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and their polynomial generalization.

Goal: Relations for Bernoulli–Barnes numbers Bk(a) defined through

zn

(ea1z − 1) · · · (eanz − 1)
=
∑
k≥0

Bk(a)
zk

k!
, a = (a1, a2, . . . , an) ∈ Rn>0
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Bernoulli–Barnes Relations

zn

(ea1z − 1) · · · (eanz − 1)
=
∑
k≥0

Bk(a)
zk

k!
, a = (a1, a2, . . . , an) ∈ Rn>0

Theorem 1 For n ≥ 3 and odd m ≥ 1

n∑
j=n−m

(
n+ j − 4

j − 2

)
1

(m− n+ j)!

∑
|I|=j

Bm−n+j(aI) =

{
1
2 if n = m = 3

0 otherwise

where the inner sum is over all subsets I ⊆ {1, 2, . . . , n} of cardinality j
and aI := (ai : i ∈ I).

Relations for Barnes Zeta Functions Matthias Beck 4



Bernoulli–Barnes Relations

zn

(ea1z − 1) · · · (eanz − 1)
=
∑
k≥0

Bk(a)
zk

k!
, a = (a1, a2, . . . , an) ∈ Rn>0

Theorem 1 For n ≥ 3 and odd m ≥ 1

n∑
j=n−m

(
n+ j − 4

j − 2

)
1

(m− n+ j)!

∑
|I|=j

Bm−n+j(aI) =

{
1
2 if n = m = 3

0 otherwise

where the inner sum is over all subsets I ⊆ {1, 2, . . . , n} of cardinality j
and aI := (ai : i ∈ I).

Corollary For n ≥ 3 and odd m ≥ n− 2

n∑
j=2

(
n+ j − 4

j − 2

)
m!

(m− n+ j)!

(
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Bernoulli–Barnes Relations
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∑
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Poof Don’t use a Siegel-type integration path with integrand

zs−1

(ea1z − 1) (ea2z − 1) · · · (eanz − 1)
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n∑
j=n−m
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∑
|I|=j
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1
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0 otherwise

where the inner sum is over all subsets I ⊆ {1, 2, . . . , n} of cardinality j ,
and aI := (ai : i ∈ I).

Proof idea Show that

n∑
j=2

(
n+ j − 4

j − 2

)
(−z)n−j

∑
|I|=j

z|I|ez
∑
i∈I ai∏

i∈I (e
aiz − 1)

is an even function of z.
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Barnes Zeta Functions

ζn(z, x;a) :=
∑

m∈Zn≥0

1

(x+m1a1 + · · ·+mnan)
z

defined for Re(x) > 0, Re(z) > n and continued meromorphically to C.

a = (1, 1, . . . , 1) −→ ζn(s;x) := ζ(s;x, (1, . . . , 1))

is the Hurwitz zeta function of order n. The Hurwitz zeta function is the
special case n = 1, the Riemmann zeta function the special case x = 1.
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Barnes Zeta Functions

ζn(z, x;a) :=
∑

m∈Zn≥0

1

(x+m1a1 + · · ·+mnan)
z

defined for Re(x) > 0, Re(z) > n and continued meromorphically to C.

a = (1, 1, . . . , 1) −→ ζn(s;x) := ζ(s;x, (1, . . . , 1))

is the Hurwitz zeta function of order n. The Hurwitz zeta function is the
special case n = 1, the Riemmann zeta function the special case x = 1.

ζn(−k, x;a) =
(−1)nk!
(k + n)!

Bk+n(x;a)

where Bk(x;a) is a Bernoulli–Barnes polynomial defined through

znexz

(ea1z − 1) · · · (eanz − 1)
=
∑
k≥0

Bk(x;a)
zk

k!

Note that Bk(a) = Bk(0;a)

Relations for Barnes Zeta Functions Matthias Beck 5



Barnes Zeta Relations

ζn(z, x;a) :=
∑

m∈Zn≥0

1

(x+m1a1 + · · ·+mnan)
z

znexz

(ea1z − 1) · · · (eanz − 1)
=
∑
k≥0

Bk(x;a)
zk

k!

Theorem 2 Let a1, . . . , an be pairwise coprime positive integers. Then

ζ(s;x,a) =
(−1)n−1

(n− 1)!

n−1∑
k=0

(−1)k
(
n− 1

k

)
Bn−1−k(x;a) ζ(s− k;x)

+

n∑
j=1

a−sj

aj−1∑
r=0

σ−r(a1, . . . , âj, . . . , an; aj) ζ

(
s;
x+ r

aj

)

where σr (a1, . . . , âj . . . , an; aj) :=
1

aj

aj−1∑
m=1

e2πimr/aj∏
k 6=j

(
1− e2πimak/aj

)
is a Fourier–Dedekind sum.
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Reciprocity Theorems

Theorem 2 Let a1, . . . , an be pairwise coprime positive integers. Then

ζ(s;x,a) =
(−1)n−1

(n− 1)!

n−1∑
k=0

(−1)k
(
n− 1

k

)
Bn−1−k(x;a) ζ(s− k;x)

+

n∑
j=1

a−sj

aj−1∑
r=0

σ−r(a1, . . . , âj, . . . , an; aj) ζ

(
s;
x+ r

aj

)
.

Corollary [ n = 2 ] Let a, b be coprime positive integers. Then

ζ(s;x, (a, b)) =
1

ab
ζ(s− 1;x) +

(
1− x

ab

)
ζ(s;x)

−a−s
a−1∑
r=0

{
b−1r

a

}
ζ

(
s;
x+ r

a

)
− b−s

a−1∑
r=0

{
a−1r

b

}
ζ

(
s;
x+ r

b

)
.
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Reciprocity Theorems

Corollary [ n = 2 ] Let a, b be coprime positive integers. Then

ζ(s;x, (a, b)) =
1

ab
ζ(s− 1;x) +

(
1− x

ab

)
ζ(s;x)

−a−s
a−1∑
r=0

{
b−1r

a

}
ζ

(
s;
x+ r

a

)
− b−s

a−1∑
r=0

{
a−1r

b

}
ζ

(
s;
x+ r

b

)
.

Corollary [ s ∈ Z<0 ] Let a, b be coprime positive integers. Then

am
a−1∑
r=0

{
b−1r

a

}
Bm+1

(
x+ r

a

)
+ bm

a−1∑
r=0

{
a−1r

b

}
Bm+1

(
x+ r

b

)
=

1

m+ 2
Bm+2(x, (a, b)) +

1

ab

m+ 1

m+ 2
Bm+2(x) +

( x
ab
− 1
)
Bm+1(x) .

This is reminiscent of reciprocity theorems for Dedekind sums. . .
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Reciprocity Theorems

am
a−1∑
r=0

{
b−1r

a

}
Bm+1

(
x+ r

a

)
+ bm

a−1∑
r=0

{
a−1r

b

}
Bm+1

(
x+ r

b

)
=

1

m+ 2
Bm+2(x, (a, b)) +

1

ab

m+ 1

m+ 2
Bm+2(x) +

( x
ab
− 1
)
Bm+1(x)

is a polynomial generalization of Apostol’s reciprocity law

1

m

(
am−1sm(a, b) + bm−1sm(b, a)

)
=

m+1∑
i=0

(
m+ 1

i

)
(−1)m+1−iaibm+1−iBiBm+1−i

for

Sm(a, b) :=

a−1∑
r=0

{
a−1r

b

}
Bm

(r
b

)
=

a−1∑
r=0

r

b
Bm

({ar
b

})
.

The case m = 1 gives Dedekind sums and their reciprocity law.

Relations for Barnes Zeta Functions Matthias Beck 8



Hurwitz Zeta Relations

Theorem 2 Let a1, . . . , an be pairwise coprime positive integers. Then

ζ(s;x,a) =
(−1)n−1

(n− 1)!

n−1∑
k=0

(−1)k
(
n− 1

k

)
Bn−1−k(x;a) ζ(s− k;x)

+

n∑
j=1

a−sj

aj−1∑
r=0

σ−r(a1, . . . , âj, . . . , an; aj) ζ

(
s;
x+ r

aj

)
.

Corollary [ a = (1, 1, . . . , 1) ]

ζn(s;x) =
(−1)n−1

(n− 1)!

n−1∑
k=0

(−1)k
(
n− 1

k

)
B

(n)
n−1−k(x) ζ(s− k;x)
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Hurwitz Zeta Relations

Corollary [ a = (1, 1, . . . , 1) ]

ζn(s;x) =
(−1)n−1

(n− 1)!

n−1∑
k=0

(−1)k
(
n− 1

k

)
B

(n)
n−1−k(x) ζ(s− k;x)

Corollary [ s ∈ Z<0 ] For any positive integers m,n

B
(n)
m+n(x) = (m+n)

(
m+ n− 1

n− 1

) n−1∑
k=0

(−1)k
(
n− 1

k

)
B

(n)
n−1−k(x)

Bm+k+1(x)

m+ k + 1
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Hurwitz Zeta Relations

Corollary [ a = (1, 1, . . . , 1) ]

ζn(s;x) =
(−1)n−1

(n− 1)!

n−1∑
k=0

(−1)k
(
n− 1

k

)
B

(n)
n−1−k(x) ζ(s− k;x)

Corollary [ s ∈ Z<0 ] For any positive integers m,n

B
(n)
m+n(x) = (m+n)

(
m+ n− 1

n− 1

) n−1∑
k=0

(−1)k
(
n− 1

k

)
B

(n)
n−1−k(x)

Bm+k+1(x)

m+ k + 1

This recovers once more Dilcher’s and Euler’s relations for Bernoulli numbers
and polynomials.
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Barnes Zeta Relations

Theorem 2 Let a1, . . . , an be pairwise coprime positive integers. Then

ζ(s;x,a) =
(−1)n−1

(n− 1)!

n−1∑
k=0

(−1)k
(
n− 1

k

)
Bn−1−k(x;a) ζ(s− k;x)

+

n∑
j=1

a−sj

aj−1∑
r=0

σ−r(a1, . . . , âj, . . . , an; aj) ζ

(
s;
x+ r

aj

)
.

Proof idea We can write

ζ(s;x,a) =
∑

m1,...,mn≥0

1

(x+m1a1 + · · ·+mnan)s
=
∑
t≥0

pA(t)

(x+ t)s

where
pA(t) := #

{
(k1, . . . , kn) ∈ Zn≥0 : k1a1 + · · ·+ knan = t

}
counts all partitions of t with parts in the finite set A := {a1, . . . , an}.
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Theorem 2 Let a1, . . . , an be pairwise coprime positive integers. Then

ζ(s;x,a) =
(−1)n−1

(n− 1)!

n−1∑
k=0

(−1)k
(
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k

)
Bn−1−k(x;a) ζ(s− k;x)

+
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j=1

a−sj

aj−1∑
r=0

σ−r(a1, . . . , âj, . . . , an; aj) ζ

(
s;
x+ r

aj

)

Proof idea We can write

ζ(s;x,a) =
∑

m1,...,mn≥0

1

(x+m1a1 + · · ·+mnan)s
=
∑
t≥0

pA(t)

(x+ t)s

and realize that pA(t) can be expressed using Barnes–Bernoulli polynomials
and Fourier–Dedekind sums. . .
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