_T(al,...,aj,...,an,aj)C(s, — )
j=1 r=0 J

Corollary [mn=2] Let a,b be coprime positive integers. Then

1 €T

(i, (a,0)) = —C(s — Lm) + (1= —) ((sia)

a—1 a—1
b—1r T+ a lr T+
S . _b_S .
! ZO{ a }C<S a ) TO{ b }C<S b

T
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Reciprocity Theorems

Corollary [ n=2] Let a,b be coprime positive integers. Then

X

(s, (@) = ~C(s — 1) + (1= ) (s )

a ab
a—1 _ a—1 _
—a_SZ{balr}§<s;er> _b_sz{ablr}C (S;xZ’r> |
r=0 r=0

Corollary [ s € Z.o] Let a,b be coprime positive integers. Then

a—1 a—1
b 1r T+ alr T+ T
ST B () S e ()
1 1 m+1

— B, , (a,b
m + 2 +2(2, (@ ))+abm+2

Bynio(z) + (% ~ 1) Bypii ().

This is reminiscent of reciprocity theorems for Dedekind sums. . .
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Reciprocity Theorems

< b—1r x4+ (a0 x4+
m B, b B, =
S B () S {5 e ()

1 1 m+1

—— By, , (a, b
m + 2 +2( (a ))+abm+2

|
’—l

%
I
o

Brss(@) + (= = 1) B (@)

is a polynomial generalization of Apostol’s reciprocity law

% (™ sm(a,b) + 6™ sy (b,a)) =

m—+1
1 o .
Z (m;l— )(_1)m—|—1—zazbm—|—1—sz_Bm+1_i
1=0

for

sutad = S {7 5 5) = S5 ().

r=0 r=0

The case m = 1 gives Dedekind sums and their reciprocity law.
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Hurwitz Zeta Relations

Theorem 2 Let aq,...,a, be pairwise coprime positive integers. Then

((sizim) = n_l,z (") Bl gls —

aj—
x+r
—8 i . .
_|_E aj E J_r(al,...,aj,...,CLn,CLj)C(S, . )
J:l 7":0

a;
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Hurwitz Zeta Relations

Corollary [ s € Z.og] For any positive integers m,n

B = mam) (" ) S (M) B

n—1
k=0
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Hurwitz Zeta Relations

Corollary [ s € Z.og] For any positive integers m,n

B = mam) (" ) S (M) By e

n—1
k=0

This recovers once more Dilcher’s and Euler’s relations for Bernoulli numbers
and polynomials.
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Barnes Zeta Relations

Theorem 2 Let aq,...,a, be pairwise coprime positive integers. Then
B [ it n—1
(sima) = S () Buosi(wia) C(s — ki)
(n—1)! k
k=0
& = T+
—I—Za,j_s Z o_r(@1y .Gy ey Qn;aj)C (s; — ) :
j=1 r=0 J
Proof idea We can write
1 pA(t)
((s;m,0) = ) =D
g (x +myar + -+ mpay) = (x + 1)
where
pa(t) := # {(kl, coskn) €23y krar + -+ kpay, = t}
counts all partitions of ¢ with parts in the finite set A :={a1,...,a,}.
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Barnes Zeta Relations

Theorem 2 Let aq,...,a, be pairwise coprime positive integers. Then

((sizim) = n_l,Z G ERE

J

n a;j—1 T+
_S -~ . °
30 §:o_r<al,...,aj,---yamaﬂC(8’ . )

J:l T:O

Proof idea We can write

| B 1 B pa(t)
(sza)= ), (az+m1a1+~-+mnan)3_Z(l”rt)s

mMi,...,Mp>0 t>0

and realize that p4(t) can be expressed using Barnes—Bernoulli polynomials
and Fourier-Dedekind sums. . .
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