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Preface

Combinatorics is not a field, it’s an attitude.
Anon

A combinatorial reciprocity theorem relates two classes of combinatorial
objects via their counting functions: consider a class X of combinatorial
objects and let f(n) be the function that counts the number of objects in
X of size n, where size refers to some specific quantity that is naturally
associated with the objects in X'. Similar to canonization, it requires two
miracles for a combinatorial reciprocity to occur:

1. the function f(n) is the restriction of some reasonable function (e.g., a
polynomial) to the positive integers, and
2. the evaluation f(—n) is an integer of the same sign o = £1 for all n € Z~.

In this situation it is only human to ask if o f(—n) has a combinatorial
meaning, that is, if there is a natural class X° of combinatorial objects such
that o f(—n) counts the objects of X° of size n (where size again refers to
some specific quantity naturally associated to X'°). Combinatorial reciprocity
theorems are among the most charming results in mathematics and, in
contrast to canonization, can be found all over enumerative combinatorics
and beyond.

As a first example we consider the class of maps [k] — Z~¢ from the finite
set [k] := {1,2,...,k} into the positive integers, and so f(n) = n* counts
the number of maps with codomain [n]. Thus f(n) is the restriction of a
polynomial and (—1)*f(—n) = n* satisfies our second requirement above.
This relates the number of maps [k] — [n] to itself. This relation is a genuine
combinatorial reciprocity but the impression one is left with is that of being
underwhelmed rather than charmed. Later in the book it will become clear
that this example is not boring at all, but for now let’s try again.

X1



xii Preface

The term combinatorial reciprocity theorem was coined by Richard Stanley
in his 1974 paper [162] of the same title, in which he developed a firm
foundation of the subject. Stanley starts with an appealing reciprocity that
he attributes to John Riordan: For a set S and d € Zx¢, the collection of
d-subsets' of S is

(Z) = {ACS : |4 =d}.

For d fixed, the number of d-subsets of S depends only on the cardinality
|S|, and the number of d-subsets of an n-set is

f(n) = <Z> = %n(nfl)o'-(n—d+2)(n—d+1), (0.0.1)

which is the restriction of a polynomial in n of degree d. From the factorization
we can read off that (—1)¢f(—n) is a positive integer for every n > 0. More
precisely,
1 n+d—1
0 = gl )k d -2 d-1) = ("7,

which is the number of d-multisubsets of an n-set, that is, the number of
picking d elements from [n] with repetition but without regard to the order
in which the elements are picked. Now this is a combinatorial reciprocity! In

formulas it reads g1
— + —
—ne( M)y = (T . 0.2
() = (T (0.0.2)

This is enticing in more than one way. The identity presents an intriguing
connection between subsets and multisubsets via their counting functions, and
its formal justification is completely within the realms of an undergraduate
class in combinatorics. Equation (0.0.2) can be found in Riordan’s book [143]
on combinatorial analysis without further comment and, charmingly, Stanley
states that his paper [162] can be considered as “further comment”. That
further comment is necessary is apparent from the fact that the formal proof
above falls short of explaining why these two sorts of objects are related by
a combinatorial reciprocity. In particular, comparing coefficients in (0.0.2)
cannot be the method of choice for establishing more general reciprocity
relations.

In this book we develop tools and techniques for handling combinatorial
reciprocities. However, our own perspective is firmly rooted in geometric
combinatorics and, thus, our emphasis is on the geometric nature of the
combinatorial reciprocities. That is, for every class of combinatorial objects
we associate a geometric object (such as a polytope or a polyhedral complex)
in such a way that combinatorial features, including counting functions and

LAll our definitions will look like that: incorporated into the text but bold-faced and so
hopefully clearly visible.
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reciprocity, are reflected in the geometry. In short, this book can be seen as
further comment with pictures. At any rate, our text was written with the
intention to give a comprehensive introduction to contemporary enumerative
geometric combinatorics.

A Quick Tour. The book naturally comes in two parts with a special
role played by the first chapter: Chapter 1 introduces four combinatorial
reciprocity theorems that we set out to establish in the course of the book.
Chapters 2—4 are for-the-most-part-independent introductions to three major
themes of combinatorics: partially ordered sets, polyhedra, and generat-
ing functions. Chapters 5—7 treat more sophisticated topics in geometric

combinatorics and are meant to be digested in order. Here is what to expect.

Chapter 1 sets the rhythm. We introduce four functions to count colorings
and flows on graphs, order-preserving functions on partially ordered sets,
and lattice points in dilations of lattice polygons. The definitions in this
chapter are kept somewhat informal, to provide an easy entry into the themes
of the later chapters. In all four cases we state a surprising combinatorial
reciprocity and we point to some of the relations and connections between
these examples, which will make repeated appearances later on. All in all,
this chapter is a source of examples and motivation. You should revisit it
from time to time to see how the various ways to view these objects shape
your perspective.

Chapter 2 gives an introduction to partially ordered sets (posets, for
short). Relating posets by means of order-preserving maps gives rise to the
order polynomials from Chapter 1. One of the highlights here is a purely
combinatorial proof of the reciprocity surrounding order polynomials (and
only later will we see that there was geometry behind it). This gives us an
opportunity to introduce important machinery, including Mobius inversion,
zeta polynomials, and Eulerian posets in a hands-on and nonstandard form.

Geometry enters (quite literally) the picture in Chapter 3, in which we
introduce convex polyhedra. Polyhedra are wonderful objects to study in
their own right, as we hope to convey here, and much of their combinatorial
structure comes in poset-theoretic terms. Our main motivation, however, is
to develop a language that enables us to give the objects from Chapters 1
and 2 a geometric incarnation. The main player in Chapter 3 is the Euler
characteristic, which is a powerful tool to obtain combinatorial truths from
geometry. Two applications of the Euler characteristic, which we will witness
in this chapter, are Zaslavsky’s theorem for hyperplane arrangements and
the Brianchon—Gram relation for polytopes.

Chapter 4 sets up the main algebraic machinery for our book: (rational)
generating functions. We start gently with natural examples of compositions
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and partitions, and combinatorial reciprocity theorems appear almost in-
stantly and just as naturally. The second half of Chapter 4 connects the
world of generating functions with that of polyhedra and cones, where we
develop Ehrhart and Hilbert series from first principles, including Stanley’s
reciprocity theorem for rational simplicial cones, which is at the heart of this
book. This connection, in turn, allows us to view the first half of Chapter 4
from a new, geometric, perspective.

Chapter 5 is devoted to decomposing polyhedra into simple pieces. In
particular, organizing the various pieces automatically suggests to view
triangulations and, more generally, subdivisions as posets. Together with
the technologies developed in the first part of the book, this culminates in a
proof of our main combinatorial reciprocity theorems for polytopes and cones.
The theory of subdividing polyhedra is worthy of study in its own right and
we only glimpse at it by studying various ways to subdivide polytopes in a
geometric, algorithmic, and, of course, combinatorial fashion. A powerful
tool is that of half-open decompositions that quite remarkably help us to see
some deep combinatorics in a clear way.

In Chapter 6 we give general posets life in Euclidean space as polyhedral
cones. The theory of order cones allows us to utilize Chapters 2—-5, often
in surprisingly interconnected ways, to study posets using geometric means
and, at the same time, interesting arithmetic objects derived from posets.
Just as interesting are applications of this theory, which include permutation
statistics, order polytopes, P-partitions, and their combinatorial reciprocity
theorems.

Chapter 7 finishes the framework that was started in Chapter 1: we
develop a unifying geometric approach to certain families of combinatorial
polynomials. The last missing piece of the puzzle is formed by hyperplane
arrangements, which constitute the main players of Chapter 7. They open a
window to certain families of graph polynomials, including chromatic and
flow polynomials, and we prove combinatorial reciprocity theorems for both.
Hyperplane arrangements also naturally connect to two important families
of polytopes, namely, alcoved polytopes and zonotopes.

The prerequisites for this book are minimal: undergraduate knowledge
of linear algebra and combinatorics should suffice. The numerous exercises
throughout the text are designed so that the book could easily be used for a
graduate class in combinatorics or discrete geometry. The exercises that are
needed for the main body of the text are marked by O.

Acknowledgments. The first (and very preliminary) version of this manu-
script was tried on some patient and error-forgiving students and researchers
at the Mathematical Sciences Research Institute in Spring 2008 and in a
course at the Freie Universitdt Berlin in Fall 2011. We thank them for their
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Chapter 1

Four Polynomials

To many, mathematics is a collection of theorems. For me, mathematics is a
collection of examples; a theorem is a statement about a collection of examples and
the purpose of proving theorems is to classify and explain the examples...

John B. Conway

In the spirit of the above quote, this chapter serves as a source of examples
and motivation for the theorems to come and the tools to be developed. Each
of the following four sections introduces a family of examples together with
a combinatorial reciprocity statement which we will prove in later chapters.

1.1. Graph Colorings

Graphs and their colorings are all-time favorites in introductory classes on
discrete mathematics, and we too succumb to the temptation to start with
one of the most beautiful examples. A graph G = (V,E) is a discrete
structure composed of a finite! set of nodes V and a collection E C (‘2/)
of unordered pairs of nodes, called edges. More precisely, this defines a
simple graph as it excludes the existence of multiple edges between nodes
and, in particular, edges with equal endpoints, i.e., loops. We will, however,
need such nonsimple graphs in the sequel but we dread the formal overhead
nonsimple graphs entail and will trust your discretion to make the necessary
modifications. The most charming feature of graphs is that they are easy to
visualize and their natural habitat is the margins of textbooks or notepads.
Figure 1.1 shows some examples.

An n-coloring of a graph G isamap ¢: V — [n] :={1,2,...,n}. An
n-coloring c is called proper if no two nodes sharing an edge get assigned

1 Infinite graphs are interesting in their own right; however, they are no fun to color-count
and so will play no role in this book.

1



2 1. Four Polynomials

AN
X

Figure 1.1. Various graphs.

the same color, that is,
c(u) # c(v) whenever w e E.

The name coloring comes from the natural interpretation of thinking of ¢(v)
as one of n possible colors that we use for the node v. A proper coloring is
one where adjacent nodes get different colors. Here is a first indication why
considering simple graphs often suffices: the existence and even the number
of n-colorings is unaffected by parallel edges, and there are simply no proper
colorings in the presence of loops.

Much of the fame of graph colorings stems from a question that was
asked around 1852 by Francis Guthrie and answered only some 124 years
later. In order to state the question in modern terms, we call a graph G
planar if G can be drawn in the plane (or scribbled in the margin) such
that edges do not cross except possibly at nodes. For example, the last row
in Figure 1.1 shows a planar and nonplanar embedding of the (planar) graph
K,. Here is Guthrie’s famous conjecture, now a theorem.

Four-color Theorem. Fvery planar graph has a proper 4-coloring.

There were several attempts at the Four-color Theorem before the first
correct proof by Kenneth Appel and Wolfgang Haken. Here is one particu-
larly interesting (but not yet successful) approach to proving the four-color
theorem, due to George Birkhoff. For a (not necessarily planar) graph G, let

xa(n) = |{¢:V — [n] proper n-coloring}|.

The following observation, due to George Birkhoff and Hassler Whitney, is
that yg(n) is the restriction to Z~g of a particularly nice function.
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Proposition 1.1.1. If G = (V, E) is a loopless graph, then xa(n) agrees
with a polynomial of degree |V'| with integral coefficients. If G has a loop,
then xa(n) = 0.

By a slight abuse of notation, we identify x¢c(n) with this polynomial
and call it the chromatic polynomial of G. Nevertheless, we emphasize
that, so far, only the values of xg(n) at positive integral arguments have an
interpretation in terms of G.

Birkhoff’s motivation to introduce the chromatic polynomial was that
the four-color theorem is equivalent to the statement x(4) > 0 for all planar
graphs G.

One proof of Proposition 1.1.1 is interesting in its own right, as it
exemplifies deletion—contraction arguments which we will revisit in Chapter 7.
For e € E, the deletion of e results in the graph G \ e := (V, E'\ {e}). The
contraction GG/e is the graph obtained by identifying the two nodes incident
to e and removing e. An example is given in Figure 1.2.

w w

Figure 1.2. Contracting the edge e = uv.

Proof of Proposition 1.1.1. If G has a loop, then it admits no proper
coloring by definition. For the more interesting case that G is loopless, we
induct on |E|.

For | E| = 0 there are no coloring restrictions and xg(n) = n!Vl. One step
further, assume that G has a single edge e = uv. Then we can color all nodes
V' \ {u} arbitrarily and, assuming n > 2, can color u with any color # c(v).
Thus, the chromatic polynomial is xg(n) = n?~!(n — 1), where d = |V|.

For the induction step, let e = uv € E. We claim

xa(n) = Xa\e(n) — xgre(n) - (1.1.1)

Indeed, a coloring ¢ of G \ e fails to be a coloring of G if ¢(u) = ¢(v). That

is, we are over-counting by all proper colorings that assign the same color to
u and v. These are precisely the proper n-colorings of G/e.

By (1.1.1) and the induction hypothesis, xg(n) is the difference of a

polynomial of degree d = |V| and a polynomial of degree < d — 1, both with

integer coefficients. U
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Figure 1.3. A graph of Berlin.

The deletion—contraction relation (1.1.1) is a natural computing device.

For example, the planar graph B in Figure 1.3 that models neighboring
districts of Berlin comes with the impressive-looking chromatic polynomial

xB(n) = n* —53n* 4+ 134702 — 218450 + 253761 n'? — 2246709 n'®
+ 15748804 n'" — 89620273 n'® 4- 421147417 n'® — 1653474650 n'*
+ 5465562591 n'? — 15279141711 n'? + 36185053700 n !
— 72527020873 'Y + 122562249986 n® — 173392143021 n®
+ 203081660679 n" — 193650481777 n® 4+ 146638574000 n°
— 84870973704 n* + 35266136346 n> — 9362830392 n?
+ 1191566376 1., (1.1.2)

which, nevertheless, can be easily computed on any computer. (And yes,
xB(4) = 383904 is not zero.)
Our proof of Proposition 1.1.1 and, more precisely, the deletion—contrac-

tion relation (1.1.1) reveal more about chromatic polynomials, which we
invite you to show in Exercise 1.6:

Corollary 1.1.2. Let G be a loopless graph on d > 1 nodes and xg(n) =
can® + cg_1n® 1+ - + ¢ its chromatic polynomaial. Then
(a) the leading coefficient cq = 1;
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(b) the constant coefficient co = 0;
(¢) (=1)¥xg(—n) > 0 for all integers n > 1.

In particular the last property prompts the following natural question
which we alluded to in the preface and which lies at the heart of this book.

Do the evaluations (—1)IVIxg(—n) have combinatorial meaning?

This question was first asked (and beautifully answered) by Richard
Stanley in 1973. To reproduce his answer, we need the notion of orientations
on graphs. Again, to keep the formal pain level at a minimum, we denote
the nodes of G by vy, v9,...,v4. We define an orientation on G through a
subset p C E; for an edge e = v;v; € E with ¢ < j we direct

viévj if eep and viim)j if edp.

We denote the oriented graph by ,G and will sometimes write ,G = (V, E, p).
Said differently, we may think of GG as canonically oriented by directing edges
from small index to large, and p records the edges on which this orientation
is reversed; see Figure 1.4 for an example.

U1 (%)

Uy U3

Figure 1.4. An orientation given by p = {14, 23, 24}.

A directed path in ,G is a sequence vg, vy, . . ., vs of distinct nodes such
that v;_1 — v; is a directed edge in ,G for all j =1,...,s. If vy — vp is also
a directed edge, then vy, v1,...,vs,vs41 := v is called a directed cycle.

An orientation p of G is acyclic if there are no directed cycles in ,G.
Here is the connection between proper colorings and acyclic orientations:
Given a proper coloring ¢, we define the orientation

p = {viv; € E : i <3, c(vi) > c(v))}-

That is, the edge from lower index i to higher index j is directed along its
color gradient c(v;) — c¢(v;). We call this orientation p induced by the
coloring c. For example, the orientation pictured in Figure 1.4 is induced by
the coloring shown in Figure 1.5.
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Figure 1.5. A coloring that induces the orientation in Figure 1.4.

Proposition 1.1.3. Let ¢ : V — [n] be a proper coloring and p the induced
orientation on G. Then ,G is acyclic.

Proof. Assume that v;, — v;; — -+ = v;, — v;, is a directed cycle in ,G.
Then c¢(vi,) < c(vi,) < -+ < c(vi,) < ¢(vj,), which is a contradiction. O

As there are only finitely many acyclic orientations on GG, we might count
colorings according to the acyclic orientation they induce. An orientation
p and an n-coloring ¢ of G are called compatible if for every oriented
edge u — v in ,G we have c(u) > c(v). The pair (p,c) is called strictly
compatible if ¢(u) > ¢(v) for every oriented edge u — v.

Proposition 1.1.4. If (p, ¢) is strictly compatible, then c is a proper coloring
and p is an acyclic orientation on G. In particular, xg(n) is the number of
strictly compatible pairs (p, c), where ¢ is a proper n-coloring.

Proof. If (p,c) are strictly compatible, then, since each edge is oriented,
c(u) > ¢(v) or ¢(u) < c¢(v) whenever uv € E. Hence ¢ is a proper coloring
and p is exactly the orientation induced by c. The acyclicity of ,G now
follows from Proposition 1.1.3. O

We are finally ready for our first combinatorial reciprocity theorem.

Theorem 1.1.5. Let G be a finite graph on d nodes and xg(n) its chromatic
polynomial. Then (—1)¢ xg(—n) equals the number of compatible pairs (p,c),
where ¢ is an n-coloring and p is an acyclic orientation. In particular,
(—=1)% xa(—1) equals the number of acyclic orientations of G.

As one illustration of this theorem, consider the graph G in Figure 1.6;
its chromatic polynomial is xg(n) = n(n — 1)(n — 2)?, and so Theorem 1.1.5
suggests that G should admit 18 acyclic orientations. Indeed, there are six
acyclic orientations of the subgraph formed by w1, v9, and vy, and for the
remaining two edges, one of the four possible combined orientations of vous
and vgv4 produces a cycle with vovy, so there are a total of 6 - 3 = 18 acyclic
orientations.
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U1 (%)

V4 U3

Figure 1.6. This graph has 18 acyclic orientations.

A deletion—contraction proof of Theorem 1.1.5 is outlined in Exercise 1.9;
we will give a geometric proof in Section 7.1.

1.2. Flows on Graphs

Given a graph G = (V| E) together with an orientation p and the finite
Abelian group Z,, = Z/nZ, a Z,-flow is a map f : E — Z,, that assigns a
value f(e) € Z, to each edge e € E such that there is conservation of flow at

every node v:
S He) = 3 fe),

that is, what “flows” into the node v is precisely what “flows” out of v. This
physical interpretation is a bit shaky as the commodity flowing along edges
are elements of Z,, and the flow conservation is with respect to the group
structure. The set

supp(f) = {e€ E : f(e) # 0}
is the support of f, and a Z,-flow f is nowhere zero if supp(f) = E. In

this section we will be concerned with counting nowhere-zero Z,-flows, and
so we define

¢c(n) = |{f nowhere-zero Zy-flow on ,G}|.

A priori, the counting function ¢g(n) depends on our chosen orientation p,
but our language suggests that this is not the case, which we invite you to
verify in Exercise 1.11:

Proposition 1.2.1. The flow-counting function pg(n) is independent of
the orientation p of G.

A connected component of the graph G is a maximal subgraph of G
in which any two nodes are connected by a path. A graph G is connected
if it has only one connected component.” As you will discover (at the latest

2These notions refer to an unoriented graph.
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when working on Exercises 1.13 and 1.14), G will not have any nowhere-zero
flow if G has a bridge (also known as an isthmus), that is, an edge whose
removal increases the number of connected components of G.

To motivate why we care about counting nowhere-zero flows, we assume
that G is a planar bridgeless graph with a given embedding into the plane.
The drawing of G subdivides the plane into connected regions in which two
points lie in the same region whenever they can be joined by a path in R?
that does not meet G. Two such regions are neighboring if their topological
closures share a proper (i.e., 1-dimensional) part of their boundaries. This
induces a graph structure on the subdivision of the plane: for the given
embedding of G, we define the dual graph G* as the graph with nodes
corresponding to the regions and two regions C7, Cy share an edge e* if an
original edge e is properly contained in both their boundaries. As we can
see in the example pictured in Figure 1.7, the dual graph G* is typically not
simple with parallel edges. If G had bridges, G* would have loops.

Figure 1.7. A graph and its dual.

Given an orientation of =, an orientation on G* is induced by, for example,
rotating the edge clockwise. That is, the dual edge will “point” east assuming
that the primal edge “points” north:

/

By carefully adding G* to the picture we can see that dualizing G* recovers
G,ie., (G*)" =G.

Our interest in flows lies in the connection to colorings: let ¢ be an n-
coloring of GG, and for a change we assume that ¢ takes on colors in Z,,. After
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giving G an orientation, we can record the color gradient t(uv) = ¢(v) — c(u)
for each oriented edge u — v, as shown in Figure 1.8.

Figure 1.8. Recording color gradients, in Zs.

Conversely, knowing the color of a single node vy, we can recover the
coloring from ¢ : £ — Z,,: for anode v € V simply choose an undirected path
v = popip2 - - - Pr = v from vy to v. Then while walking along this path we
can color each node p; by adding or subtracting ¢(p;—1p;) to ¢(p;—1) depending
on whether we walked the edge p;—1p; with or against its orientation.

441-3+4=0 (mod 6)

Figure 1.9. A cycle of flows.

The color ¢(v) is independent of the chosen path and thus, walking along
a cycle in G the sum of the values t(e) of edges along their orientation
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minus those against their orientation has to be zero; this is illustrated in
Figure 1.9. Now, via the correspondence of primal and dual edges, ¢ induces
a map f : E* — Z, on the dual graph G*, shown in Figure 1.10. Each

)

Figure 1.10. A flow and its dual.

node of G* represents a region that is bounded by a cycle in G, and the
orientation on G* is such that walking around this cycle clockwise, each edge
traversed along its orientation corresponds to a dual edge into the region
while counter-clockwise edges dually point out of the region. The cycle
condition, illustrated in Figure 1.11, then proves:

Proposition 1.2.2. Let G be a connected planar graph with dual G*. For
every n-coloring ¢ of G, the induced map f is a Z,-flow on G*, and every
such flow arises this way. Moreover, the coloring c is proper if and only if f
is nowhere zero.

Conversely, for a given (nowhere-zero) flow f on G* one can construct
a (proper) coloring on G (see Exercise 1.12). In light of all this, we can
rephrase the Four-color Theorem as follows.

Corollary 1.2.3 (Dual Four-color Theorem). If G is a planar bridgeless
graph, then pg(4) > 0.

This perspective on colorings of planar graphs was pioneered by William
Tutte who initiated the study of ¢(n) for all (not necessarily planar) graphs.
To see how much flows differ from colorings, we observe that there is no
universal constant ng such that every graph has a proper ng-coloring. The
analogous statement for flows is not so clear and, in fact, Tutte conjectured
the following:
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4+1—-3+4=0 (mod 6)

Figure 1.11. Proposition 1.2.2 illustrated.

Five-flow Conjecture. Every bridgeless graph has a nowhere-zero Zs-flow.

This sounds like a rather daring conjecture, as it is not even clear that
there is any n such that every bridgeless graph has a nowhere-zero Z,-flow.
However, it was shown by Paul Seymour that n < 6 works. In Exercise
1.17 you will show that there exist graphs that do not admit a nowhere-zero
Z4—ﬂOW.

On the enumerative side, we have the following.

Proposition 1.2.4. If G is a bridgeless connected graph, then pg(n) agrees
with a polynomial with integer coefficients of degree |E| — |V |+ 1 and leading
coefficient 1.

Again, we will abuse notation and refer to ¢(n) as the flow polynomial
of G. The proof of the polynomiality is a deletion—contraction argument
which is deferred to Exercise 1.13.

Towards a reciprocity statement, we need a notion dual to acyclic ori-
entations: an orientation p on G is totally cyclic if every edge in ,G is
contained in a directed cycle. We quickly define the cyclotomic number
of G as £(G) := |E| — |V| + ¢, where ¢ = ¢(G) is the number of connected
components of G.

Theorem 1.2.5. Let G be a bridgeless graph. For every positive integer n,
the evaluation (=18 pq(—n) counts the number of pairs (f, p), where f is
a Zn,-flow and p is a totally-cyclic reorientation of G/supp(f). In particular,
(—1)5(G)g0(;(—1) equals the number of totally-cyclic orientations of G.

We will prove this theorem in Section 7.6.
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1.3. Order Polynomials

A partially ordered set, or poset for short, is a set II together with a
binary relation =<y that is
reflexive: a =1 a,
transitive: a =1 b =1 c implies a <11 ¢, and
antisymmetric: a = b and b <1 a implies a = b
for all a, b, c € II. We write = if the poset is clear from the context.
Partially ordered sets are ubiquitous structures in combinatorics and,
as we will amply demonstrate soon, are indispensable in enumerative and
geometric combinatorics. Most posets that we will encounter in this book
are finite and when we say poset, we will always mean a finite poset unless
stated otherwise.
The essence of a poset is encoded by its cover relations: an element
a € 11 is covered by an element b if

[a,b] == {z €Il : a=<2=0b} = {a,b};

in plain English: a < b and there is nothing between a and b. We write
a <-b when a is covered by b. From its cover relations we can recover the
poset by taking the transitive closure and adding in the reflexive relations.
The cover relations can be thought of as a directed graph, and this gives an
effective way to picture a poset: The Hasse diagram of II is a drawing of
the directed graph of cover relations in IT as an (undirected) graph where
the node a is drawn lower than the node b whenever a < b. Here is an
example: for n € Zo we define D,, as the set [n] = {1,2,...,n} ordered by
divisibility, that is, a < b if a divides b. The Hasse diagram of Djg is given
in Figure 1.12.

|
N
N

Figure 1.12. Dio: the set [10], partially ordered by divisibility.

This example truly is a partial order as, for example, 2 and 7 are not
comparable. A poset in which each element is comparable to every other
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element is a chain. To be more precise: the poset II is a chain if we have
either a < b or b < a for any two elements a,b € II. The elements of a chain
are totally or linearly ordered.

A map ¢ : II - IT' is (weakly) order preserving if for all a,b € II

a =2nb = o) 2o ¢0b)
and strictly order preserving if
a <n b =  ¢a) < o).
For example, we can label the elements of a chain II such that
II = {a1 <ax<---<an},

which makes II isomorphic to [n] = {1 < 2 < --- < n}, in the sense that
there is a bijection ¢ : II — [n] such that ¢ and ¢! are strictly order
preserving.

Order-preserving maps are the natural morphisms (even in a categorical
sense) between posets, and in this section we will be concerned with counting
(strictly) order-preserving maps from a poset into chains.

A strictly order-preserving map ¢ from one chain [d] into another [n]
exists only if d < n and is then determined by

1 < ¢(1) < ¢(2) < -+ < ¢(d) < n.

Thus, the number of such maps equals (Z), the number of d-subsets of
an n-set. In the case of a general poset II, we define the strict order
polynomial

Qi(n) = |{¢: 1l — [n] strictly order preserving}|.

As we have just seen, Qf(n) is indeed a polynomial when II = [d]. We now
show that polynomiality holds for all posets II.

Proposition 1.3.1. For a finite poset I1, the function Qf(n) agrees with a
polynomial of degree |I1| with rational coefficients.

Proof. Let d := |II| and ¢ : II — [n] be a strictly order-preserving map.
Now ¢ factors uniquely into a surjective map o onto ¢(II) followed by an

injection ¢:
H\ L)
o(II)

(Use the functions o(a) := ¢(a) and ¢(a) := a, defined with domains and
codomains pictured above.) The image ¢(II) is a subposet of a chain and
so is itself a chain. Thus Q7 (n) counts the number of pairs (o, ¢) of strictly
order-preserving maps Il — [r] — [n]| for r = 1,2,...,d. For fixed r, there are
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only finitely many order-preserving surjections o : II — [r], say, s, many. As
we discussed earlier, the number of strictly order-preserving maps [r] — [n]
is exactly (7:), which is a rational polynomial in n of degree r. Hence, for
fixed r, there are s, (:f) many pairs (o, ) and we obtain

() = saf ) +sia (" )+ a(])

which finishes our proof. ([

As an aside, Proposition 1.3.1 proves that f(n) is a polynomial with
integral coefficients if we use {(:f) CrE Zzo} as a basis for the polynomial
ring R[n]. That the binomial coefficients indeed form a basis for the univariate
polynomials follows from Proposition 1.3.1: if II is an antichain on d
elements, i.e., a poset in which no elements are related, then

O%(n) = n? = sd@) +sd_1<df1> +-~+51(T). (1.3.1)

In this case, the coefficients s, = S(d,r) are the Stirling numbers of the
second kind which count the number of surjective maps [d] — [r]. (The
Stirling numbers might come in handy in Exercise 1.10.)

For the case that II is a d-chain, the reciprocity statement (0.0.2) says
that (—1)9 Qg (—n) gives the number of d-multisubsets of an n-set, which
equals, in turn, the number of (weak) order-preserving maps from a d-chain
to an n-chain. Our next combinatorial reciprocity theorem expresses this
duality between weak and strict order-preserving maps from a general poset
into chains. You can already guess what is coming. We define the order
polynomial

Qn(n) := |{¢: I — [n] order preserving}|.

A slight modification (which we invite you to check in Exercise 1.20) of our
proof of Proposition 1.3.1 implies that Q(n) indeed agrees with a polynomial
in n of degree |II|, and the following reciprocity theorem gives the relationship
between the two polynomials Qri(n) and Qg (n).

Theorem 1.3.2. Let I be a finite poset. Then
()M Ox(—n) = Qn(n).

We will prove this theorem in Chapter 2. To further motivate the study
of order polynomials, we remark that a poset Il gives rise to an oriented
graph by way of the cover relations of II. Conversely, the binary relation
given by an oriented graph G can be completed to a partial order II(G)
by adding the necessary transitive and reflexive relations if and only if G
is acyclic. Figure 1.13 shows an example, for the orientation pictured in
Figure 1.4. The following result will be the subject of Exercise 1.18.
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Figure 1.13. From an acyclic orientation to a poset.

Proposition 1.3.3. Let ,G = (V, E, p) be an acyclic graph and I1(,G) the
induced poset. A map c:V — [n] is strictly compatible with the orientation
p of G if and only if ¢ is a strictly order-preserving map I1(,G) — [n].

In Proposition 1.1.4 we identified the number of n-colorings xg(n) of G
as the number of colorings c strictly compatible with some acyclic orientation
p of G, and so this proves:

Corollary 1.3.4. The chromatic polynomial xg(n) of a graph G is the sum
of the order polynomials Qi’](pG)(n) for all acyclic orientations p of G.

1.4. Ehrhart Polynomials

The formulation of (0.0.1) in terms of d-subsets of an n-set has a straightfor-
ward geometric interpretation that will fuel much of what is about to come:
the d-subsets of [n] correspond precisely to the points in R? with integral
coordinates in the set

(n+1)AS = {xeRd L0< <x2<~-<a:d<n+1}. (1.4.1)
Next we explain the notation on the left-hand side: we define
AZ = {XERd : 0<x1<x2<-~-<xd<1},

and for a set S C R? and a positive integer n, we set
nS = {nx:x¢eS},
the n-th dilate of S. (We hope the notation in (1.4.1) now makes sense.)
For example, when d = 2,
A5 = {($1,$2) ER?:0< a1 <19 < 1}

is the interior of a triangle, and every integer point (x1,x2) in the (n + 1)-st
dilate of A§ satisfies 0 < 1 < 2 < n + 1 or, equivalently, 1 < z; < 22 < n.
We illustrate these integer points for the case n =5 in Figure 1.14.

A convex lattice polygon P C R? is the smallest convex set containing
a given finite set of noncollinear integer points in the plane. The interior of
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Tl = T2

.1'2:6

X1

Figure 1.14. The integer points in 6A3.

P is denoted by P°. Convex polygons are 2-dimensional instances of convex
polytopes, which live in any dimension and whose properties we will study
in detail in Chapter 3. For now, we count on your intuition about terms like
convex and objects such as wvertices and edges of a polygon, which will be
defined rigorously in Chapter 3.

For a bounded set S C R?, we write E(S) := |S N Z?| for the number of
integer lattice points in S. Our example above motivates the definitions of
the counting functions

ehrpo(n) = E(nP°) = |[nP°NZ?|
and

ehrp(n) := E(nP) = |[nPN ZQ‘ ,
the Ehrhart functions of P. The historical reasons for this naming con-
vention will be given in Chapters 4 and 5.

As we know from (0.0.1), the number of integer lattice points in the
(n 4 1)-st dilate of A$ is given by the polynomial

ehrpg(n+1) = <Z) :

To make the combinatorial reciprocity statement given by (0.0.1) geometric,
we observe that the number of weak order-preserving maps from [n] into [2]
is given by the integer points in the (n — 1)-st dilate of

AQ = {(l’l,xQ)ERZ:OSZ'lSJ}QSl},

the closure of A§. The combinatorial reciprocity statement given by (0.0.1)
now reads (—1)%(7") equals the number of integer points in (n — 1)A,.
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Unraveling the parameters (and making appropriate shifts), we can rephrase
this as: (—1)2 ehrag(—n) equals the number of integer points in n/Ay. The
reciprocity theorem featured in this section states that this holds for all convex
lattice polygons; in Chapter 5 we will prove an analogue in all dimensions.

Theorem 1.4.1. Let P C R? be a lattice polygon. Then ehrp(n) agrees with
a polynomial of degree 2 with rational coefficients, and (—1)? ehrp(—n) equals
the number of integer points in nP°.

In the remainder of this section we will prove this theorem. The proof
will be a series of simplifying steps that are similar in spirit to those that we
will employ for the general result in Section 5.2.

Figure 1.15. A triangulation of a hexagon.

As a first step, we reduce the problem of showing polynomiality for
Ehrhart functions of arbitrary lattice polygons to that of lattice triangles.
Let P be a lattice polygon in the plane with n vertices. We can triangulate P
by cutting the polygon along sufficiently many (exactly n —3) nonintersecting
diagonals, as in Figure 1.15. The result is a set of n — 2 lattice triangles that
cover P. We denote by 7T the collection of faces of all these triangles, that is,
T consists of n zero-dimensional polytopes (vertices), 2n — 3 one-dimensional
polytopes (edges), and n — 2 two-dimensional polytopes (triangles).

Our triangulation is a well-behaved collection of polytopes in the plane
in the sense that they intersect nicely: if two elements of T intersect, then
they intersect in a common face of both. This is useful, as counting lattice
points is a valuation.® Namely, for S,T C R2,

E(SUT) = E(S)+E(T)—-E(SNT), (1.4.2)

and applying the inclusion—exclusion relation (1.4.2) repeatedly to the ele-
ments in our triangulation of P yields

ehrp(n) = > pu(F)ehrp(n), (1.4.3)
FeT

3We'll have more to say about valuations in Section 3.4.
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where the p(F) are some coefficients that correct for over-counting. If F is
a triangle, then u(F) = 1—after all, we want to count the lattice points in
P that are covered by the triangles. For an edge F of the triangulation, we
have to make the following distinction: F is an interior edge of T if it is
contained in two triangles. In this case the lattice points in F get counted
twice, and in order to compensate for this, we set u(F) = —1. In the case
that F is a boundary edge, i.e., F lies in only one triangle of T, there is
no over-counting and we can set p(F) = 0. To generalize this to all faces
of T, we call a face F € T a boundary face of 7 if F is contained in the
boundary of P, and an interior face otherwise. We can give the coefficients
wu(F) explicitly as follows.

Proposition 1.4.2. Let T be a triangulation of a lattice polygon P C R2.
Then the coefficients u(F) in (1.4.3) are given by

(F) = (—1)2~dimF Gf F s interior,
a 0 otherwise.

For boundary vertices F = {v}, we can check that u(F) = 0 is correct: the
vertex is counted positively as a lattice point by every incident triangle and
negatively by every incident interior edge. As there are exactly one interior
edge less than incident triangles, we do not count the vertex more than once.
For an interior vertex, the number of incident triangles and incident (interior)
edges are equal and hence pu(F) = 1. (In triangulations of P obtained by
cutting along diagonals we never encounter interior vertices, however, they
will appear soon when we consider a different type of triangulation.)

The coefficient p(F) for a triangulation of a polygon was easy to argue
and to verify in the plane. For higher-dimensional polytopes we will have
to resort to more algebraic and geometric means. The right algebraic setup
will be discussed in Chapter 2 where we will make use of the fact that
a triangulation 7 constitutes a partially ordered set. In the language of
posets, ((F) is an evaluation of the Mébius function for the poset 7. Mobius
functions are esthetically satisfying but are in general difficult to compute.
However, we are dealing with situations with plenty of geometry involved,
and we will make use of that in Chapter 5 to give a statement analogous to
Proposition 1.4.2 in general dimension.

Returning to our 2-dimensional setting, showing that ehrp(n) is a poly-
nomial whenever F is a lattice point, a lattice segment, or a lattice triangle
gives us the first half of Theorem 1.4.1. If F is a vertex, then ehrg(n) = 1. If
F € T is an edge of one of the triangles and thus a lattice segment, verifying
that ehrg(n) is a polynomial is the content of Exercise 1.21.

The remaining challenge now is the polynomiality and reciprocity for
lattice triangles. For the rest of this section, let A C R? be a fixed lattice
triangle in the plane. The idea that we will use is to triangulate the dilates
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n/\ for n > 1, but the triangulation will change with n. Figure 1.16 gives
the picture for n = 1,2, 3.

A/@/\/\A

Figure 1.16. Special triangulations of dilates of a lattice triangle.

We trust that you can imagine the triangulation for all values of n. The
special property of this triangulation is that up to lattice translations, there
are only a few different pieces. In fact, there are only two different lattice
triangles used in the triangulation of nA: there is A itself and (lattice
translates of) the reflection of /A with respect to the origin, which we will
denote by v7. As for edges, we have three different kinds of edges, namely,
the edges \, —, and . Up to lattice translation, there is only one vertex e.

Now we count how many copies of each tile occur in these special triangu-
lations; let ¢(Q,n) denote the number of times Q appears in our triangulation
of n/\. For triangles, we count

HAn) = (";1> and  H(7,n) = (’;)

For the interior edges, we observe that each interior edge is incident to a
unique upside-down triangle 17 and consequently

t,n) = t(—n) = t(/,n) = (’;)

Similarly, for interior vertices,

t(o,n) = (” ) 1> .

Thus with (1.4.3), the Ehrhart function for the triangle A is

chrp(n) = <”; 1) E(A) + <Z>E(v)

- (’;) (EC)+E(—)+E()) (1.4.4)
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This proves that ehra(n) agrees with a polynomial of degree 2, and together
with (1.4.3) this establishes the first half of Theorem 1.4.1.

To prove the combinatorial reciprocity of Ehrhart polynomials in the
plane, we make the following useful observation.

Proposition 1.4.3. If for every lattice polygon P C R? we have that
ehrp(—1) equals the number of lattice points in the interior of P, then
ehrp(—n) = E(nP°) for allmn > 1.

Proof. For fixed n > 1, we denote by Q the lattice polygon nP. We see that
ehrq(m) = E(m(nP)) for all m > 1. Hence the Ehrhart polynomial of Q is
given by ehrp(mn) and for m = —1 we conclude

ehrp(—n) = ehrq(—1) = E(Q°) = E(nP°),
which finishes our proof. O

To establish the combinatorial reciprocity of Theorem 1.4.1 for triangles,
we can simply substitute n = —1 into (1.4.4) and use (0.0.2) to obtain

chra(=1) = E(V)-E(\) - E(—) - E(/) +3E(e),

which equals the number of interior lattice points of 7. Observing that A
and vy have the same number of lattice points finishes the argument.
For the general case, Exercise 1.21 gives

chrp(—1) = > E(F°) = E(P°)
FeT
and this (finally!) concludes our proof of Theorem 1.4.1.

Exercises 1.21 and 1.23 also answer the question of why we carefully
triangulate P along diagonals (as opposed to cutting it up arbitrarily to
obtain triangles): Theorem 1.4.1 is only true for lattice polygons. There are
versions for polygons with rational and irrational coordinates but they become
increasingly complicated. By cutting along diagonals we can decompose a
lattice polygon into lattice segments and lattice triangles. This part becomes
nontrivial already in dimension 3, and we will worry about this in Chapter 5.

In Exercise 1.25 we will look into the question as to what the coefficients
of ehrp(n), for a lattice polygon P, tell us. We finish this chapter by
considering the constant coefficient ¢y = ehrp(0). This is the most tricky
one, as we could argue that ehrp(0) = E(OP) and since OP is just a single
point, we get ¢p = 1. This argument is flawed: we defined ehrp(n) only for
n > 1. To see that this argument is, in fact, plainly wrong, we consider
S =Py UPy C R?, where Py and Py are disjoint lattice polygons. Since they
are disjoint, ehrg(n) = ehrp, (n) + ehrp,(n). Now 0S is also just a point and
therefore

1 = ehrg(0) = ehrp,(0) + ehrp,(0) = 2.
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It turns out that ¢y = 1 is still correct but the justification will have to wait
until Theorem 5.1.8. In Exercise 1.26, you will prove a more general version
for Theorem 1.4.1 that dispenses of convexity.

Notes

Graph-coloring problems started in the form of coloring maps such that
countries sharing a proper part of their boundaries get colored with different
colors. The graphs associated to such map-coloring problems are planar as
is illustrated in Figure 1.3. So the fact that the chromatic polynomial is
indeed a polynomial was proved for maps (in 1912 by George Birkhoff [32])
before Hassler Whitney proved it for general graphs in 1932 [184]. The
deletion—contraction argument that we used in the proof of Proposition 1.1.1
gives an algorithm that we used, for example, for the chromatic polynomial
(1.1.2) of Berlin. Complexity-theory-savvy readers might want to ponder the
(exponential) complexity of this algorithm but it can be implemented with
little effort (we used SAGE [55]) and for small graphs it works well. As we
mentioned, the first proof of the Four-color Theorem is due to Kenneth Appel
and Wolfgang Haken [7,8]. Theorem 1.1.5 is due to Richard Stanley [161].
We will give a proof from a geometric point of view in Section 7.1.

As already mentioned, the approach of studying colorings of planar
graphs through flows on their duals was pioneered by William Tutte [179],
who also conceived the Five-flow Conjecture. This conjecture becomes a
theorem when “5” is replaced by “6”, due to Paul Seymour [154]; the 8-flow
theorem had previously been shown by Francois Jaeger [93,94]. Theorem
1.2.5 was proved in [37]. We will give a proof in Section 7.6.

The number of proper n-colorings, of nowhere-zero Z,-flows, and of
acyclic or totally cyclic orientations can all be computed by using deletions
and contractions. More generally, let f be a function that assigns any graph
G a number f(G) € R such that f(G) = f(G') if G and G’ are isomorphic.
Then f is called a generalized Tutte—Grothendieck invariant if there are
constants «, 8 such that for any e € E(Q)

£(G) = af(G\e)+ B f(G/e) if eis neither a loop nor a bridge,
a f(e) f(G\e) otherwise.

Here f(e) is the value on the graph that consists of the edge e alone. It is not
difficult to show that there is a universal Tutte-Grothendieck invariant in the
following sense: for every graph G there is a polynomial T (x,y) € Z[z, y]
such that f(G) is an evaluation of Tz (x,y) in terms of «, 3, and the values
of f on a loop and bridge; see [44] for much more on this. The polynomial
Te(z,y) is called the Tutte polynomial of G. Its evaluations, its coefficients,
as well as the many mathematical contexts in which they occur are quite
remarkable, and that area of geometric and algebraic combinatorics is very
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active. We will see the notion of deletion—contraction in a more geometric
context in Chapter 7.

Order polynomials were introduced by Richard Stanley [160,166] as
“chromatic-like polynomials for posets” (this is reflected in Corollary 1.3.4);
Theorem 1.3.2 is due to him. We will study order polynomials in depth in
Chapters 2 and 6.

Theorem 1.4.1 is essentially due to Georg Pick [136], whose famous
formula is the subject of Exercise 1.25. In some sense, this formula marks the
beginning of the study of integer-point enumeration in polytopes. Our phras-
ing of Theorem 1.4.1 suggests that it has an analogue in higher dimensions,
and we will study this analogue in Chapters 4 and 5.

Herbert Wilf [185] raised the question of characterizing which polyno-
mials can occur as chromatic polynomials of graphs. This question has
spawned a lot of work in algebraic combinatorics. For example, a recent
theorem of June Huh [89] says that the absolute values of the coefficients of
every chromatic polynomial form a unimodal sequence, that is, the sequence
increases up to some point, after which it decreases. Huh’s theorem had
been conjectured by Ronald Read [140] almost 50 years earlier. In fact, Huh
proved much more. In Chapter 7 we will study arrangements of hyperplanes
and their associated characteristic polynomials. Huh and later Huh and Eric
Katz [90] proved that, up to sign, the coefficients of characteristic polynomi-
als of hyperplane arrangements (defined over any field) form a log-concave
sequence. We will see the relation between chromatic and characteristic
polynomials in Chapter 7.

Exercises

1.1 Two graphs G = (V1, E1) and G = (Va, E») are isomorphic if there
is a bijection ¢ : Vi — V4 such that for all u,v € V;

wo € By if and only if  ¢(u) ¢p(v) € Es.

Let G be a planar graph and let G; and G2 be the dual graphs for
two distinct planar embeddings of G. Is it true that G; and G2 are
isomorphic?

If not, can you give a sufficient condition on G such that the above
claim is true? (Hint: A precise characterization is rather difficult,
but for a sufficient condition you might want to contemplate Steinitz’s
theorem [176]; see [190, Ch. 4] for a modern treatment.)

1.2 Find two simple nonisomorphic graphs G and H with yg(n) = xg(n).
Can you find many (polynomial, exponential) such examples in the
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number of nodes? Can you make your examples arbitrarily high con-
nected?

1.3 Find the chromatic polynomials of
(a) the path on d nodes;
(b) the cycle on d nodes;
(c) the wheel with d spokes (and d + 1 nodes); for example, the wheel
with six spokes is this:

1.4 Verify that the graph of Berlin in Figure 1.3 cannot be colored with
three colors. (Hint: Instead of evaluating the chromatic polynomial,
try to find a simple subgraph that is not 3-colorable.)

1.5 Show that if G has ¢ connected components, then n® divides the poly-
nomial xg(n).

1.6 © Complete the proof of Corollary 1.1.2: Let G be a loopless nonempty
graph on d nodes and xg(n) = cqn? + cq_1n®' + - - + ¢g its chromatic
polynomial. Then
(a) the leading coefficient c¢g = 1;

(b) the constant coefficient co = 0;
(c) (=1)%xg(=n) > 0.

1.7 Prove that every complete graph K, (a graph with d nodes and all

possible edges between them) has exactly d! acyclic orientations.

1.8 Using a construction similar to the one in our proof of Proposition 1.3.1,
show that the chromatic polynomial of a given graph G can be written

D <d> Mdl(dfl) +._.+al(’;)

for some (explicitly describable) nonnegative integers aj,ag,...,aq.
(This gives yet another proof of Proposition 1.1.1.)

1.9 In this exercise you will give a deletion—contraction proof of Theo-
rem 1.1.5.
(a) Verify that the deletion—contraction relation (1.1.1) implies for the
function Y5 (n) := (—1)% xg(—n) that

Xa(n) = Xave(n) +Xgje(n) -
(b) Define X (n) as the number of compatible pairs of an acyclic
orientation p and an n-coloring c. Show Xg(n) satisfies the same

deletion—contraction relation as X (n).
(c) Infer that Xo(n) = Xg(n) by induction on |E|.
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1.10

1.11

1.12

1.13

1.14

The complete bipartite graph K, ¢ is the graph on the node set
V={1,2,...,r,1,2 ... s} and edges

E = {ijf :1<i<r 1<j<s}.

Determine the chromatic polynomial xg,  (n) for m,k > 1. (Hint:
Proper n-colorings of K, s correspond to pairs (f, g) of maps f : [r] — [n]
and g : [s] = [n] with disjoint ranges.)

O Prove Proposition 1.2.1: The flow-counting function ¢g(n) is inde-
pendent on the orientation of G.

O Let G be a connected planar graph with dual G*. By reversing the
steps in our proof before Proposition 1.2.2, show that every (nowhere-
zero) Znp-flow f on G* naturally gives rise to n different (proper) n-
colorings on G.

O Prove Proposition 1.2.4: If G is a bridgeless connected graph, then
v (n) agrees with a monic polynomial of degree |E| — |V| 4+ 1 with
integer coefficients.

0 Let G = (V, E) be a graph, and let n be a positive integer. An n-flow
is a function g : F — Z with —n < g(e) < n such that conservation of
flow holds at every node of G. The n-flow is nowhere zero if g(e) # 0
forallee F.

(a) Show that if G has a nowhere-zero n-flow, then G has a nowhere-zero
Zp-How.

(b) For a nowhere-zero Z,-flow f, define g : E — [—(n —1),n — 1] such

that g(e) is congruent to f(e) modulo n. The conservation of flow
of g is not necessarily satisfied at each node. The absolute value of
the different between incoming and outgoing flow at v is called the
excess.
An augmenting path from a node u to a node v is a path u =
uQUq . .. Uy = v in the undirected graph G such that u;—1 — u; is
a directed edge in ,G if and only if g(u;—1u;) > 0. Let h : B —
{—1,0,1} be the function such that h(e)g(e) > 0 if e is on the path
and h(e) = 0 otherwise. Show that g+nh : E — Z still takes values
in the interval [—(n — 1),n — 1] and reduces the excess at some
node.

(c) Prove that if G has a nowhere-zero Z,-flow, then G has a nowhere-
zero n-flow.

(d) Prove that

¢c(n) #0  implies  pg(n+1)#0.

e) Even stronger, prove that
g

va(n) <pg(n+1).
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(This is nontrivial. But you will easily prove this after having read
Chapter 7.)

1.15 Let ,G = (V, E, p) be an oriented graph and n > 2.
(a) Let f : E — Z,, be a nowhere-zero Z,-flow and let e € E. Show that
f naturally yields a nowhere-zero Z,-flow on the contraction ,G/e.
(b) For S C V let E™(S) be the in-coming edges, i.e., u — v with
v € Sand u € V\S, and let E°*(S) be the out-going edges.
Show that f: E — Z, is a nowhere-zero Z,-flow if and only if

S fe) = Y e
) ()

eeE‘in(S eeEout

for all S C V. (Hint: For the sufficiency, contract all edges in S
and V'\ S.)
(c) Infer that ¢ = 0 if G has a bridge.

1.16 Discover the notion of tensions.

1.17 Consider the Petersen graph G pictured in Figure 1.17.

Figure 1.17. The Petersen graph.

(a) Show that pg(4) = 0.

(b) Show that the polynomial ¢(n) has nonreal roots.

(c) Construct a planar® graph whose flow polynomial has nonreal roots.
(Hint: Think of the dual coloring question.)

1.18 © Prove Proposition 1.3.3: Let ,G = (V, E, p) be an acyclic graph and
II =1I(,G) the induced poset. A map ¢ : V — [n] is strictly compatible
with the orientation p of G if and only if ¢ is a strictly order-preserving
map IT — [n].

1.19 Compute Q7, (n).

1.20 © Show that Qr1(n) is a polynomial in n.

4The Petersen graph is a (famous) example of a nonplanar graph.
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1.21 O Let § = conv{(‘;i), (Z;)}, with a1, a9,b1,bs € Z, be a lattice seg-

ment.” Show that
ehrs(n) = Ln+1,

where L = | ged(ag — ag, b2 — b1)|, the lattice length of S. Conclude
further that — ehrg(—n) equals the number of lattice points of nS other
than the endpoints, in other words,

(=1)4mS ehrg(—n) = ehrgo(n).
Can you find an explicit formula for ehrg(n) when S is a segment with
rational endpoints?

1.22 Let O be a closed polygonal lattice path, i.e., the union of lattice

segments, such that each vertex on O lies on precisely two such segments,
and that topologically O is a closed curve. Show that

ehrpo(n) = Ln,

where L is the sum of the lattice lengths of the lattice segments that
make up O or, equivalently, the number of lattice points on O.

1.23 O Let vi,vo € Z2, and let Q be the half-open parallelogram

Q:={Avi+puvy : 0< A\ p<1}.
Show (for example, by tiling the plane by translates of Q) that
ehrq(n) = An?
where A = |det (§ ).

1.24 A lattice triangle conv{vy, ve, v3} is unimodular if vo —v; and vz —v;

form a lattice basis of Z2.

(a) Prove that a lattice triangle is unimodular if and only if it has
area %

(b) Conclude that for any two unimodular triangles /A1 and Ag, there
exist T € GL2(Z) and x € Z? such that Ay = T(A1) + x.

(¢) Compute the Ehrhart polynomials of all unimodular triangles.

(d) Show that every lattice polygon can be triangulated into unimodular
triangles.

(e) Use the above facts to give an alternative proof of Theorem 1.4.1.

1.25 Let P C R? be a lattice polygon, and denote the area of P by A, the

number of integer points inside the polygon P by I, and the number of
integer points on the boundary of P by B. Prove that

A=1+3B-1

5We use the notation conv(V') to denote the convex hull of a set V' of vectors.
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(a famous formula due to Georg Alexander Pick). Deduce from this
formulas for the coefficients of the Ehrhart polynomial of P.

1.26 Let P,Q C R? be lattice polygons, such that Q is contained in the
interior of P. Generalize Exercise 1.25 (i.e., both a version of Pick’s
theorem and the accompanying Ehrhart polynomial) to the “polygon
with a hole” P — Q. Generalize your formulas to a lattice polygon with
n “holes” (instead of one).

1.27 Let f(t) = agt® + aqg_1t%~' +--- + ap € R[t] be a polynomial such
that f(n) is an integer for every integer n > 0. Give a proof or a
counterexample for the following statements:

(a) All coefficients a; are integers.
(b) f(n) is an integer for all n € Z.
(c) If (=1)¥f(—n) > 0 for all n > 0, then k = deg(f).

1.28 Suppose f(t) = aqt? + ag_1t%' 4+ --- + ag € R[t] is a polynomial with
ag > 0. Prove that, if all roots of f(¢) have negative real parts, then
each a; > 0.






Chapter 2

Partially Ordered Sets

Life is the twofold internal movement of composition and decomposition at once
general and continuous.
Henri de Blainville

Partially ordered sets, posets for short, made an appearance twice so far.
First (in Section 1.3) as a class of interesting combinatorial objects with a
rich counting theory intimately related to graph colorings and, second (in
Section 1.4), as a natural book-keeping structure for geometric subdivisions
of polygons. In particular, the stage for the principle of overcounting-and-
correcting, more commonly referred to as inclusion—exclusion, is naturally
set in the theory of posets. Our agenda in this chapter is twofold: we need to
introduce machinery that will be crucial tools in later chapters, but we will
also prove our first combinatorial reciprocity theorems in a general setting,
from first principles; later on we will put these theorems in a geometric
context. We recall that a poset Il is a finite set with a binary relation <
that is reflexive, transitive, and antisymmetric.

2.1. Order Ideals and the Incidence Algebra

We now return to Section 1.3 and the problem of counting (via Qr(n))
order-preserving maps ¢ : IT — [n] which satisfy

a 2ub = ¢a) < ¢(b)

for all a,b € II. The preimages ¢~ 1(j), for j = 1,2,...,n, partition IT and
uniquely identify ¢, but from a poset point of view they do not have enough
structure. A better perspective comes from the following observation: let
é : I1 — [2] be an order-preserving map into the 2-chain, and let I := ¢~1(1).
Now

yel and x =y = =zxz€l.
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A subset I C II with this property is called an order ideal of II. Conversely,
if I C II is an order ideal, then ¢ : IT — [2] with ¢~!(1) = I defines an order
preserving map. Thus, order-preserving maps ¢ : II — [2] are in bijection
with the order ideals of II. Dually, the complement F' = II\ I of an order
ideal I is characterized by the property that x > y € F' implies « € F. Such
a set is called a dual order ideal or filter of II. This reasoning proves the
following observation.

Proposition 2.1.1. Let II be a finite poset. Then Qr(2) is the number of
order ideals (or, equivalently, filters) of II.

To characterize general order-preserving maps into chains in terms of II,
we note that every order ideal of [n] is principal, that is, every order ideal
I C [n] is of the form

I'={jeln:j<k} = [k
for some k. In particular, if ¢ : Il — [n] is order preserving, then the preimage

#»~1([k]) of an order ideal [k] C [n] is an order ideal of II, and this gives us
the following bijection.

Proposition 2.1.2. order-preserving maps ¢ : 11 — [n] are in bijection with
multichains' of order ideals

g =1 ChL C--Cl,=1I

of length n. The map ¢ is strictly order preserving if and only if I; \ Iy is
an antichain for oll j =1,2,...,n.

Proof. We need to argue only the second part. We observe that ¢ is strictly
order preserving if and only if there are no elements z < y with ¢(x) = ¢(y).
Hence, ¢ is strictly order preserving if and only if ¢71(j) = I; \ I;_1 does
not contain a pair of comparable elements. O

The collection 7 (IT) of order ideals of IT is itself a poset under set inclusion,
which we call the lattice of order ideals or the Birkhoff lattice” of II.
What we just showed is that Qp(n) counts the number of multichains of length
n in J(II) \ {@,II}. The next problem we address is counting multichains in
general posets. To that end, we introduce an algebraic gadget: the incidence
algebra I(II) is a C-vector space spanned by those functions « : I x IT — C
that satisfy

alx,y) =0 whenever x Ay.

We define the (convolution) product of a, 8 : II x IT — C as

(axB)(r,t) = Y alrs)B(st),

r=s=xt

LA multichain is a sequence of comparable elements, where we allow repetition.
2The reason for this terminology will become clear shortly.
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and together with ¢ € I(II) defined by
1 ifz=
5(z,y) = nE=y (2.1.1)
0 ifx+#y,

this gives I(II) the structure of an associative C-algebra with unit 6. (If
this is starting to feel like linear algebra, you are on the right track.) A
distinguished role is played by the zeta function ¢ € I(IT) defined by

1 ifz =<y,
T,Y) = i
S@y) {0 otherwise.
For the time being, the power of zeta functions lies in their powers.

Proposition 2.1.3. Let II be a finite poset and x,y € II. Then (" (z,y)
equals the number of multichains

r =20 221 2 0 X Ty =Y
of length n.

Proof. For n = 1, we have ((z,y) = 1 if and only if x = 29 < 21 = v.
Arguing by induction, we assume that ¢"~!(x, ) is the number of multichains
of length n — 1 for all x,y € II, and we calculate

Cn(xvz) = (Cn_l*C)(xVZ) = Z Cn_l(x7y)C(y7z)'

XY=z
Each summand on the right is the number of multichains of length n — 1
ending in y that can be extended to z. ([
L5
Ty
L1

Figure 2.1. A sample poset.

As an example, the zeta function for the poset in Figure 2.1 is given in
matrix form as

—_
Sy W W WU W T
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We encourage you to see Proposition 2.1.3 in action by computing powers of
this matrix.

As a first milestone, Proposition 2.1.3 implies the following representation
of the order polynomial of II which we introduced in Section 1.3.

Corollary 2.1.4. For a finite poset 11, let ¢ be the zeta function of J(II),
the lattice of order ideals in I1. The order polynomial associated with 11 is
given by

Qu(n) = ¢"(2,10).

Identifying Qp(n) with the evaluation of a power of ¢ does not stipulate
that Qrr(n) is the restriction of a polynomial (which we know to be true from
Exercise 1.20) but this impression is misleading: let n € I(II) be defined by

1 ifz<y,
z,y) = 2.1.2
n(@,y) {O otherwise. ( )

Then ¢ = § + n and hence, using the binomial theorem (Exercise 2.1),
n
"(z,y) = (04+n)"(x,y) = (n) Fla,y). 2.1.3
() (n)(y)kzzokn(y) (2.1.3)
Exercise 2.5 asserts that the sum on the right stops at the index k = |II| and
is thus a polynomial in n of degree < |II].

The arguments in the preceding paragraph are not restricted to posets
formed by order ideals, but hold more generally for every poset II that has
a minimum 0 and a maximum 1, i.e., 0 and 1 are elements in II that
satisfy 0 < « < 1 for all z € II. (For example, the Birkhoff lattice 7 (II) has
minimum @ and maximum II.) This gives the following.

Proposition 2.1.5. Let I be a finite poset with minimum 0, mazimum 1,
and zeta function ¢. Then ¢"(0,1) is a polynomial in n.

To establish the reciprocity theorem for Q(n) (Theorem 1.3.2), we
would like to evaluate ("(&,II) at negative integers n, so we first need to
understand when an element a € I(II) is invertible. To this end, we pause
and make the incidence algebra a bit more tangible.

Choose a linear extension of II, that is, we label the d = |II| elements
of I by p1,p2, ..., pa such that p; < p; implies ¢ < j. (That such a labeling
exists is the content of Exercise 2.2.) This allows us to identify I(II) with a
subalgebra of the upper triangular (d x d)-matrices by setting

a = (Oé(Piypj))1§z‘,j§d'

For example, for the poset D1 given in Figure 1.12, a linear extension is
given by (p1,p2,-..,p10) = (1,5,2,3,7,10,4,6,9,8) and the incidence algebra
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consists of matrices of the form

1 5 2 3 7 10 4 6 9 8
1 /% % *x *x *x x x
) * *
2 * * ok *
3 * *
7 *

10 * ’
4 * *
6 *

9 *
8 *

where the stars are the possible nonzero entries for the elements in /(II). This
linear-algebra perspective affords a simple criterion for when « is invertible;
see Exercise 2.4.

Proposition 2.1.6. An element o € I(I1) is invertible if and only if
a(z,x) #0 for all x e1l.

2.2. The Mobius Function and Order Polynomial
Reciprocity

We now return to the stage set up by Corollary 2.1.4, namely,
Qu(n) = Gany(@,11).

We would like to use this identity to compute Qp(—n); thus we need to invert
the zeta function of J(IT). Such an inverse exists by Proposition 2.1.6, and
we call p := ¢! the Mdbius function. For example, the Mobius function
of the poset in Figure 2.1 is given in matrix form as

1 -1 -1 -1 2
1 -1

It is apparent that one can compute the M6bius function recursively, and
in fact, unravelling the condition that (u* ()(x,z) = d(z, 2) for all z,z € II
gives

wlx,z) = — Z wly,z) = — Z w(x,y) for xz < z, and
r=<y=3z r=y<z (2.2.1)
w(x,z) = 1.
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As a notational remark, the functions {, §, u, and n depend on the
underlying poset II, so we will sometimes write (r, dr, etc., to make this
dependence clear. For an example, we consider the Mobius function of the
Boolean lattice By, the partially ordered set of all subsets of [d] ordered
by inclusion. For two subsets S C T C [d], we have pup,(S,T) = 1 whenever
S =T and pup,(S,T) = —1 whenever [T\ S| = 1. Although this provides
little data, we venture that

wp,(S,T) = (1)1, (2.2.2)

We dare you to prove this from first principles, or to appeal to the results in
Exercise 2.6 after realizing that By is the d-fold product of a 2-chain.

Towards proving the combinatorial reciprocity theorem for order polyno-
mials (Theorem 1.3.2) we note the following.

Proposition 2.2.1.
Qn(-n) = "(2,1) = ui(o,10),
where J = J(I1) is the Birkhoff lattice of I1.

This proposition is strongly suggested by our notation but nevertheless
requires a proof.

Proof. Let d = |II|. By Exercise 2.5,
=0Tt =kt = (F) T
If we now take powers of (~! and again appeal to Exercise 2.5, we calculate
d
+k-1
-n _ k(™ k
= e (T

Thus the expression of (" as a polynomial given in (2.1.3), together with the
fundamental combinatorial reciprocity for binomial coefficients (0.0.2) given
in the very beginning of this book, proves the claim. O

Expanding p' into the n-fold product of p 7 with itself, the right-hand
side of the identity in Proposition 2.2.1 is

wh(@, 1) = > pg(lo, 1) pg (I, o) - pg(Tn-1, In) (2:2.3)
where the sum is over all multichains of order ideals
g =1 c L € ---C, =1

of length n. Our next goal is thus to understand the evaluation p 7 (K, M),
where K C M C II are order ideals. This evaluation depends only on

[K,M] := {LeJ : KCLC M},
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the interval from K to M in the Birkhoff lattice J. Moreover, we call
two posets II and IT" isomorphic (and write II = IT) if there is a bijection
¢ : I1 — II' that satisfies x =<1 y <= ¢(x) < ¢(y).

Theorem 2.2.2. Let I be a finite poset and K C M order ideals in J =
J(II). Then

(K, M) {(—1)M\K if M\ K is an antichain,
ng 9 =

0 otherwise.

In the proof we want to use induction—not on the number of elements
but on the length of II. A chain in II is a collection of elements C' =
{co,c1,...,c} such that ¢o <11 ¢1 <11 + - <11 ¢. The length of the chain C'
is k — 1. The chain C' is saturated or unrefineable if ¢;_; < ¢; is a cover
relation for all ¢ = 1,..., k. The chain is maximal if ¢y and c¢; are minimal
and maximal elements of II. The length of a poset is the maximal length of
a (maximal) chain in II.

Proof. We first consider the (easier) case that M \ K is an antichain. In
this case K U A is an order ideal for all A C M \ K. In other words, the
interval [K, M] is isomorphic to the Boolean lattice B, for r = |M \ K| and
hence, with (2.2.2), we conclude ps (K, M) = (-1)".

The case that M \ K contains comparable elements is a bit more tricky.
We argue by induction on the length of the interval [K, M]. The base case
is given by the situation that M \ K consists of exactly two comparable
elements a < b. Hence, [K, M] ={K < K U{a} < M} and we compute

po (K, M) = —pg (K, K) — pg (K, K U{a}) = —1—(~1) = 0.

For the induction step we use (2.2.1), i.e.,

pg (K, M) = _Zﬂj(KaL)’

where the sum is over all order ideals L such that K C L C M. By the
induction hypothesis, p7 (K, L) is zero unless L \ K is an antichain and thus

K C L C M order ideal
_ _EAK] = ’
pg (K, M) = E :{( 1) " L\ K is an antichain }’

where we have used the already-proven part of the theorem. Now let m €
M \ K be a minimal element. The order ideals L in the above sum can be
partitioned into those containing m and those that do not. Both parts of this
partition have the same size: if m ¢ L, then L U {m} is also an order ideal,
if m € L, then L\ {m} is an admissible order ideal as well. (You should
check this.) Hence, the positive and negative terms cancel each other and
ur (K, M) =0. O
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With this we can give a (purely combinatorial) proof of Theorem 1.3.2,
the reciprocity theorem for order polynomials.

Proof of Theorem 1.3.2. By Theorem 2.2.2; the right-hand side of (2.2.3)
equals (—1)" times the number of multichains

g =1 chL < Cl, =1

of order ideals such that I; \ I;_; is an antichain for j € [n]. By Proposi-
tion 2.1.2 this is exactly (—1)! QO (n), and this proves Theorem 1.3.2. O

Our proof gives us some additional insights into the structure of Qp(n).

Corollary 2.2.3. Let IT be a finite poset. Then Qp(—k) =0 for all 0 < k <
m if and only if Il contains an m-chain.

Proof. Since Qfj(k) is weakly increasing, it suffices to assume that m is
the length of IT. Let C' = {c; < -+ < ¢m41} be a chain in II of maximal
length. Then i — ¢; defines a strictly order-preserving injection [m + 1] < II.
We can compose this injection with a given strictly order-preserving map
IT — [k] to create a strictly order-preserving injection [m+ 1] < [k]; however,
such an injection exists only if £ > m + 1.

To show that Qf(m+1) > 0, set I := @ and define a sequence Iy C I; C
--+ C I, = II by the following rule. Define I; := I;_1UM;, where M; consists
of the minimal elements of IT \ I;_;. You should convince yourself that this
is a sequence of order ideals and that I; \ I;_; is a nonempty antichain
for all j > 1. In particular C N (I; \ I;—1) = {¢;} and hence r = m + 1.
Proposition 2.1.2 now implies that there is a strictly order-preserving map
IT — [m + 1], which completes the proof. O

2.3. Zeta Polynomials, Distributive Lattices, and Eulerian
Posets

We now take a breath and see how far we can generalize Theorem 1.3.2 (by
weakening the assumptions). Our starting point is Proposition 2.1.5: for a

poset II that has a minimum 0 and maximum 1, the evaluation
Zn(n) = ¢"(0,1)

is a polynomial in n, the zeta polynomial of II. For example, if we
augment the poset Djg in Figure 1.12 by a maximal element (think of the
number 0, which is divisible by all positive integers), Exercise 2.10 gives the
accompanying zeta polynomial as

Zn(n) = gnt+ Bn® + B2 - By, (2.3.1)

In analogy with the combinatorial reciprocity theorem for order polynomials
(Theorem 1.3.2)—which are, after all, zeta polynomials of posets formed by



2.3. Zeta Polynomials, Distributive Lattices, and Eulerian Posets 37

order ideals—we now seek interpretations for evaluations of zeta polynomials
at negative integers. Analogous to Proposition 2.2.1,

ZH(—TL) = C_n(()a i) = Nn(()’ i) )
where p is the Mdbius function of II. Our sample zeta function (2.3.1) illus-

trates that the quest for interpretations at negative evaluations is nontrivial:
here we compute

ZH(—l) =1 and ZH(—2) =-2

and so any hope of a simple counting interpretation of Zi(—n) or —Z(—n)
is shattered. On a more optimistic note, we can repeat the argument
behind (2.2.3) for a general poset II:

Zu(—n) = p"(0,1) = Y ulzo, 1) plar,@2) -+ plwn-1,20),  (2:3.2)

where the sum is over all multichains
0 =m0 X 21 2 -+ 2 @y = 1

of length n. The key property that put (2.2.3) to work in our proof of
Theorem 2.2.2 (and subsequently, our proof of Theorem 1.3.2) was that each
summand on the right-hand side of (2.2.3) was either 0 or the same constant.
We thus seek a class of posets where a similar property holds in (2.3.2).

For two elements x and y in a poset II, consider all least upper bounds
of x and y, i.e., all z € Il such that x < z and y < z and there is no w < z
with the same property. If such a least upper bound of x and y exists and is
unique, we call it the join of x and y and denote it by = V y. Dually, if a
greatest lower bound of x and y exists and is unique, we call it the meet of
x and y and denote it by x A y.

A lattice® is a poset in which meets and joins exist for any pair of
elements. Note that every finite lattice will necessarily have a minimum 0
and a maximum 1. A lattice II is distributive if meets and joins satisfy the
distributive laws

(xAy)Vz = (xVz2)A(yVz) and (xVy Az = (xAz)V(yAz)

for all z,y,z € II. The reason we are interested in distributive lattices is
the following famous result, often called Birkhoff’s theorem, whose proof is
subject to Exercise 2.13.

Theorem 2.3.1. Every finite distributive lattice is isomorphic to the poset
of order ideals of some poset.

3This lattice is not to be confused with the integer lattice Z2 that made an appearance in
Section 1.4 and whose higher-dimensional cousins will play a central role in later chapters. Both
meanings of lattice are well furnished in the mathematical literature; we hope that they will not
be confused in this book.
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Next we consider some of the consequences of this theorem. Given a finite
distributive lattice II, we now know that the Mobius-function values on the
right-hand side of (2.3.2) can be interpreted as stemming from the poset of
order ideals of some other poset. But this means that we can apply Theorem
2.2.2 in precisely the same way we used it in our proof of Theorem 1.3.2: the
right-hand side of (2.3.2) becomes (—1)MI times the number of multichains
0= To =Ty =Ty = 1 such that the corresponding differences of order
ideals are all antichains. A moment’s thought reveals that this last condition
is equivalent to the fact that each interval [z, z;11] is a Boolean lattice.
What we have just proved is a combinatorial reciprocity theorem which, in a
sense, generalizes that of order polynomials (Theorem 1.3.2).

Theorem 2.3.2. Let II be a finite distributive lattice. Then (—1)M Zy(—n)
equals the number of multichains 0= To =2 T1 = - =z, =1 such that each
interval [z, x;41] is a Boolean lattice.

There is another class of posets that comes with a combinatorial reci-
procity theorem stemming from (2.3.2). To introduce it, we need a few more
definitions. A finite poset II is graded if every maximal chain in II has
the same length r, which we call the rank of II. The length Ir(x,y) of
two elements x,y € II is the length of a maximal chain in [z,y]. A graded
poset that has a minimal and a maximal element is Eulerian if its Mobius
function is

pla,y) = (—1)m@w),
We have seen examples of Eulerian posets earlier, for instance, Boolean
lattices; another important class of Eulerian posets are formed by faces of
polyhedra, which we will study in the next chapter.

What happens with (2.3.2) when the underlying poset II is Eulerian? In
this case, the Mobius-function values on the right-hand side are determined
by the interval length, and so each summand on the right is simply (—1)",
where 7 is the rank of II. But then (2.3.2) says that Zi(—n) equals (—1)"
times the number of multichains of length n, which is ¢"(0,1) = Zg1(n). This
argument yields a reciprocity theorem that relates the zeta polynomial of 11
to itself.

Theorem 2.3.3. Let 11 be a finite Fulerian poset of rank r. Then
Zn(—n) = (=1)" Zu(n).

We will return to this result in connection with the combinatorial struc-
ture of polytopes.

2.4. Inclusion—Exclusion and Mobius Inversion

Our approach to Mobius functions in the proof of Theorem 1.3.2 is a bit
uncommon. Usually, Mobius functions are introduced as a sophisticated
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version of overcounting and correcting. We too follow this approach by
starting with what is known as the principle of inclusion—exclusion.
Let A and B be two finite sets. Then

|JAUB| = |A|+ |B|—-]ANDB|.

If we have n finite sets Ay, Ao, ..., Ay, then using the fact that U is associative
and N distributes over U gives

A UA U UA] = Y (=) 4, (2.4.1)
o£JCln]

where we set Ay := ﬂjeJ Aj; see Exercise 2.16. If Ay,..., A, are subsets of
some ground set A, then we can go one step further:

AV(ALU-UA)| = JA[ =AU U4, = S (=) [4y], (24.2)
JCn]

where Ag := A. The simple identities (2.4.1) and (2.4.2) form the basis for
the principle of inclusion—exclusion and the theory of Mobius functions.

The typical scenario in which we use (2.4.1) or (2.4.2) is the following:
Imagine that A is a set of combinatorial objects and A; C A is the collection
of objects having the property j. Then (2.4.2) gives a formula for the number
of objects having none of the properties 1,2,...,n. This is of value provided
we can write down |A ;| explicitly.

Here is an example involving the chromatic polynomial xg(n) of a graph
G = (V, E), which we introduced in Section 1.1. For a finite set T, let sq(T)
be the number of proper colorings of G with colors in 71" such that each color
is used at least once. In other words, sg(7T) is the number of surjective maps
c:V — T such that c(u) # c¢(v) for all uv € E. Now, for t € T, let A; be
the collection of proper colorings ¢ : V' — T that miss at least the color t,
ie., t € ¢(V). Since the number of colorings with colors in 7' depends only
on the number of colors, |A;| = xg(|T| —|J|) for all J C T, and so

sa(T) = Y (=)A= Y (-)xe(T] = 17))

JCT JCT
7]
T
= (=1)"xa(|T] = ).
Z% ( . ) Xa

Here is another example: Let A be the collection of all d-multisubsets
of [n] and let A; be the collection of multisubsets such that the element i
appears at least twice. Then |Ag| = |A] = (n+3_1) and, since we can remove

two copies of ¢ from each multisubset in A;,

Al = ("“j:;)‘l).
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n+d—2|J|—1
d—2|J|
exclusion (2.4.2) leads to

Consequently |A | = ( ) for each J C [n]. The principle of inclusion—

n .
(2) = e vl = (" AZE) (),
Depending on your personal preference, this might not be a pretty formula,
but it certainly gives a nontrivial relation among binomial coefficients which
is tricky to prove by other means. See Exercise 2.18 for one further prominent
application of (2.4.2).

In both examples, the key was that it was easy enough to write down the
number of objects having at least property j whereas the number of objects
having only property j is hard. Moreover, if we are only concerned about
counting objects, we can abstract away the collection of objects Ay and only
work with numbers. We recall that B,, is the Boolean lattice consisting of all
subsets of [n] partially ordered by inclusion. Let f— : B,, — C be a function.
We can then define a new function f> : B, — C by

f2(0) = Y f=(K)
KDJ

for all J C [n]. Can we recover f— from the knowledge of f>? To relate
to the setting above, we had f>(I) := |A;| and (2.4.2) gave us a way to
compute f—(@) =|A\ (A1 U---UA,)|.

Proposition 2.4.1. For I C [n],
=) = =)L),
J2I

Proof. The proof is a simple computation. We insert the definition of f>(K)
into the right-hand side of the sought-after identity:

SO () = Y (=) (K.
J2I J2I KDJ

The sets K in the second sum are supersets of I, and so we may change the
order of summation to obtain

SN = S ) YD~V

JoI KDI ICJCK
In Exercise 2.19 you will show that the interior sum on the right-hand side
equals 1if I = K and 0if I C K. U

The natural next step is to generalize the setup to an arbitrary finite
poset II. For a function f— :II — C, we define f> : Il — C by

fo(0) =) f=(0). (2.4.3)

c-b
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Analogously to our question in the Boolean lattice case, we can now ask if
we can recover f— from the knowledge of f>. The right context in which to
ask this question is that of the incidence algebra.

Let C' = {f : I = C} be the C-vector space of functions on II. The
incidence algebra I(IT) operates on C! as follows: for f € C!' and o € I(II),
we define a new function af € C! by

(@f)(d) = > alb,c)f(c). (2.4.4)
c~b

That is, I(II) is a ring of operators on C!, and
f> = Cuf=,

where (7 € I(II) is the zeta function of II. Hence, the question of recover-
ability of f— from f> is that of the invertibility of (;;. That, however, we
sorted out in Proposition 2.1.6, and we obtain what is referred to as Mdbius
1NVersion.

Theorem 2.4.2. Let II be a poset with Mdébius function ur. Then for any
two functions f—, f> € CIL,

f20) = > f=(c)  ifandonlyif  f=(a) = ) pm(a,b)f>(b).

cxb bza
Likewise,
f<(®) = Y f=(a)  ifandonlyif  f=(c) = > f<(b)pm(b,c).
a=<b b=c

Proof. It is instructive to do the yoga of M&bius inversion at least once: if
f> satisfies the left-hand side of the first statement, then

S (e ) f>0) = Y @)Y i-0) = S f-(@) Y mlab).

b>a b>a c>b cra a=b=<c

By (2.2.1), the last inner sum equals 1 if a = ¢ and 0 otherwise. O

In a nutshell, Mobius inversion is what we implicitly used in our treatment
of Ehrhart theory for lattice polygons in Section 1.4. The subdivision of a
lattice polygon P into triangles, edges, and vertices is a genuine poset under
inclusion. The function f—(P) is the number of lattice points in P C R? and
we were interested in the evaluation of f—(P) = (uf<)(P).!

We conclude this section with a nontrivial application of M&bius inversion.
Let G = (V, E) be a simple graph. A flat of G is a set of edges F' C E such
that for any e € E \ F, the number of connected components of the graph

4 you might notice, upon re-reading Section 1.4, that we used a p with only one argument,
but that was simply for ease of notation: we give the full picture in our proof of Theorem 5.2.3 in
Chapter 5.
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G[F] := (V, F) is strictly larger than that of G[F' U {e}]. Let £(G) be the
collection of flats of G ordered by inclusion; Figure 2.2 shows an example.

{a,b,c,d, e}
{a,b,c} {a,d} {b,e} {a,e} {b,d} {c,d, e}
b d
{fa} {0} {c} A{d} {e}
: N P

1%}

Figure 2.2. A sample graph and its flats.

Let ¢: V — [n] be a (not necessarily proper) coloring of G, and define
Fo(e) == {wwe E : c(u) =c(v)}. (2.4.5)

Then Fg(c) is a flat and, as you will prove in Exercise 2.20, every flat
F € L(G) arises that way. We observe that ¢ is a proper coloring precisely
when Fg(c) = 2.

For n > 1, we define the function f2 : £L(G) — Z such that fI(F) is
the number of n-colorings ¢ with Fg(c) = F. In particular, the chromatic
polynomial of G is xg(n) = f2(@). This number is not so easy to determine.
However, by defining

fE(F) = ‘{CE [n]v : F C Fg(c)}‘,
we can say more.
Proposition 2.4.3. Let G = (V, E) be a simple graph and F € L(G). Then
JE(F) = ne(GlED,
where k(G[FY]) is the number of connected components of G[F].

Proof. Let ¢ : V — [n] be a coloring. Then F' C Fg(c) if and only if ¢ is
constant on every connected component of G[F|. Hence, f%(F) equals the
number of choices of one color per connected component. O

By Theorem 2.4.2,
XG(?’L) = fz(g) = Z /.L[,(G)(@7F) n"{(G[F])'
FeL(G)

This shows again that yg(n) is a polynomial and, since F' = & maximizes the
number of connected components of G[F|, the polynomial is of degree |V|,
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and so we obtain another (completely different) proof of Proposition 1.1.1.
We will return to the Mobius function of £(G) in Section 7.2.

The original setup for inclusion—exclusion furnishes a natural class of
posets. For a collection Ay, Ao, ..., A, C A of sets, the intersection poset
is

L = L(A1,..., A A) = {AI = mAi I C [n]},
i€l
partially ordered by reverse containment. So the maximum of £ is 1 =
A[n] = A;N---N A, whereas the minimum is 0 = Ay = A. Of course, it
would be natural to order the subsets Ay C A by inclusion. However, by
using reverse inclusion we have that for I, J C [n],

I C J implies A; =<, Ay

and hence the map I — Ay is an order-preserving map from B, to £. The
reverse implication does not hold in general—the collection of sets I that
give rise to the same A; = S € £ can be quite complicated. But there is
always a canonical set: for S € L, we define

Js = {ien]: SCA}.
We call a set J C [n] closed if J = Jg for some S € L. The proof of the

following simple but useful properties is outsourced to Exercise 2.22.

Lemma 2.4.4. Let L = L(A1,...,An;A) and S € L. If A; =S for I C [n],
then I C Jg. Moreover, for T € L,

S X T << Jg C Jp.

In particular, Lemma 2.4.4 implies that £ is isomorphic to the subposet
of B, given by closed subsets.

For intersection posets, the principle of inclusion—exclusion gives a pedes-
trian way to compute the Mobius function.

Theorem 2.4.5. Let L = L(A1,...,An; A) be an intersection poset. Then
pe(8,T) = 3 (Vs

JC[n]
AG=T

forall S <, T.
Proof. Let f— : L — C be an arbitrary function on £ and let f> : L — C
be given by

f2(8) = Y f=(T).

T=S
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We can use f— to define a map F= : B, — C by setting

F_(I) = {f:(S) if  =1Igfor SecL,

0 if I is not a closed set.

Now define F> : B, — C by F>(I) := }_ ;5; F=(J). The second part of
Lemma 2.4.4 implies that f>(S) = F>(Jg) for any S € £. We can use
Proposition 2.4.1 to compute

= S (=)MVIR ().
JoI

The first part of Lemma 2.4.4 implies that F~(J) = f>(Ay) for all J C [n].
For S € L,

J=(S) = F-(Jg) = Z( DI\slg (Af) = Z f(T Z (—1)I\Isl

J2Js TS JC[n)
AG=T

In contrast, we can also apply Theorem 2.4.2 to f> to obtain
Yo L(Due(S,T) = f=(S) = Y f=(T) D (-n/Vsl.
TS T=,8 JC[n]

A =T

Since f— was chosen arbitrarily and since the Mobius function of a poset is
unique, this establishes the claim. [l

We finish this section with one more way to compute the Mobius function
of a poset II, Philip Hall’s theorem. Recall that the length of the chain
ap < a; < --- < ag is k, the number of links. We denote by cx(a,b) the
number of chains of length k of the form a =ag < a1 <--- < ap =b.

Theorem 2.4.6. Let II be a finite poset and a <7 b. Then
pr(a,b) = —eci(a,b) + ca(a,b) —cs3(a,b) +--- . (2.4.6)

Proof. A short and elegant proof can be given via the incidence algebra.
Recall that n € I(II) is given by n(a,b) = 1 if a < b and 0 otherwise. Then
¢ =6 +n and we compute

N(avb) = Cil(aﬂb) = ((5"’_77)71(0’7[)) = 5(aab)—771(a7b)+772(@ab)—

By Exercise 2.5, the sum on the right-hand side is finite and cx(a,b) =
1" (a,b). O
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Notes

Posets and lattices originated in the nineteenth century and became subjects
in their own right with the work of Garrett Birkhoff, who proved Theo-
rem 2.3.1 [31], and Philip Hall [80], whose Theorem 2.4.6 concluded our
chapter.

The oldest type of Mobius function is the one studied in number theory,
which is the Mobius function (in a combinatorial sense) of the divisor lattice
(see Exercise 2.7). The systematic study of M&bius functions of general
posets was initiated by Gian—Carlo Rota’s famous paper [146] which arguably
started modern combinatorics. Rota’s paper also put the idea of incidence
algebras on firm ground, but it can be traced back much further to Richard
Dedekind and Eric Temple Bell [170, Chapter 3]. Our proof of Theorem 2.2.2
implicitly makes use of Rota’s crosscut theorem. Determining the Mobius
function of a poset is difficult in general. Many techniques (including Rota’s
crosscut theorem) are explained in [107, Chapter 3] or [170].

As we already mentioned in Chapter 1, order polynomials were introduced
by Richard Stanley [160,166] as chromatic-like polynomials for posets and
we will see them again in Chapter 6 in geometric guise. Stanley introduced
the zeta polynomial of a poset in [162], the paper that inspired the title of
our book, and Theorem 2.3.3 appears as a side remark. Stanley also initiated
the study of Eulerian posets in [165], though, in his own words, “they had
certainly been considered earlier”.

For (much) more on posets, lattices, and M6bius functions, we recommend
[159] and [170, Chapter 3|, which contains numerous open problems; we
mention one representative: let IT,, be the set of all partitions (whose definition
is given in (4.4.1) in Chapter 4) of a fixed positive integer n. We order the
elements of II,, by refinement, i.e., given two partitions (a1, as, ..., a;) and
(b1,ba,...,bg) of n, we say that

(al,ag,...,aj) j (bl,bg,...,bk)

if the parts ai,az,...,a; can be partitioned into blocks whose sums are
b1,bo,...,b;. Find the M&bius function of II,,.

Exercises

2.1 O Let (R,+,-) be a ring with unit 1. For every r € R and d > 0 verify
the binomial theorem

(1+r)? = Edj <d> )
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Show how this, in particular, implies (2.1.3).

2.2 O Show that every finite poset II has a linear extension. (Hint: You
can argue graphically by reading the Hasse diagram or, more formally,
by induction on |II|.)

2.3 A finite poset II in which the meet of any two elements exists is called
a meet semilattice. Show that if a meet semilattice II has a maximal
element, then II is even a lattice.

2.4 O For a € I(IT) with a(x,x) # 0 for all z € II, explicitly construct the
inverse a1 € I(II).

2.5 O Let II be a finite poset and recall that ( = § + n, where § and 7 are

defined by (2.1.1) and (2.1.2), respectively.
(a) Show that for z <y,

F(xy) = {ez=x0 <z <22 < -+ <2p_1 < T =y},

the number of strict chains of length & in the interval [z, y].
(b) Infer that n is nilpotent, that is, n*+1 = 0 for k the length of II.
(¢) For z,y € II, do you know what (26 — ¢)~!(z,y) counts?
(d) Show that n}(n)(z ,II) equals the number of surjective order-pre-
serving maps II — [n].
2.6 O For posets (II;, <1) and (Ilz, <3), we define their (direct) product
with underlying set II; x IIs and partial order

(x1,22) X (y1,y2) <= x1 =<1y and x2 <2 y2.

(a) Show that every interval [(x1, z2), (y1,y2)] of I} x Iy is of the form
[z1,y1] X [z2,y2].

(b) Show that iy, xi1, (21, 22), (1, 92)) = prr, (w1, Y1) pas, (T2, y2)-

(c¢) Show that the Boolean lattice B,, is isomorphic to the n-fold product
of the chain [2], and conclude that for S C T C [n]

g, (S.T) = (=1
2.7 (a) Let II = [d], the d-chain. Show that for 1 <i < j <d

1 if 1 = j,
0 otherwise.

(b) Write out the statement that Mdbius inversion gives in this explicit
case and interpret it along the lines of the Fundamental Theorem
of Calculus.

(¢) The Mébius function in number theory is the function p : Z~o —
Z defined for n € Z~o through u(1) = 1, pu(n) = 0 if n is not
squarefree, that is, if n is divisible by a proper prime power, and
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pu(n) = (=1)" if n is the product of r distinct primes. Show that
for given n € Z~¢, the partially ordered set D,, of divisors of n is
isomorphic to a direct product of chains and use Exercise 2.6 to
verify that u(n) = up, (1,n).

2.8 Consider the poset II; on 2d elements a1, as,...,aq,b1,b2,...,bg, de-
fined by the relations

a1 <ag <---<aq and a; = b; for1<j<d,

depicted in Figure 2.3.

Qg
bd Ad—1
ba-1
as

bg a3

by

Figure 2.3. The poset of Exercise 2.8.

(a) Show that the number of linear extensions of II; is
(2d — 1)l == (2d—1)(2d—3)---3-1.
(b) Show that the order polynomial satisfies the relation
Qi (n+1) = Quy(n) + (0 +1) ., (n)
(c) The Stirling numbers of the second kind S(n,k) count the

number of partitions of n objects into k& nonempty, unordered parts.
Show that the following well-known recurrence holds:
Sn+1,k+1) = Sn,k)+(k+1)S(n,k+1).

(d) Conclude that Q,(n) = S(n+d,n).

(e) The Stirling numbers of the first kind ¢(n, k) count the number
of permutations of n objects having k cycles and they satisfy the
recursion

c(n+1,k) = ne(n, k) +c(nk—1).
Show that Qp (n) = c(n,n — d).
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2.9

2.10

2.11
2.12

2.13

2.14

2.15

2.16

2.17

2.18

For fixed k,n € Z~( consider the map ¢ : By — Z~¢ given by
9(T) = |T|".

Show that
KLS(n k) = (gps)([K),
where S(n, k) is the Stirling number of the second kind. (Hint: k!S(n, k)
counts surjective maps [n] — [k].)
¢ Compute the zeta polynomial of the poset Dy in Figure 1.12, ap-

pended by a maximal element.

Show that the zeta polynomial of the Boolean lattice By is Zp,(n) = nd.

O Given a poset IT with 0 and 1, show that Zr(n + 1) — Zr(n) equals
the number of multichains

N ~

0 =20 221 =% -+ X2y, < 1.

(Hint: Any multichain of length n yields a multichain of length n + 1
by appending 1.)

O Prove Theorem 2.3.1: Every finite distributive lattice is isomorphic
to a poset of order ideals of some poset. (Hint: Given a distributive
lattice II, consider the subposet IT' consisting of all join irreducible
elements, i.e., those elements a # 0 that are not of the form a = bV ¢
for some b, ¢ <11 a. Show that II is isomorphic to J(IT').)

State and prove a result analogous to Corollary 2.2.3 for distributive
lattices.

Let II be a finite graded poset that has a minimum 0 and a maximum

1, and define the rank rky(x) of z € II to be the length of [0, z], that

is, the length of a saturated chain from 0 to .

(a) Convince yourself that if y covers z, then rkr(y) = rk(z) + 1.

(b) Prove that II is Eulerian if and only if for all x < y the interval
[z,y] has as many elements of even rank as of odd rank.

O Prove (2.4.1): If Ay, Ao, ..., A, are finite sets, then
[AlUA U= UA, = Y (D)1 Ay,
&4JCIn)
where Ay :=(;c; 4;.

Show that (2.4.4) defines a right action of I(IT) on C™. That is, I(II)
gives rise to a vector space of linear transformations on C' and (ax8) f =

B(af), for every «, 8 € I(II).

In this example you will encounter a prime application of the principle
of inclusion—exclusion. Let &4 be the set of bijections 7 : [d] — [d]. An



FExercises 49

2.19

2.20

2.21

2.22

element 7 € [n] is a fixed point of 7 if 7(i) = ¢ and let
Fix(r) = {i : 7(4) =i}
be the set of fixed points of 7. We wish to determine d(n), the number of

T € G4 such that are fixed-point free. This is called the derangement
number. If A; = {7 :i € Fix(7)}, then

d(n) = ‘Gd\(Al U--- UAd)‘.
Determine |Aj| for I C [d] and use (2.4.2) to find a compact formula
for d(n).
O Let S be a finite set. Show that

N R if =0,
>0 -

7Cs otherwise.

Use this to complete the proof of Proposition 2.4.1.

0 Let G = (V, E) be a simple graph and let ¢: V — [n] be a coloring.
Prove that Fg(c) defined in (2.4.5) is a flat and that, conversely, for
each flat F' there is a coloring ¢ such that Fg(c) = F.

For a function f : B, — C define the multivariate polynomial
Py(z1,...omn) = > fO ]
IC[n] el
Show that
Pr(z1,...,2n) = Pro(1+ a1, 14 20,..., 1+ 2p).

O Prove Lemma 2.4.4: Let £L = L(A1,...,Ap;A)and Se L. If A; =S
for I C [n], then I C Jg. Moreover, for T € L

S X T <+— Jg C Jr.






Chapter 8

Polyhedral Geometry

One geometry cannot be more true than another; it can only be more convenient.
Jules Henri Poincaré

In this chapter we define the most convenient geometry for the combinatorial
objects from Chapter 1. To give a first impression of how geometry naturally
enters our combinatorial picture, we return to the problem of counting
multisubsets of size d of [n+ 1]. Every such multiset corresponds to a d-tuple
(m1+1,ma+1,...,mg+1) € Z¢ such that

0<m <mp < --- < my <n.

Forgetting about the integrality of the m; gives a genuine geometric object
containing the solutions to this system of d 4+ 1 linear inequalities:

n/ = {xeRd:OlengS---gden}.

The d-multisubsets correspond exactly to the integer lattice points n AN Z<.
The set n A is a polyhedron: it is defined by finitely many linear inequalities.
Polyhedra constitute a rich class of geometric objects—rich enough to capture
much of the enumerative combinatorics that we pursue in this book.

Besides introducing machinery to handle polyhedra, our main emphasis in
this chapter is on the faces of a given polyhedron. They form a poset that is
naturally graded by dimension, and counting the faces in each dimension gives
rise to the famous Euler—Poincaré formula. This identity is at play (often
behind the scenes) in practically every combinatorial reciprocity theorem
that we will encounter in later chapters.
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3.1. Inequalities and Polyhedra

To help you ease into a geometric (rather than an algebraic) way of thinking,
let’s start over. A linear equation is of the form

arr1+--+agxrg = b (3.1.1)
for some ay,...,aq,b € R and, as you will know, an integral part of Linear
Algebra is to determine the set of solutions to systems of linear equations

a1 1+ +ajqgrqy = by

ag1 @1+ +agqgry = bo
(3.1.2)

a1 T+ -+ apqgrg = b

More compactly, we may write Ax = b, where A € RF*? is the matrix of
coefficients and b € R¥ collects the right-hand sides. The objects of interest
in this chapter are the sets of solutions to finitely many linear inequalities: a

polyhedron Q C R? is the set of solutions to a system
a1 T+ -+ aygrg < by
ag1x1+ - +agqgry < by

(3.1.3)

a1 21+ -+ agqrqg < by

for some a;;,b; € Rfor 1 <¢ <k and 1 <j <d. In compact form we can
write

Q = {XERd:Axgb}.

Note that an inequality involving > still fits into the above form by simply
multiplying both sides with —1. In particular Ax = b is equivalent to
A x <band —A x < —b, and so solution sets to linear equations partake in
this endeavor. For example, for n = 1 and d = 3, the polyhedron A from
the chapter prelude is the set of solutions to

(3.1.4)

—_
|
—_
— o O O

This is illustrated in Figure 3.1. There are many systems of linear inequalities
that yield the same polyhedron Q. We call Q a rational polyhedron if A
and b can be chosen over the rational numbers.

What you might not be as familiar with is a geometric perspective on
linear systems of equations. Borrowing from our geometric intuition in
three dimensions, we call the set of solutions H C R? to a single linear
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T3

)

1
Figure 3.1. The polyhedron A given in (3.1.4).

equation (3.1.1) an (affine) hyperplane, provided a; # 0 for some i. That
is,

H = {X eR?: (a,x) = b} (3.1.5)

for some normal a € R?\ {0} and displacement b € R. Here (, ) denotes
the standard inner product on R?, but any other one works just as well. We
call H a linear hyperplane if 0 € H or, equivalently, b = 0. Hence, every
affine hyperplane is of the form H = p + Hg, where Hg is a linear hyperplane
and p is a base point. Thus, the set of solutions L C R? to (3.1.2), called an
affine subspace, is of the form

L = HNHyNn---NHg,

where H; is the hyperplane defined by the i-th linear equation. By Exercise 3.1,
either L = @ or L = p+Lg, where Lg is a linear subspace, i.e., an intersection
of linear hyperplanes, and p is a suitable translation.

The presentation of a hyperplane H given in (3.1.5) actually defines an
oriented hyperplane, in the following sense. The two connected components
of R%\ H are called (open) halfspaces and we can use the orientation to
distinguish the closed halfspaces associated with H as

H2 = {xe R (ax) 20} (3.1.6)
HS = {XeRd:(a,X>§b}- ;

Hence, a polyhedron Q C R? is the intersection of finitely many closed
halfspaces

Q = HEN---NHE = {xeRd : <ai,x>§bifor1§i§k}, (3.1.7)

such as the one shown in Figure 3.2. We remark that, trivially, all affine
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Figure 3.2. A bounded polyhedron in the plane. The arrows indicate

/ 1\

N/

the orientation of the hyperplanes.

subspaces, including R? and @, are polyhedra. We call a polyhedron Q
proper if it is not an affine space. For example,

xeR3 :

is a square embedded in R? which is pictured in Figure 3.3.

Figure 3.3. The square defined by (3.1.8).

—1
—1

€1

-0 O oo

€3

T
T2
T3

IN

/ 1_1‘2
7

_ o O O = =

(3.1.8)
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A halfspace HjS (or linear inequality) is irredundant if

(H: # Q.

i#]
You are welcome to verify that the four inequalities for A given in (3.1.4)
are all irredundant. Of course, discarding redundant halfspaces one at a time
leaves us with an irredundant presentation of a given polyhedron. Exercise 3.2
shows that, in general, the number of necessary halfspaces can depend on
the order in which the given halfspaces are inspected. This is just one of the
many situations that sets apart the study of linear inequalities systems from
that of systems of linear equations.

Figure 3.4. Two polyhedral cones, one of which is line free.

A polyhedron C C R? is a polyhedral cone if up € C for any p € C and
u > 0. See Figure 3.4 for two examples. In particular, every linear subspace
is a polyhedral cone and Exercise 3.3 asks you to prove the following result.

Proposition 3.1.1. A polyhedron Q C R? is a polyhedral cone if and only
if it is of the form

Q = {xeR?: Ax <0}
for some matriz A € RF¥*? that is, Q is the intersection of finitely many
linear halfspaces.

Except for C = {0}, polyhedral cones are examples of unbounded
polyhedra.

The recession cone rec(Q) of a polyhedron Q C R< is the collection of
directions in which to escape to infinity. More formally,

rec(Q) := {ueRd:p—l—RZOquforsomepEQ}.
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Q rec(Q)

Figure 3.5. An unbounded 2-dimensional polyhedron Q and its reces-
sion cone.

Here and in the future, we write R>ou for the set {\u: A > 0}. Figure 3.5
shows an unbounded polyhedron and its recession cone.

That rec(Q) is a polyhedral cone and that, in fact, p + rec(Q) C Q for
all p € Q is the content of Exercise 3.4. As per Exercise 3.5, the following
holds.

Proposition 3.1.2. A nonempty polyhedron Q C R? is bounded if and only
if rec(Q) = {0}.

The relationship between general polyhedra and polyhedral cones is
similar to that of affine and linear subspaces. For polyhedral cones as well
as linear subspaces, the origin plays a distinguished role. Moreover, there is
a natural construction that allows us to pass from polyhedra to polyhedral
cones and back. For a closed set S C R?, we define its homogenization
hom(S) as the closure of the set

{(x, AN eRM I A>0, x€ )\S} . (3.1.9)

In particular, the homogenization of a nonempty polyhedron Q = {x € R? :
A x < b} is the polyhedral cone

hom(Q) = {(x,t) e R™! . ¢t >0, Ax—tbgO}.

For example, the homogenization of a pentagon is shown in Figure 3.6, and
the homogenization of A in (3.1.4) is

hom(A) = {(x,t) eR* : 0 <y <mp <w3z <t}.

We can recover our polyhedron Q from its homogenization as the set
of those points y € hom(Q) for which yzy; = 1 and rec(Q) is linearly
isomorphic to hom(Q) N {y4+1 = 0}. (Two polyhedra Q and Q" are linearly
isomorphic if there is an invertible affine transformation mapping Q to Q'.)
Homogenization seems like a simple construction but it will come in quite
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T3

T2

.

Figure 3.6. The homogenization of a pentagon.

handy in this and later chapters. For example, let
T={yeR :y>0, y1+y2+y3 <1}.
Then
Réo >~ hom(T) = hom(A),
where we write R>p := {a € R : a > 0}. Related to the recession cone is the
lineality space lineal(Q) of a polyhedron Q. It is the inclusion-maximal

linear subspace L C R? such that p+ L C Q for some p € Q. You are invited
to prove the following proposition in Exercise 3.8.

Proposition 3.1.3. Let Q = {x € R?: Ax < b} be a nonempty polyhedron.
Then

lineal(Q) = rec(Q) N (—rec(Q)) = {x €ER?: Ax= 0} .
In particular p 4 lineal(Q) C Q for all p € Q.

For example,

x1
1 -1 -1 0
3.
xeR.[_l 1 1} To S[O]
T3

is a wedge with lineality space {x € R® : 2y = 3, 2o = 0}, which is a
line. (A picture of this wedge, which we encourage you to draw, should
look a bit like the left side of Figure 3.4.) We call a polyhedron line free if
lineal(Q) = {0}. Exercise 3.10 yields that a polyhedral cone C is line free
if and only if p,—p € C implies p = 0. Hence, Q is line free if and only if
hom(Q) is line free.
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As in all geometric disciplines, a fundamental invariant of an object
is its dimension. For a linear subspace L we know how to define dim L—
courtesy of Linear Algebra—and, since the dimension should be independent
of translation, this yields the dimension of any affine subspace L = p + Lg. If
L = @, then we set dimL := —1. For a set S C R%, we define its affine hull
aff(S) as the inclusion-minimal affine subspace of R? that contains S

aff(S) = {H hyperplane in RY : § C H}. (3.1.10)

We define the dimension of a polyhedron Q as dim Q := dim aff(Q). When
dim Q = n, we call Q an n-polyhedron. For example, the square defined by
(3.1.8) has affine hull {x € R3 : x1 +z2 = 1} and so (surprise!) its dimension
is 2.

To justify this convention, we note in Exercise 3.11 that the (topological)
interior of a polyhedron Q given in the form (3.1.7) is

{x eR? : (a;,x) < b forall 1 <i< k;} . (3.1.11)

However, this notion of interior is not intrinsic to Q but makes reference
to the ambient space R?. For example, a triangle might or might not have
an interior depending on whether we embed it in R? or R3. Luckily, every
polyhedron comes with a canonical embedding into its affine hull and we
can define the relative interior of Q as the set of points of Q that are in
the interior of Q relative to its embedding into aff(Q). Thus, aff(Q) is the
affine subspace relative to which Q has a nonempty interior and this explains
our definition of dimension. We will denote the relative interior of Q by
Q°.! When Q is full dimensional, Q° is given by (3.1.11). In the case that
Q is not full dimensional, we have to be a bit more careful (the details are
the content of Exercise 3.12): assuming Q is given in the form (3.1.7), let

I:={ieclk]:(a;,x)=0b; for all x € Q}. Then
Q° = {xe€Q: (aj,x)<bforalli¢gl}
. , (3.1.12)
= aff(Q)ﬂ{xER : (ay,x) < b; for allngI}.

For instance, our running example, the square defined by (3.1.8), has relative
interior

1 0 0 ) 0
0 -1 0 ! 0

3 . _
X €ER?: 1 +x0 =1, 0 0 -1 ) < 0
0 0 1 3 1

LA note on terminology: A polyhedron is, by definition, closed. However, we will sometimes
talk about an open polyhedron, by which we mean the relative interior of a polyhedron. In a few
instances we will simultaneously deal with polyhedra and open polyhedra, in which case we may
use the superfluous term closed polyhedron to distinguish one from the other.



3.1. Inequalities and Polyhedra 59

The (relative) boundary of Q is
Q = Q\Q°.

With these definitions at hand, you will discover that many objects through-
out mathematics turn out to be polyhedra. This is obvious for the unit
cube

[O,I]d = {xeRd:()gxiglforalllSigd}

or its centrally-symmetric counterpart [—1,1]% = 1 — 2[0,1]%. The latter is
the unit ball in the £, -norm and Exercise 3.13 concerns the /i-norm unit
ball, the cross polytope

Oy = {x eR? . ||x||y = |z1| + - + |za] < 1}. (3.1.13)

The 3-dimensional instance is pictured in Figure 3.7.

lxz
1

/1
T3

Figure 3.7. The 3-dimensional cross polytope.

You might have also noticed that the ideas from the prelude to this
chapter can be generalized. For example, k-subsets S of [n] not containing
two consecutive numbers correspond precisely to the lattice points x € ZF
satisfying

0<z; and z;+1<mjy; (foralll <i<k) and zpz<n+1,

which are the lattice points in the interior of a bounded polyhedron in R¥.
This yields the geometric perspective that this book is set out to promote
but, so far, it gives a description only in geometric terms. In the following
section, we will see that polyhedra also yield a generative description, a way
to intrinsically describe points in polyhedra, akin to presenting points in
linear subspaces as linear combinations.
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3.2. Polytopes, Cones, and Minkowski—Weyl

The term polyhedron appears in many parts of mathematics, unfortunately
with different connotations. We should have been more careful in the previous
section where we actually defined convex polyhedra. A set S C R is
convex if for every p,q € S, the line segment

p.ga] == {1-Np+Arq:0<A<1}

with endpoints p and q is contained in S. The intersection of any collection
of convex sets is again convex and since halfspaces are convex, our polyhedra
Q as defined via (3.1.7) are closed convex sets. As we won't be dealing with
nonconvex polyhedra, we can safely drop the adjective conver and continue
to refer to Q as a polyhedron.

For any set S C R? there is a unique inclusion-minimal convex set
conv(.S) containing S, called the convex hull of S. The convex hull is simply
the intersection of all convex sets containing S which, by Exercise 3.14, can
be written as

k>0, vi,...,vg € S
conv(S) = S A\vy+ -+ Ay AM,.oo 3 A >0 . (3.2.0)
)\1 4+ 4+ )\k =1
We will be mostly interested in the situation when S is finite: a convex
set P is a (convex) polytope if P = conv(S) for some finite set S C R
Figure 3.8 illustrates the concept. We call P a rational polytope or lattice
polytope whenever we can choose S in Q¢ or Z?, respectively.

V3

Vy

Vs

Vi Ve

Figure 3.8. The convex hull of six points in the plane.

Analogously to the situation with polyhedra, we call a point v € S
a vertex of P = conv(9) if conv(S \ {v}) # P. Exercise 3.15 helps you
to conclude that there is a unique inclusion-minimal set V' C S such that
P = conv(V). We call V the vertex set of P and write vert(P) := V.

A convex cone is a nonempty convex set C C R? such that uC C C
for all p > 0. Equivalently, a nonempty set C is a convex cone provided
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up + Aq € C for all p,q € C and g, A € R>g. Again, convex cones form a
family of sets that is closed under intersection and we are therefore led to
define the conical hull cone(S) of a set S, which is the inclusion-minimal
convex cone containing S. We call a convex cone C finitely generated
provided C = cone(S) for some finite set S. If S = {si1,s2,...,s;}, we will
also write
CODG(S) = Rzo S1 + RZO So 4+ -+ RZO Sk

in accordance with Exercise 3.19. We call a finitely generated cone C rational
if we can choose S C Q% or, equivalently, S C Z¢. An inclusion-minimal set
U C S such that C = cone(U) is called a set of generators for C. Similar to
the case of polyhedra, U is typically not unique; see Exercise 3.17. However,
there is an important class of cones for which we have uniqueness up to
scaling.” A finitely generated convex cone C is pointed if there is some
w € R? such that

(w,p) > 0 forallpeC\{0}. (3.2.2)

Proposition 3.2.1. Let C C R? be a finitely generated convex cone. If C is
pointed, then C has a unique set of generators up to scaling.

Proof. Set H := {x € R? : (w,x) = 1}. For every p € C, there is a
unique pp > 0 such that ppp € H. Hence, every nonzero point in C has a
representative in the convex set P := CNH or, said differently, C = cone(P).

Now let C = R>¢ps; + - -+ Rx>g sy for some sq,...,s; € C\ {0}. We can

assume that (w,s;) = 1 for all ¢ and hence P = conv(sy,...,sy) is a polytope.
It follows that every set of generators contains the vertices of P up to scaling
and the claim follows. O

The link between finitely generated pointed cones and polytopes is
reminiscent of polyhedra and polyhedral cones. Exercise 3.18 yields that the
homogenization of a polytope P C R? is the pointed cone

hom(P) = cone(P x {1}) = cone{(v,1) : v € vert(P)} . (3.2.3)

In particular {(v,1) : v € vert(P)} is a set of generators for hom(P) and, as
above, the polytope P € R? can be recovered by intersecting hom(P) C R+
with the hyperplane {x € R : x4, = 1}.

We can extend the notion of lineality space from polyhedra to gen-
eral convex sets and to (finitely generated) convex cones. In particular, if
lineal(C) # {0}, then C cannot be pointed. Indeed, if p € lineal(C) \ {0},
then +p € C and hence (3.2.2) cannot hold. In fact, the converse also holds.

Proposition 3.2.2. Let C C R? be a convex cone. Then C is pointed if and
only if C is line free.

2Naturally, if C = cone(sy,...,s), then C = cone(puisi, ..., ugSk) for any pi, ..., pug > 0.
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The key is the following central separation theorem from convex
geometry.

Theorem 3.2.3. Let K € RY be a closed convex set and p € R4\ K. Then
there is a hyperplane H = {x € R? : (w,x) = 6} such that K C HS := HS\ H
and p € H”.

Such a hyperplane H is called a separating hyperplane. We defer the
not-that-difficult proof to Exercise 3.21.

Proof of Proposition 3.2.2. Let C = cone(sy,...,s;). By Exercise 3.20,
C is line free if and only if the point (0,1) is not contained in hom(C). By
Theorem 3.2.3, this is equivalent to the existence of (w,wg41) € R4 and
d € R such that ((w,wgy1),(0,1)) = wgy1 < d and

<(W7wd+1)7(si71)> > 4
<~ <W,Si> > 5—wd+1 > 0

for all i = 1,...,k. This implies that C is pointed. O

We observe what we have actually done in the proof of Proposition 3.2.2.
To a finitely generated cone C = cone(sy,...,s;), we have associated a
polyhedral cone

cV o= {weRd : <si,w>20fori:1,...,k}.

The statement that we have shown is that C is line free if and only if CV is
full dimensional (and hence has a nonempty interior). The polyhedral cone
CV is called the cone polar to C and Exercise 3.22 explores more of this.

We pause for a second to compare (bounded) polyhedra and polytopes
to each other. Both are defined in terms of finite data; inequalities for the
one, points for the other class. The fundamental difference is that (3.2.1)
gives a direct mean to access all points in a polytope. This is quite different
for polyhedra. On the other hand, the description of a polyhedron Q ¢ R¢
in terms of inequalities gives a simple way to check if a given point q € R? is
contained in Q or not; for polytopes, this is by far not as straightforward
(and, in fact, requires us to determine if a system of linear inequalities has
a solution). We will soon see that these are the two sides of the same coin,
but first we look at an example: considering the bounded polyhedron

A = {xeRdzogxlgxgg---gxdg},
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we define
w = (1,1,1,...,1),

u; = (07171a"'71)a
uz = (070711"'71)1

ug = (0,0,0,...,0).

It is evident that ug,...,uy € A and, by virtue of convexity, it follows that
conv(up,...,uy) € A. We claim that this is actually an equality. Indeed,
for a point p = (p1,p2,...,pq) € A, we define \; := p; 41 — p; for 0 < i < d,
where we set pg := 0 and pg11 = 1. With this, we observe that Ag,...,Ag >0

and
d

d
p = Z )\iui and Z )\z = Pd+1 —Po = 1. (324)
i=0 i=0
Thus, A is both a polyhedron and a (lattice) polytope. In fact, /A belongs
to a particular family of polytopes which we now introduce.
We recall that a collection of points pg, p1,- - -, Pk is affinely indepen-
dent if one of the following equivalent conditions holds:

i) if po, p1, ..., px € R satisfy
k k

then po = p1 =--- = pp = 0;

ii) the vectors
Po\ (P1) [Pk
1 1 1

are linearly independent;
iii) the vectors p1 — po, ..., Pr — Po are linearly independent.

Exercise 3.23 asks you to verify these equivalences and Exercise 3.24 gives
a bit of context. If py,...,pr € R? are affinely independent points, then
P = conv(py, ..., pk) is called a simplex. For k = 0,1, 2,3, this is a point, a
segment, a triangle, and a tetrahedron, respectively. Using the affine hull, we
can extend the notion of dimension to polytopes which helps us verify that
conv(po,- .., Px) is a polytope of dimension k. We can characterize simplices
also in terms of their homogenizations: we call a cone C = cone(sy, ..., Sk)
simplicial if its set of generators si,...,s; are linearly independent. In
particular, it follows from (3.2.3) that P is a simplex if and only if hom(P) is
simplicial. Exercise 3.16 together with the fact that A is a polytope as well
as a polyhedron proves the next result.
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Proposition 3.2.4. Fvery simplex is a polyhedron. Likewise, every simpli-
ctal cone is a polyhedron.

Polyhedra can be unbounded and thus it cannot be true that every
polyhedron is also a polytope. To fix this, we need the following notion: the
Minkowski sum of two convex sets Ki, Ky C R? is

Ki + Ky = {p+q :peKy, q€ Kg}.
An example is depicted in Figure 3.9.

o -

Figure 3.9. A Minkowski sum.

That K; + Ko is again convex is the content of Exercise 3.25. Minkowski
sums are key to the following fundamental theorem of polyhedral geometry,
often called the Minkowski—Weyl theorem.

Theorem 3.2.5. A set Q C R? is a polyhedron if and only if there exist a
polytope P and a finitely generated cone C such that

Q = P+C.

In particular, C is the recession cone of Q and polytopes are precisely the
bounded polyhedra.

Figure 3.10 illustrates Theorem 3.2.5 on the example from Figure 3.5.
The Minkowski—Weyl theorem highlights the special role of polyhedra among

Figure 3.10. A decomposition of a polyhedron into a polytope and a cone.

all convex bodies. It states that polyhedra possess a discrete intrinsic
description in terms of finitely many vertices and generators of P and C,
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respectively, as well as a discrete extrinsic description in the form of finitely
many linear inequalities.

We already did much of the leg work towards a proof of Theorem 3.2.5.
Exercise 3.26 reduces the claim to the statement that C is a finitely generated
cone if and only if C is a polyhedral cone. Using Exercise 3.22, we see that it
suffices to show that if C is a polyhedral cone, then C is a finitely generated
convex cone.

Proposition 3.2.6. If C = {x € R? : (a;,;x) < 0 fori =1,...,k} is a
nonempty polyhedral cone, then C is a finitely generated cone.

Proof. We prove the claim by induction on dim C with the base cases d < 2
left to you (Exercise 3.29). We may assume that C C R? is full dimensional.
By induction, the cones

C = {xeC:(a,x)=0} C C

are finitely generated cones of dimension < d for all ¢ = 1,...,k, and we
let S; be the set of generators of C;. We claim that C = cone(|J, S;). To
see this, let p € C. If p € C;, we are done. Otherwise let s € (J; S; be
arbitrary. Both p and s are in C; let A > 1 be the smallest number such that
r := (1 — \)s + Ap satisfies one linear inequality defining C with equality.
We note that p € cone(s,r) and r € C; for some i. Thus, p € cone({s} U S;),
which proves the claim. O

The converse statement, that every finitely generated cone is a polyhedral
cone, will be a byproduct of our considerations in Section 5.3, which even
yield a practical algorithm. We close this section by reaping some of the nice
consequences that the Minkowski-Weyl Theorem 3.2.5 entails.

It is clear from the definition that the image of a polytope or a finitely
generated cone under a linear map T : R? — R® is a polytope or finitely
generate cone, respectively. This is not so clear for polyhedra. Likewise,
it is not easy to prove that the intersection of a polytope with an affine
subspace is again a polytope. However, these become almost trivial (and left
to Exercise 3.28).

Corollary 3.2.7. Let Q C R be a polyhedron and ¢(x) = Ax+b an affine
projection RY — R®. Then ¢(Q) is a polyhedron. If P C R? is a polytope,
then PN Q is a polytope.

3.3. Faces, Partially Ordered by Inclusion

In Proposition 3.2.6, we used the idea to focus on those points of a polyhedron
Q that satisfy some linear inequality with equality. This leads to the notion
of faces of a polyhedron, which we will study in depth in this section.

We call a hyperplane H = {x € R? : (w,x) = ¢} admissible for a
polyhedron Q C R4 if Q C H=. A face of Q is a subset of the form F = QNH,
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where H is an admissible hyperplane. We also decree that F = @ and F = Q
are faces of Q. The reason for the former is that, unless Q = Rd, there is
at least one admissible hyperplane H with Q M H = &. The reason for the
latter is that the notion of face is then independent of the embedding: if
we embed Q x {1} C R then Q is contained in a hyperplane and hence
a face of itself. We call those faces that are neither empty nor Q itself the
proper faces of Q. Admissible hyperplanes that yield nonempty faces are
called supporting hyperplanes; Figure 3.11 shows two examples.

Figure 3.11. Two supporting lines, defining a vertex and an edge.

Every face F of Q is a polyhedron in its own right (Exercise 3.30) and
comes with a dimension. Hence, we call F a k-face if F is a face of Q of
dimension k. Some faces have special names: 0-faces are called vertices,
bounded 1-faces are called edges, and unbounded 1-faces isomorphic to R>q
are called rays. Exercise 3.31 shows that calling 0-faces vertices is consistent
with our earlier definition and in light of Theorem 3.2.5, we call a polyhedron
Q pointed if it has a vertex. If Q is a d-polyhedron, then faces of dimensions
d—2 and d — 1 are called ridges and facets, respectively. For F = &, we
have aff (F) = @ and hence & is the unique face of Q of dimension —1.

As a polyhedron on its own, a face F itself has faces. The following result
shows that being a face of is a transitive relation.

Proposition 3.3.1. Let Q be a polyhedron and F C Q a face. Then every
face of F is also a face of Q.

Proof. We only prove the statement in the case that Q is a polytope and
leave the general case to Exercise 3.33. Let F C Q be a proper face. There is
a supporting hyperplane H = {x : (a,x) = b} such that F = Q N H. Now
let H = {x : (a’,x) = b’} be an admissible hyperplane for F such that
G =H'NF is a face of F. Note that H' is only admissible for F and may as
well meet Q in its interior. For € > 0, we define w := a+ca’ and § :=b+¢eb'.
We now verify that (w,x) < ¢ is satisfied for all points in Q and with equality
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precisely for the points in G. This proves the proposition. In fact, we only
need to verify this for the vertices v € vert(Q).

If v € F, then (a,v) = b and, since H’ is supporting for F, both claims
are true. If v € F, then b — (a,v) > n for some n > 0. Now, if we choose
e > 0 sufficiently small (see Exercise 3.34), then (w,x) < § will hold for all
v € vert(Q) \ F. Hence {x : (w,x) = 0} is supporting for Q and meets Q
precisely in G. ([l

Figure 3.12. The face lattice of a square pyramid.

The collection ®(Q) of faces of a polyhedron Q (including @ and Q)
is partially ordered by inclusion and we call the poset (®(Q),<C) the face
lattice of Q. Figure 3.12 gives an example of the face lattice of a square
pyramid. To distinguish faces from arbitrary subsets of Q, we will often write
F < Q. Before we justify the further qualification of being a lattice, we note
that Proposition 3.3.1 yields the following.

Corollary 3.3.2. Let Q be a polyhedron and F C Q a face. Then ®(F)
corresponds to the interval [&,F] C ®(Q).

What this corollary implies, in turn, is that the face lattice of a polyhedron
is a graded poset; see Exercise 3.35.

Corollary 3.3.3. The face lattice of a polyhedron is a graded poset. If Q is
a pointed polyhedron, then the rank of a face F is dimF + 1.

In particular, a pointed d-polyhedron has a face of dimension k for every
k < d. This is not true for general polyhedra, however, it is not hard to see
that a lineality space does not complicate things too much. For a polyhedron
Q C R? with lineality space L = lineal(Q), we write F/L for the projection
of a face F C Q in R?/L. If you are not keen on quotient spaces, we can
also identify F/L with F N L+ or, equivalently, with the orthogonal projection
of F onto L. In either case Q/L is a pointed polyhedron of dimension
dim Q — dim L and the following result shows that the face lattice is retained;
see Exercise 3.36.
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Lemma 3.3.4. Let Q be a polyhedron with lineality space L. The map
?(Q) — ®(Q/L) given by F — F/L is an isomorphism of face lattices.

If Q is an affine subspace, then Q/lineal(Q) is a point. We call a
polyhedron proper if Q is not an affine subspace.

A natural combinatorial statistic associated to a polytope (or any graded
poset) is the number of elements of each rank. For a d-polyhedron Q, we
define the face numbers

fr = fr(Q) := number of faces of Q of dimension k

for —1 < k < d. The face numbers are often recorded in the f-vector

f(Q) == (f-1, fo, f1,---, fa) -

We notice that for every nonempty d-polyhedron Q, we always have f_ =
fa = 1 and thus we take the liberty of omitting these entries from the f-vector
whenever convenient.

The following proposition shows that ®(Q) is a meet semilattice, that
is, the meet of any two elements exists. Since every face is a subset of Q,
Exercise 2.3 yields that ®(Q) is indeed a lattice.

Proposition 3.3.5. Let Q be a polyhedron and F,F' < Q two faces. Then
FNF is a face of both F and F'.

Proof. Let H={x : (a,x) = b} and H' = {x : (a’,x) = ¥’} be admissible
hyperplanes for F and F’, respectively. Then

H” == {x: (a+a,x)=b+b}
is admissible for Q, and QN H" = FNF. O

For a polytope, every face is a polytope as well and is uniquely determined
by its set of vertices. In poset-speak, we may also say that every face of
a polytope is the join of vertices. Conversely, we want to show that every
face is the intersection (or meet) of facets. The following result makes the
connection between irredundant halfspaces and facets.

Proposition 3.3.6. Let Q = HlS N---NHS c R be a full-dimensional
polyhedron given by irredundant halfspaces. Then Q N H; is a facet of Q for
every i = 1,...,m. Conwversely, if F is a facet of Q, then F = QN H; for
some 1.

We call a supporting hyperplane H facet defining for Q if QN H is a
facet.

Proof. It is clear that F = Q N H; is a face and we only have to show
that dimF = d — 1. Consider Q" := ;4 Hjé. Since H; is irredundant,
Q € Q. In particular H; meets Q' in its interior and Exercise 3.37 shows
that dimF =d — 1.
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For the second statement, assume that F is a facet. Pick any point p in
the relative interior of F. Then p € dQ and hence p € H; for some 7. Since
H; is supporting for Q, it follows that F C H;. Since aff(F) is a hyperplane,
it follows that F = Q N H;. O

Proposition 3.3.7. Let Q be a polyhedron and F C Q a face. Then F is the
intersection of all facets containing it.

Proof. We prove the claim by induction on dim Q—dim F. If dim Q—dim F =
1, then F is a facet of Q and the statement is true. Now if dimF < dim Q — 1,
then there is a facet G C Q containing F. In particular dim G — dimF <
dim Q — dim F and hence F is an intersection of facets of G. However, an
irredundant halfspace description of G can be obtained from that of Q and
since G is an intersection of facets of Q, it follows from Proposition 3.3.6 that
F is an intersection of facets of Q. O

With the ideas used in the proof of Proposition 3.3.6, we obtain a natural
decomposition of Q into relatively open faces, illustrated in Figure 3.13.

/A

N 4

Figure 3.13. The face decomposition of Lemma 3.3.8.

Lemma 3.3.8. Let Q be a polyhedron. For every point p € Q there is a
unique face F of Q such that p € F°. Equivalently, we have the disjoint

union®
Q= [HF.
F=Q

Proof. The inclusion 2 is clear, so we have to argue C and that the union
is disjoint. Suppose Q is given as the intersection of irredundant halfspaces

j=1

and p € Q. After possibly renumbering the halfspaces, we may assume

pEeHT,...,Hy and peH ..., Hy,

3We use the symbol & to denote disjoint unions.
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where 0 < k < m. Thus

F:=(H; n () H5

j=1 —k+1

J
is a face of Q whose interior (see (3.1.12))

k m
o __ = <
o= (7 0 (] K
j=1 j=k+1
contains p. The uniqueness of F follows from Exercise 3.38 and the fact that
F is, by construction, inclusion minimal. O

There is another reason for including the empty face in ®(P). We recall
that a homogenization of a polytope P € R? is the finitely generated cone
hom(P) = cone(P x {1}). The hyperplane H = {y : y4+1 = 1} meets hom(P)
in the interior and recovers P. In fact, H meets every face F # {0} of hom(P)
in the relative interior and Exercise 3.37 yields the following.

Proposition 3.3.9. Let P be a nonempty polytope. Then as posets
®(P) = ®(hom(P))\ {o}.

It is high time for an example. Let T be a (d — 1)-dimensional simplex.
The face lattice is clearly invariant under affine transformations and, by
Exercise 3.16, we may assume that

T = conv(ey,...,eq) = {XER%O : x1+--~+$d:1}-

Using Proposition 3.3.9, we may as well determine the nonempty faces of
hom(T) = R%,, which shows that the face lattice of a (d — 1)-dimensional
simplex is isomorphic to the Boolean lattice on d elements. Hence f;_1(T) =
(Czl) for ¢ > 0. An attractive class of polytopes—as we will see shortly—is
given by the following definition: a polytope P is simplicial if every proper
face of P is a simplex. In Exercise 3.39 you are asked to verify that the cross
polytopes are simplicial polytopes.

There is a general construction technique that can be distilled from
simplices. Let P C R? be a (possibly empty) polytope of dimension < d. For
a point v € R%\ aff(P), we define

v*P = conv(PU{v})

and call it the pyramid with apex v and base P. It is not hard to show
that v x P is linearly isomorphic to v/ * P for any other v/ € R?\ aff(P). The
following result shows that taking pyramids is a combinatorial construction
in the sense that it is independent of the choice of v or the geometry of P,
and you are asked to show this in Exercise 3.40.
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Proposition 3.3.10. Let P’ = v x P be a pyramid. For each face F < P, the
polytope v x F is a face of P'. Conversely, every face F' < P’ is either a face
of P or is of the form F' = v x F for some face F < P.

In particular, every simplex is obtained by taking iterated pyramids
starting with a point: if T = conv(vy,...,vg) is a simplex, then F =
conv(vi,...,vi_1)is a simplex and T = vi *F. A more general construction,
the join of polyhedra, is discussed in Exercise 3.44.

As a final example, we consider the face lattice of the cube

1,17 = {xeRd : —1§xi§1fori:1,...,d}.

We already know that every face is the intersection of facets and, since the
above presentation is irredundant, the facets are of the form

Foo= {xe [~1,1]% : 2 = —1},
Ffo= {x el-1,1) : 2 = 1}
for © = 1,...,d. In particular, F, N F;r = @. In fact, we can encode

intersections of facets by setting, for o € {—,0, +}%,

Fo = () F7'.

i:0;7#0
Then F, is linearly isomorphic to [—1,1]*, where k = |{i : o; = 0}|, and
F, = F,/ if and only if ¢ = ¢’. This suggests a combinatorial model for the
face lattice of a d-dimensional cube. We can turn {—,0,+} into a partially
ordered set by setting — < 0 and 4+ < 0. Then {—, 0, +}% is a direct product
of posets (see Exercise 2.6) and we obtain the following (Exercise 3.45).

Proposition 3.3.11. Let d > 1. Then, as posets,
(@(-1,119\{2},2) = ({-0,+}%.x).
We can view the cube as the d-fold Cartesian product
[_171]d = [_171] X [_171] XX [_171]

and generalize: Exercise 3.46 shows that taking the Cartesian product Q x Q’
of two polyhedra is again a combinatorial construction.

There are plenty of similar combinatorial constructions, and some are
discussed in Exercises 3.47 and 3.48 but most constructions depend on the
actual geometry. For example, the Minkowski sum Q + Q' of two polyhedra
depends on how Q and Q' lie with respect to each other. However, if Q and
Q' lie in complementary affine subspaces, then Q + Q' is linearly isomorphic
to Q x Q' and hence is combinatorial. In particular, if uy, ..., u; € R? are
linearly independent, then the parallelepiped

0,1ug + -+ [0, 1wy == {prur+-+pmug : 0< g, <1}
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is linearly isomorphic to a k-cube.

We are now well equipped to model counting problems in terms of
polyhedra and manipulate them geometrically. In order to obtain results
this way, we will next investigate the combinatorial structure of polyhedra,
that is, face lattices of polyhedra.

3.4. The Euler Characteristic

We now come to an important notion that will allow us to relate geometry
to combinatorics, the FEuler characteristic. Our approach to the Euler
characteristics of convex polyhedra is by way of sets built up from polyhedra.
A set S C R? is polyconvex if it is the union of finitely many relatively
open polyhedra:
S = PlUPyU.---UPL,

where Py, ...,P; € R¢ are polyhedra. For example, a polyhedron is poly-
convex: according to Lemma 3.3.8, we can write it as the (disjoint) union
of its relatively open faces. Note, however, that our definition entails that
polyconvex sets are not necessarily convex, not necessarily connected, and
not necessarily closed. As we will see, they form a nice bag of sets to
draw from, but not every reasonable set—e.g., the unit disc in the plane
(Exercise 3.49)—is a polyconvex set.

We denote by PCy the collection of polyconvex sets in R?. This is an
infinite(!) poset under inclusion with minimal and maximal elements @ and
R?, respectively. The intersection and the union of finitely many polyconvex
sets are polyconvex, which renders PC,; a distributive lattice.

A map ¢ from PC; to some Abelian group is a valuation if ¢(@) = 0
and

PSUT) = ¢(S)+o(T) —o(SNT) (3.4.1)
for all S,T € PC4. Here’s what we'’re after.

Theorem 3.4.1. There exists a valuation x : PCy — Z such that x(P) =1
for every nonempty closed polytope P C RY.

This is a nontrivial statement, as we cannot simply define x(S5) = 1
whenever S # @. Indeed, if P € R? is a d-polytope and H = {x € R¢ :
(a,x) = b} is a hyperplane such that H N P° # &, then

P, == {xeP:(ax)<b} and Py = {xeP:(a,x)>0b}
are nonempty polyconvex sets such that P; NPy = @ and thus
X(P) = x(P1) + x(P2).

Therefore, if x is a valuation satisfying the conditions of Theorem 3.4.1, then
necessarily y(P1) = 0.
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The goal of this section is to construct a valuation y satisfying the
properties dictated by Theorem 3.4.1. The valuation property (3.4.1) will be
the key to simplifying the computation of x(.S) for arbitrary polyconvex sets:
if S =Py UPyU---UPy, where each P; C R? is a relatively open polyhedron,
then by iterating (3.4.1) we obtain the inclusion—ezclusion formula (for which
we recall (2.4.1))

X(8) = ZX(PZ-)_ZX(pmij...
= > )Py, (3.4.2)
GAICK]

where Py := (,c; P;. In particular, the value of x(S) does not depend on
the presentation of S as a union of relatively open polyhedra.

Here is a way to construct polyconvex sets. Let H = {Hi,Hs,...,H,}
be an arrangement (i.e., a finite set) of (oriented) hyperplanes®

H, = {xERd : (a;,x) :bi}

in R?. An example of an arrangement of six hyperplanes (here: lines) in the
plane is shown in Figure 3.14.

Figure 3.14. An arrangement of six lines in the plane.
Continuing our definitions in (3.1.6), for a hyperplane H; we denote by

H> = {XGRd : (&, x) >bi}

(2

4ps you will see, reorienting a hyperplane will leave all results unchanged.
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the open positive halfspace bounded by H;. We analogously define H}
and HZ := H;. For each 0 € {<,=,>}", we obtain a (possibly empty)
relatively open polyhedron

H, := Ht171 N H¢272 N---N HZ"’ (3.4.3)

and these relatively open polyhedra partition R¢. For example, the line
arrangement in Figure 3.14 decomposes R? into 57 relatively open polyhedra:
19 of dimension two, 28 of dimension one, and 10 of dimension zero. For
a point p € RY, let o(p) € {<,=,>}" record the position of p relative to
the n hyperplanes; that is, H, ) is the unique relatively open polyhedron
among the H,’s containing p.

For a fixed hyperplane arrangement H in R?, we define the class of
H-polyconvex sets PC(H) C PC,; to consist of those sets that are finite
unions of relatively open polyhedra of the form H, given by (3.4.3). That is,
every S € PC(H) \ {@} has a representation

S = Hpr WHy2 W WH,u (3.4.4)

for some o!,0?%,... 0% € {<,=,>}" such that H,; # @ forall 1 < j <
k. Note that the relatively open polyhedra H,; are disjoint and thus the
representation of S given in (3.4.4) is unique. For H, in the form (3.4.3), we
define

P)

X(H,Hy) = (—1)dim(Ho) (3.4.5)
and so, consequently, for S € PC(H) in the form (3.4.4),
k
X, 8) = S (—1)imite),
j=1

The next result, whose proof we leave as Exercise 3.52, states that this
function, together with x(#, @) := 0, is a valuation.

Proposition 3.4.2. The function x(H,-) : PC(H) — Z is a valuation.

We can consider x(#, S) as a function in two arguments, the arrangement
# and the set S C R%; note that a set S is typically polyconvex with respect
to various arrangements. It is a priori not clear how the value of x(H,S)
changes when we change the arrangement. The power of our above definition
is that it doesn’t.

Lemma 3.4.3. Let H1,Hso be two hyperplane arrangements in R% and let
S € PC(H1) N PC(Hsz). Then

X(H1,S) = x(H2,S).
Proof. It is sufficient to show that
X(H1,S) = x(H1U{H},S), where He Ha\ Hi. (3.4.6)
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Iterating this yields x(#1,S) = x(Hi1 U Hs, S) and, similarly, x(H2,S) =
X(H1 UHa,S), which proves the claim.

As a next simplifying measure, we observe that it suffices to show (3.4.6)
for S = H, for some o. Indeed, from the representation in (3.4.4) and the
inclusion—exclusion formula (3.4.2), we then obtain

X(Hl,S) = X(Hb Hcrl) +X(H17 H02) 4 +X(H1> Hak)'

Thus suppose that S = H, € PC(H1) and H € Ha \ H1. There are three
possibilities how S can lie relative to H. The easy cases are SN H = S and

SNH=@. In both cases S is a relative open polyhedron H, with respect to
Hq, U {H} and

X(H1U{H}LS) = (~)TF = x(H1,5).

The only interesting case is @ % SN H # S. Since S is relatively open,
S< := SNH< and S~ := SN H> are both nonempty, relatively open
polyhedra of dimension dim .S, and ST := S N H™ is relatively open of
dimension dim S — 1 (Exercise 3.37). Therefore,

S =S WS ws”
is a presentation of S as an element of PC(H; U {H}), and so

X(H1U{H},S)
= X(HlU{H}7S<)+X(H1U{H}7S:)+X(H1U{H}7S>)
_ (_1>dim5+(_1>dim5—1+(_1)dim5
= (1) = y(H1,9). O

The argument used in the above proof is typical when working with
valuations. The valuation property (3.4.1) allows us to refine polyconvex sets
by cutting them with hyperplanes and halfspaces. Clearly, there is no finite
set of hyperplanes H such that PC; = PC(#), but as long as we only worry
about finitely many polyconvex sets at a time, we can restrict ourselves to
PC(H) for some H.

Proposition 3.4.4. Let S € PCy be a polyconvexr set. Then there is a
hyperplane arrangement H such that S € PC(H).

Proof. This should be intuitively clear. We can write S = P; UPoU---UPy
for some relatively open polyhedra P;. Now for each P; there is a finite
set of hyperplanes #H; := {Hi,Ha,...,H;,} such that P; = ﬂj H?j for some
o € {<,=,>}". Thus P; € PC(H;), and by refining we conclude S €
PC(H1i UH2U - UHy). U
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We can express the content of Proposition 3.4.4 more conceptually. For
two hyperplane arrangements H; and Ho,

HyCHy = PC(H1)C PC(Has).

In more abstract terms then, PC; is the union of PC(H) over all arrange-
ments H.
Lemma 3.4.3 and Proposition 3.4.4 get us one step closer to Theorem 3.4.1.

Proposition 3.4.5. There is a unique valuation x : PCqy — Z such that for
all S € PCy,

x(8) = x(H,9)
for all hyperplane arrangements H for which S € PC(H).

Proof. For a given S € PC;, Lemma 3.4.3 implies that the definition
\(8) = x(#.9) (3.4.7)

for every H such that S € PC(H) is sound, and Proposition 3.4.4 ensures
that there is such an H. For uniqueness, we look back at (3.4.5) and conclude
immediately that x(P) = (—1)3™P for every relatively open polyhedron P.
But then uniqueness follows for every polyconvex set, as we can write it as a
disjoint union of finitely many relatively open polyhedra. ]

We emphasize one part of the above proof for future reference.

Corollary 3.4.6. If P is a nonempty relatively open polyhedron, then
X(P) = (1)t

The valuation x in Proposition 3.4.5 is the Euler characteristic, and
for the rest of this book we mean the Euler characteristic of P when we write
x(P).

What is left to show to finish our proof of Theorem 3.4.1 is that x(P) =1
whenever P is a (nonempty) polytope. We first note that (3.4.5) gives us an
effective way to compute the Euler characteristic of a polyhedron via face
numbers: if Q is a polyhedron, then Lemma 3.3.8 states

Q= [HF,
F=Q
where we recall that our notation F < Q means F is a face of Q. The
inclusion—exclusion formula (3.4.2) and Corollary 3.4.6 give

dim Q
XQ = Y (=)™ = 3 (-1)fi(Q). (3.4.8)
F<F=Q 1=0

This is the Euler—Poincaré formula.
Now let P € R? be a nonempty polytope. To compute x(P), we may
assume that the origin is contained in the relative interior of P. (Any other
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point in the relative interior would work, but the origin is just too convenient.)
For a nonempty face F <X P, let
Co(F) = UtF° = {p eR? . %p € F° for some t > 0}
>0

and Co(@) := {0}. Figures 3.15 and 3.16 illustrate the following straightfor-
ward facts whose proofs we leave as Exercise 3.53.

Figure 3.15. Cones over two faces of a polytope.

N
N\

Figure 3.16. The decomposition given in Proposition 3.4.7.

Proposition 3.4.7. Let P be a nonempty polytope with 0 € P°. For each
proper face F < P, the set Co(F) is a relatively open polyhedral cone of
dimension dim F 4+ 1. Furthermore,

Co(P) = aff(P) = |4 Co(F).
F<P

We can now finally complete the proof of Theorem 3.4.1.
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Proof of Theorem 3.4.1. We will show that the Euler characteristic x
satisfies the properties stated in Theorem 3.4.1. Let P be a nonempty closed
polytope of dimension d. By the Euler—Poincaré formula (3.4.8), the Euler
characteristic is invariant under translation and thus we may assume that 0
is in the relative interior of P.

Proposition 3.4.7 yields two representations of the affine subspace aff(P),
and computing the Euler characteristic using the two different representations
gives

X(Co(P)) = x(aff(P)) = > x(Co(F)) = 14 D (-1mFHt

F<P F<F<P

Both P° and Co(P) = aff(P) are relatively open polyhedra of the same
dimension and hence x(Co(P)) = x(P°) = (—=1)%, by Corollary 3.4.6. Thus

1= > (-D)%mF = x(P). O
@<F=<P

We do not know yet the Euler characteristic of an unbounded polyhe-
dron Q. It turns out that this depends on whether Q is pointed or not. We
start with the easier case.

Corollary 3.4.8. If Q is a polyhedron with lineality space L = lineal(Q),
then

X(Q = ()" Ex(Q/L).

This is pretty straightforward considering the relationship between faces
and their dimensions of Q and Q/L given by Lemma 3.3.4; we leave the
details to Exercise 3.54. In preparation for the case of a general pointed
unbounded polyhedron, we first treat pointed cones.

Proposition 3.4.9. If C C R? is a pointed cone, then x(C) = 0.

Proof. Let C = cone(uy, ..., u,,) for some uy,...,u, € R?\ {0}. Since C
is pointed, there is a supporting hyperplane

Ho = {XG]Rd : <a,x>:O}

such that C C Hg and CNHp = {0}. In particular, this means that (a,u;) > 0
for all 7 and by rescaling, if necessary, we may assume that (a,u;) = § for
some § > 0. Let Hs := {x € R? : (a,x) = ¢} and consider
C:=0Cn H(sS and
Ce := CnNHy.
(See Figure 3.17 for an illustration.) By construction, C is a polytope and

Co is a face of C (and thus also a polytope). Moreover, each unbounded face
of C (here this means every nonempty face F # {0}) meets Hs. Thus, each
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Figure 3.17. The polytopes C and Cso.

Hoy

k-face F of C gives rise to a k-face of C and, if F is unbounded, a (k — 1)-face
of Cso. These are all the faces of C and Cy (Exercise 3.55). We thus compute

X(C) — Z(_l)dimF — Z(_l)dimF+ Z (_1)dimF+1

F=C F<C F<Coo (3.4.9)
where the last equality follows from Theorem 3.4.1. O

The general case of a pointed unbounded polyhedron is not much differ-
ent from that of pointed cones. We recall from Theorem 3.2.5 that every
polyhedron Q is of the form Q = P + C, where P is a polytope and C is a
polyhedral cone. Exercise 3.32 says that for each nonempty face F < Q there
are unique faces F/ < P and F” < C such that F = F/ + F”. In particular, F is
an unbounded face of Q if and only if F” is an unbounded face of C.

Corollary 3.4.10. If Q is a pointed unbounded polyhedron, then x(Q) = 0.

Proof. We extend the idea of the proof of Proposition 3.4.9: we will find
a hyperplane H such that H is disjoint from any bounded face but the
intersection of H with an unbounded face F < Q yields a polytope of dimension
dimF — 1.

Let Q = P + C, where P is a polytope and C is a pointed cone. Let
Hs = {x: (a,x) = ¢} be the hyperplane constructed for the cone C in the
proof of Proposition 3.4.9. This time we choose § > 0 sufficiently large so
that PN Hy = &. Thus, if F' < Q is a bounded face, then F = F' + {0} for
some face F' of P, and FNHs = @. See Figure 3.18 for an illustration.
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Figure 3.18. “Compactifying” a polyhedron.

Let F = F 4+ F” be an unbounded face of Q for some F/ < P and F”’ < C,
and let Fo, := F N Hs. Note that F,, is bounded, since otherwise there exist
P € Fs and u # 0 such that p + tu € Fo, C F for all ¢ > 0; this implies that
u € F”, but by construction (a,u) > 0 and thus there is only one ¢ for which
p + tu € H;.

As for the dimension of F.,, we only have to show the impossibility of
dim Fo < dimF — 1. This can only happen if H; meets F in the boundary.
But for each p € F/ and u € F”\ {0} we have that p + 0 and p + tu are
points in F, and for ¢t > 0 sufficiently large they lie on different sides of Hs.

Hence, Q :=QnN H5S and Qo := QN Hg are both polytopes such that
each k-face of Q yields a k-face of Q and a (k — 1)-face of Qu, provided it
was unbounded. A computation exactly analogous to (3.4.9) then gives

X(Q) _ Z(_l)dimF _ Z(_l)dimF+ Z (_l)dimF—i-l
F<Q F<Q FXQuc

= xX(Q) —x(Qx) = 0. O

We summarize the contents of Theorem 3.4.1 and Corollaries 3.4.8
and 3.4.10 as follows.

Theorem 3.4.11. Let Q =P+ C+ L be a polyhedron, where P is a polytope,
C is a pointed cone, and L = lineal(Q). Then

X(Q) — {(_l)dimL ch = {0}7

0 otherwise.
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3.5. Mobius Functions of Face Lattices

The Euler characteristic is a fundamental concept throughout mathematics.
In the context of geometric combinatorics it ties together the combinatorics
and the geometry of polyhedra in an elegant way. First evidence of this is
provided by the central result of this section: the Mdbius function of the face
lattice of a polyhedron can be computed in terms of the Euler characteristic.

Theorem 3.5.1. Let Q be a polyhedron with face lattice ® = ®(Q). For
faces F,G € @ with & < F =X G,

Iu(I)(F7 G) — (_1)dimG—dimF7
and j19(2,G) = (~1)ImCHY(G) for G # @.

Towards a proof of this result, let ¥ : ® x & — Z be the map stipulated
in Theorem 3.5.1, i.e.,

(_1)dimG7dimF if g <F =< G’

P(F,G) = {(_1)dimG+1X(G) ifo=F<G.

We recall from Section 2.2 that the Mobius function pg is the inverse of the
zeta function (g and hence is unique. Thus, to prove the claim in Theorem
3.5.1, namely, that pe(F, G) = ¢(F, G), it is sufficient to show that v satisfies
the defining relations (2.2.1) for the Mobius function. That is, we have to
show that ¢ (F,F) =1 and, for F < G,

> ¥(K,G) = 0. (3.5.1)

F<K<G

That ¢ (F,F) = 1 is evident from the definition, so the meat lies in (3.5.1).
Here is a first calculation which shows that we are on the right track by
thinking of Euler characteristics: for F = &, we compute

Z (K, G) = ¢(2,G)+ Z (—1)dim G—dimK
22K=G G<K=G
= ¢(@’G)+(_1)dlmGX(G)
= 0.

For the general case @ < F < G < Q, we would like to make the same
argument but unfortunately we do not know if the interval [F,G] C ® is
isomorphic to the face lattice of a polyhedron (see, however, Exercise 3.57).
We will do something else instead and take a route that emphasizes the
general geometric idea of modelling geometric objects locally by simpler ones.
Namely, we will associate to each face F a polyhedral cone that captures the
structure around F. We already used this idea in the proof of Theorem 3.4.1.
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Let Q C R? be a polyhedron and q € R%. The tangent cone of Q at q
is defined by

Tq(Q) = {g+u: q+cueQ forall € > 0 sufficiently small} .

See Figure 3.19 for examples.

*a

°q °q
fa__ |

qeqQ° q€dQ q¢Q

Figure 3.19. Sample tangent cones of a quadrilateral.

By definition T(Q) = @ if q ¢ Q and Tq(Q) = aff(Q) if g € Q°. More
generally, the following result says that Tq(Q) is the translate of a polyhedral
cone, which justifies the name tangent cone.

Proposition 3.5.2. Let Q = {x € R?: (a;,x) < b;, i € [n]} be a polyhedron
and let q € 0Q. Then

Tq(Q) = {x e R? : (a;,x) < b; for all i with (a;,q) = bi}. (3.5.2)

In particular, if p and q are both contained in the relative interior of a face
F < Q, then Tq(Q) = Tp(Q).

Proof. We observe that Tq(Q) = Tq—r(Q—r) for all r € R%, and so we may
assume that q = 0. Let I := {i € [n] : b; = 0}; note that, since 0 € Q, we
have b; > 0 for i ¢ I.

By definition, u € To(Q) if and only if

e(aj,u) = (aj,eu) < b fori¢ I and
e(aj,u) <0 foriel,

for sufficiently small € > 0. The latter condition just says (a;,u) < 0 for
1 € I, and the former condition can always be satisfied for a given u, since
b; > 0 for i ¢ I. This proves the first claim.

For the second claim, we note from Lemma 3.3.8 that p € Q is contained

in the relative interior of the same face as q = 0 if and only if I = {i € [n] :
(a;, p) = b;j}. Hence (3.5.2) gives Tp(Q) = Tq(Q). O
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Proposition 3.5.2 prompts the definition of tangent cones of faces: for a
nonempty face F < Q we define the tangent cone of Q at F as

Tr(Q) = Tq(Q)

for any point q € F°. We set Tz(Q) = Q and refer to Exercise 3.58 for a
justification.

The next result solidifies our claim that the tangent cone of Q at F models
the facial structure of Q around F.

Lemma 3.5.3. Let Q be a polyhedron and F < Q a monempty face. The
tangent cone Tg(Q) is the translate of a polyhedral cone of dimension dim Q
with lineality space parallel to Tg(F) = aff(F). The faces of Q that contain F
are in bijection with the nonempty faces of Tg(Q) via

G — TF(G) .

Proof. The claims follow from the representation (3.5.2) and what we learned
about polyhedra in Section 3.1. We may assume that

Q = {xeRd : (a;,x) < b; foralli e [n]}

is a full-dimensional polyhedron. Let p € F® and I = {i € [n] : (a;, p) = b;}.
Then from (3.5.2) it follows that T¢(Q) is given by a subset of the inequalities
defining Q and hence Q C T¢(Q); in particular, T(Q) is full dimensional.
When we translate Tr(Q) by —p, we obtain

Tr p(Q—p) = {X eR? : (a;,x) <0forallic I},
a polyhedral cone with lineality space
L = {xeRd : {a,x) = 0 for alliel} = aff(F) - p.

For the last claim, we use Exercise 3.50, which says that for each face
G =< Q that contains F, there is an inclusion-maximal subset J C I such that

G ={xeQ:(a;,x)=0b;forallieJ}.
In particular, J defines a face of Tg(Q), namely,
{x € Te(Q) : (a;,x) =0b; foralli € J},

which, by Proposition 3.5.2, is exactly Tg(G). To see that the map G — Tg(G)
is a bijection, we observe that the map that sends a face G < Tg(Q) to GNQ
is an inverse. O

The gist of Lemma 3.5.3 is that for @ < F <X G < Q, the posets [F, G]
(considered as an interval in ®(Q)) and ®(T¢(G)) \ {@} are isomorphic. With
these preparations at hand, we can prove Theorem 3.5.1.
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Proof of Theorem 3.5.1. Let F < G be two faces of Q. We already treated
the case F' = @, so we may assume that F is nonempty. To show that ¢
satisfies (3.5.1), we use Lemma 3.5.3 to replace the sum in (3.5.1) over faces
in the interval [F, G] in ®(Q) by the nonempty faces of Tg(G):

Z W(K,G) = Z (—1)dim G—dimK. (3.5.3)

F<K=G Tr(F)=Tr(K)=Tr(G)

By Lemma 3.5.3, the tangent cone Tg(G) is the translate of a polyhedral
cone with lineality space L = aff(F) — p for p € F°. Furthermore, we claim
that Tp(G)/L is unbounded. Indeed, otherwise Tg(G) = aff(F) = Tg(F),
which would imply, using again Lemma 3.5.3, that F = G, contradicting our
assumption F < G.

Hence, we can continue our computation by noting that the right-hand
side of (3.5.3) equals the Euler characteristic of the line-free polyhedral cone
Te(G)/L, and so, by Corollary 3.4.8,

Z (_1)dimedimK — (_1)dimGX(TF(G)/L) - 0. 0
Tr(F)2Tr(K)=ZTr(G)

We will use tangent cones again in Chapter 5 to compute the M&bius
function of (seemingly) more complicated objects. Yet another application
of tangent cones is given in Section 3.7.

We finish this section by returning to a theme of Section 2.3, from which
we recall the notion of an Eulerian poset II, i.e., one that comes with Mobius
function

pr(z,y) = (—1)mEw),
where Ili7(x,y) is the length of the interval [z,y]. The length of an interval

[F,G|] in a face lattice is dim G — dimF, and so with Theorem 3.5.1 we
conclude:

Corollary 3.5.4. The face lattice ®(P) of a polytope P is Eulerian.

This allows us to derive an important corollary to Theorem 2.3.3, the
reciprocity theorem for zeta polynomials of Eulerian posets, which we will
apply to face lattices of a special class of polytopes. We will compute the zeta
polynomial Zgp)(n) of the face lattice of a d-polytope P via Proposition 2.1.3,
for which we have to count multichains

formed by faces of P. It is useful to consider the difference®

AZgpy(n) = Zyp)(n+1) — Zgp)(n),

5 The difference operator A will play a prominent role in Chapter 4.
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because Exercise 2.12 implies that AZgpy(n) equals the number of multi-
chains

We recall that a polytope is simplicial if all of its proper faces are
simplices (equivalently, if all of its facets are simplices). If P is simplicial,
the multichains in (3.5.5) are of a special form, namely, Fq,Fs,...,F, are all
simplices, and consequently (Exercise 3.59)

AZgpy(n) = 1+ > pdm®* Z fo_1(P) n®, (3.5.6)

g<F<P

where we set f_1(P) := 1, accounting for the empty face @. In conjunction
with Corollary 3.5.4, Theorem 2.3.3 now implies

(_1)dAZ<I>(P)(_n) = (1) (Z<I>(P)(_n +1) - Z@(P)(—”))
= —Zgrp)(n—1)+ Zgp)(n)
= AZgpy(n—1). (3.5.7)

Via (3.5.6) this yields relations among the face numbers. Namely, since

AZg(py(n —1) =ka1n—1 kalz <> 7

we can rephrase (3.5.7) as follows.

Theorem 3.5.5. For a simplicial d-polytope P and 0 < j < d,

d
F1(P) = Z(nd—k(?)fk_l(m.

k=j

These face-number identities for simplicial polytopes are the Dehn—
Sommerville relations. The case j = 0 recovers the Euler—Poincaré
formula (3.4.8).

3.6. Uniqueness of the Euler Characteristics and Zaslavsky’s
Theorem

It is a valid question if the Euler characteristic is the unique valuation on
PC; with the properties of Theorem 3.4.1, i.e.,

x(P) =1 (3.6.1)

for every nonempty closed polytope P € R?%. The answer is no: as we will see
shortly, (3.6.1) does not determine x(Q) for an unbounded polyhedron Q.
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Here is the situation on the real line: the building blocks for polyconvex
sets are points {p} with p € R and open intervals of the form (a,b) with
a,b € RU{%oo}. Let ) be a valuation on polyconvex sets in R that satisfies
the properties of Theorem 3.4.1. We need to define x({p}) = 1 and from

1 = X(la,0]) = X((a,0)) +X({a}) +x({0})

for finite a and b, we infer that X((a,b)) = —1. The interesting part now
comes from unbounded intervals. For example, we can set x((a,00)) =
X((—00,a)) = 0 and check that this indeed defines a valuation: the value of
X on a closed unbounded interval [a, 00) is

X([a,0)) = X({a}) +X((a,00)) = 1,
in contrast to x([a,00)) = 0 (by Proposition 3.4.9). What about the value
on R = (—o00,00)7? It is easy to see (Exercise 3.60) that x(R) = 1.
This was a proof (crawling on hands and knees) for the case d = 1 of the
following important result.

Theorem 3.6.1. There is a unique valuation X : PCy — Z of polyconvex
sets in R? such that X(Q) = 1 for every closed polyhedron Q # &.

We can prove this theorem using the same arguments as in Section 3.4
by way of H-polyconvex sets and, in particular, Lemma 3.4.3. However, as
in Section 3.4, we will need to make a choice for the value of ¥ on relatively
open polyhedra. On the other hand, if ¥ is unique, then there isn’t really a
choice for x(Q°).

Proposition 3.6.2. Suppose that X is a valuation such that X(Q) =1 for
all nonempty closed polyhedra Q. If Q is a closed polyhedron with lineality
space L = lineal(Q), then
P (—1)dm(Q/L) if Q/L is bounded,
X(Q°) = )
0 otherwise.

Proof. Let Q be a nonempty polyhedron. We can think of ¥ as a function
on the face lattice ® = ®(Q) given by

X(6) = > X(F) (3.6.2)
F<G
and (@) = 0. We apply Mobius inversion (Theorem 2.4.2) to (3.6.2) to
obtain
X(6°) = > X(Fua(F.G) = Y  ua(F,G) = —ua(2,G).
F<G o<F=G

The result now follows from Theorem 3.5.1. O
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Proof of Theorem 3.6.1. To show that ¥ is a valuation on PC,;, we revisit
the argumentation of Section 3.4 by way of H-polyconvex sets. The value of
X on relatively open polyhedra is given by Proposition 3.6.2. We explicitly
give the crucial step (analogous to Lemma 3.4.3), namely: let Q be a
relatively open polyhedron and H a hyperplane such that Q N H # .
Define the three nonempty polyhedra Q<,Q~, Q” as the intersection of Q
with HS,H=, H>, respectively. If Q is bounded, then we are exactly in the
situation of Lemma 3.4.3. Now let Q be unbounded. The closure of Q= is a
face of the closure of both Q< and Q~. Hence, if one of them is bounded,
then so is Q=. Thus

X(Q) = x(Q%) +x(Q7) +x(Q”).

That X(Q) = 1 for all closed polyhedra Q follows from (3.6.2). This
also shows uniqueness: by Proposition 3.6.2, the value on relatively open
polyhedra is uniquely determined. By Proposition 3.4.4, for every polyconvex
set S there is a hyperplane arrangement H such that S is H-polyconvex and
hence can be represented as a union of disjoint relatively open polyhedra. [

Table 3.1. Evaluations of x and X at a polyhedron Q = P+ C + L,
where P is a polytope, C is a pointed cone, and L = lineal(Q).

X X

Q =P+ C+L with C # {0} 0 1

Q=P+l (—1)dimtL 1

Q° = (P + C+ L)° with C # {0} | (—1)dmQ 0
Qo — (P + L)o (_1)dimQ (_1)dimP

Table 3.1 compares the two “Euler characteristics” we have established
in this chapter. There is merit in having several “Euler characteristics”. We
will illustrate this in the remainder of this section with one of the gems of
geometric combinatorics—Zaslavsky’s theorem, Theorem 3.6.4 below. To
state it, we need the notion of characteristic polynomials.

Let II be a graded poset with minimum 0. The characteristic polyno-
mial of II is

xm(n) = Z o (0, ) prD—rk(@)
zell

where rk(z) = [(0, x), the rank of z € II. In many situations, the character-
istic polynomial captures interesting combinatorial information about the
poset. Here is a simple example.
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Proposition 3.6.3. Let P be a polytope and x¢(n) the characteristic poly-
nomial of the face lattice ® = ®(P). Then (—1)1™P)1+1yg(—1) equals the
number of faces of P and x3(1) =1 — x(P) = 0.

Proof. We recall from Theorem 3.5.1 that the Mobius function of @ is given
by pe(F,G) = (—1)4m6&—dimF whenever F < G are faces of P. The rank of a
face G is given by rk(G) = dim(G) + 1. Hence

X@(n) — Z (_1)dimF+1 ndimP—dimF. (363)

o<F=<P
Thus, the evaluation of (—1)4™mP+ly4(n) at n = —1 simply counts the
number of faces and for n = 1, equation (3.6.3) reduces to 1 — x(P) via the
Euler—Poincaré formula (3.4.8). O

Figure 3.20. The intersection poset for the line arrangement in Figure 3.14.

Let H = {Hy,Ha, ..., H;} be an arrangement of hyperplanes in R%. A
flat of H is a nonempty affine subspace F C R? of the form

F = HilﬂHigﬁ"‘ﬂHik

for some 1 < iy,...,ip < n. The intersection poset L(H) of H is the
collection of flats of H ordered by reverse inclusion. That is, for two flats
F,G e L(H), we have F X G if G C F. (Figure 3.20 shows the intersection
poset of the arrangement of six lines in Figure 3.14.) The minimal element
is the empty intersection given by 0 = R%. There is a maximal element
precisely if all hyperplanes have a point in common, in which case we may
assume that all hyperplanes pass through the origin and call A central.
An example of a central arrangement (consisting of the three coordinate
hyperplanes z; = 0, 3 = 0, and x3 = 0) is given in Figure 3.21. Let Ly; C R?
be the inclusion-maximal linear subspace that is parallel to all hyperplanes,
that is, H; + Ly C H; for all 1 <4 < k. We call Ly the lineality space



3.6. Uniqueness of the Euler Characteristics and Zaslavsky’s Theorem 89

1‘1:1'2:333:0
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Figure 3.21. An arrangement of three coordinate hyperplanes and its
intersection poset.

of H. The arrangement H is essential if Ly = {0}. If Ly # {0}, then
H ={H,:=H;NLy : i=1,...,k} is essential and L(H') = L(H).
The characteristic polynomial of H is

xun) = > pepy(REF)nd™F = pdmbay o (n),
FEL(H)

where the last equality follows from rk. 4 (F) = d — dimF. For example, the
characteristic polynomial of the arrangement of six lines in Figure 3.14 is
xu(n) =n? —6n + 12.

As mentioned in Section 3.4, the hyperplane arrangement H decomposes
R? into relatively open polyhedra: for each point p € R? there is a unique
o € {<,=,>}* such that

p € Ho = HI'NHZN---NHE.
A (closed) region of H is (the closure of) a full-dimensional open polyhedron
in this decomposition. A region can be unbounded or relatively bounded,
that is, H, has lineality space Ly and H, N L%{ is bounded. In particular, if
‘H is essential, then the regions are bounded or unbounded.

We define 7(H) to be the number of all regions and b(#) to be the
number of relatively bounded regions of H. For example, the arrangement in
Figure 3.14 has 19 regions, seven of which are bounded. Exercises 3.65-3.68
give a few more examples. Our proof of the following famous theorem makes
use of the fact that we have two “Euler characteristics” at our disposal.

Theorem 3.6.4. Let H be a hyperplane arrangement in R%. Then
r(H) = (=)%xu(-1) and  b(H) = ()T (1),

Proof. We denote by |JH = Hy U--- U Hj the union of all hyperplanes.
Then R\ UH = RiWRyW---WR,,, where Ry, ..., R,, are the regions of H.
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This is a polyconvex set, and since every region is a d-dimensional open
polyhedron with the same lineality space Ly,

r(B) = (1)x (RI\UH) and b(B) = ()" ity (RO JH),

by Corollary 3.4.6 and Proposition 3.6.2. Let ¢ : PC; — R be a valuation.
Then

o (RINVJH) = 6RY) = o(HiUH U UM = S (=) (H))

IC[k]

= D 1o (0.F) 6(F), (3.6.4)

FEL(H)

where the penultimate equation is the inclusion-exclusion formula (3.4.2)
with Hy := ﬂie ; Hi, and the last equation follows from Theorem 2.4.5. Since
each F € L(H) is an affine subspace and hence a closed polyhedron, we
have X(F) = 1, and so for ¢ = X in (3.6.4) we obtain the evaluation y/(1).
Similarly, for ¢ = x, we have x(F) = (=1)4™F and hence (3.6.4) for ¢ = x
yields x#(—1). O

3.7. The Brianchon—Gram Relation

In this final section we want to once again allure to Euler characteristics to
prove an elegant result in geometric combinatorics, the Brianchon—Gram
relation—Theorem 3.7.1 below. This is a simple geometric equation that
can be thought of as a close relative to the Euler—Poincaré formula (3.4.8).
It is best stated in terms of indicator functions: for a subset S C R%, the
indicator function of S is the function [S] : RY — Z defined by

S1(p) += {1 pes

0 otherwise.
Theorem 3.7.1. Let P C R? be a polytope. Then

Pl = > ()" F[Te(P)]. (3.7.1)

o<F=<P

Here Tg(P) is the tangent cone of P at a face F, a notion that we
popularized in Section 3.5 in connection with the Mdbius function of a face
lattice. The Brianchon—Gram relation is a simple truth which we will see
in action in Section 5.4. We devote the remainder of this section to its
verification.

We first note that Lemma 3.5.3 implies P C Tg(P) for all F # @&. Hence,
for a point p € P, we compute

Y C)MFTEP)P) = Y (DU = x(P) = 1,

o<F=P Z<F=P
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by Theorem 3.4.1 and the Euler—Poincaré formula (3.4.8). Thus it remains
to prove that the right-hand side of (3.7.1) evaluates to 0 for all p ¢ P. This
is clear when p ¢ aff(P), and so we may assume that P is full dimensional.

We call a point p € R? beneath a face F of the polyhedron P if p € Tg(P)
and beyond F otherwise. From the definition of tangent cones, it follows
that p is beyond F if and only if

p,alNP = {q} for all q € F

(Exercise 3.62). In this situation we also say that (the points in) F is (are)
visible from p. Figure 3.22 shows two examples.

Figure 3.22. Two edges of a hexagon, one that is visible from 0 and
one that is not.

We collect the points in P belonging to faces that p is beyond—equiva-
lently, those points visible from p—in the set®

Visp(P)| := | J{F° : p is beyond F < P}. (3.7.2)

Since P is full dimensional, there is no point beyond P and thus |Visp(P)]| is
a subset of the boundary.

We remark that |Visp(P)| is a polyconvex set, and for p € R?\ P the
right-hand side of (3.7.1) equals

Z (_1)dimF _ Z(_l)dimF - Z (_1)dimF

F=<P F=<P F<P
p beneath F p beyond F

= X(P) = x(|Visp(P)|).
We thus want to show that |Visp(P)| has Euler characteristic 1 whenever

p € P. By translating both the point p and the polytope P by —p, we may
assume that p = 0. Let C := cone(P); see Figure 3.23 for a sketch. Since

6 The maybe-funny-looking notation |Visp(P)| will be explained in Chapter 5.
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Figure 3.23. The cone C = cone(P) and the faces of P beyond 0. Note
that these contain (visibly!) precisely the points in P that are visible

from O.

0 ¢ P, the cone C is pointed. The following construction is reminiscent of
our proof of Theorem 3.4.1 in Section 3.4; it is illustrated in Figure 3.24.

Figure 3.24. The decomposition of Proposition 3.7.2.

Proposition 3.7.2. Let P be a full-dimensional polytope and C := cone(P).
Then
C\ {0} = H—J{cone(F)o : 0 is beyond F < P}.

Proof. A point u € R? is contained in C\ {0} if and only if Au € P for some
A > 0. Since P is compact, there are a minimal such A and a unique face F
such that Au € F°, by Lemma 3.3.8. Checking the definition shows that O is
beyond F. O
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Now to finish the proof of Theorem 3.7.1, if F < P is a proper face such
that 0 is beyond F, then cone(F)° is a relatively open polyhedral cone of
dimension dim F 4+ 1. Hence, with Proposition 3.7.2,

X(Q) = x({0}) + D (=TT = 1 (|Viso(P)]).
F<P
0¢Tk(P)
Since C is pointed, we conclude, with the help of Proposition 3.4.9, that
X(|Viso(P)|) = 1, which was the missing piece to finish the proof of Theo-
rem 3.7.1.
We will encounter the set |Visp(P)| again in Section 5.3.

Notes

Three-dimensional polyhedra, i.e., three-dimensional convex geometric ob-
jects bounded by planes, have been admired since the dawn of time. They
have been intensively studied by the ancient Greeks, including Plato and
Archimedes, but they have been thought about even earlier. The algebraic
perspective with linear inequalities allows for a generalization to arbitrary di-
mensions. This was initiated by Hermann Minkowski [124], who was also the
first to systematically investigate separation theorems such as Theorem 3.2.3.
The classical approach to separation is via nearest-point maps, which are
implicit in Exercise 3.21.

Linear inequalities are very versatile, and polyhedra constitute the geomet-
ric perspective on linear programming. A linear program is an optimization
problem of the form

max (c,X)

subject to (a;,x) < b; fori=1,... k. (3.7.3)

Linear programming and hence polyhedra are of utmost importance in the
field of operations research. Polyhedral combinatorics is the field (or, we
think, the art) of modelling a combinatorial optimization problem as a linear
program (3.7.3). To give a trivial example, assume that the elements in [d]

have a weight or cost ¢; € R for ¢ =1,...,d. For a given k > 1, how do we
find a k-subset of [d] that minimizes the total weight/cost? Well, we simply
maximize the linear function —c = (—e¢1, ..., —¢,) over the polytope

A(d k) = {xE[O,l]d : $1+--~+ﬂzd:k}.

It is not difficult to see that the maximum is attained at a vertex v € Z¢ that
decodes a k-subset of minimum total weight/cost. Since this is independent
of c, this shows that A(d, k) is a lattice polytope. We will have more to
say about A(d, k) in Section 5.7. For more on the fascinating subject of
polyhedral combinatorics, we refer to [152] and [153].
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Theorem 3.2.5 is due to Minkowski [124]. It perfectly matches our
intuition in three dimensions but, as you can see, the (algebraic) proof is
quite nontrivial. A formal proof was given by Weyl [182]. The passage from
linear inequalities to vertices and generators and back can be done effectively:
in Section 5.3 we will outline an algorithm to compute the facet-defining
inequalities of P = conv (V') for given V. We have to be careful with what
we mean by effectively. Complexity theoretically, this is bad and it is easy
to write down simple inequalities that will bring any computer to its knees.
Nevertheless, it is amazing how well the algorithm works in practice, and

we invite you to try it out with the computer systems polymake [68] or
SAGE [55].

Polarity for convex cones as in Exercise 3.22 saved us from proving
both directions of Theorem 3.2.5 independently. Polarity for polyhedra and
general convex sets is a powerful tool that (sadly) does not play much of a
role for this book. For much more on polyhedra, we refer to [78,190] for
the combinatorial side as well as [15,76] for a more metric touch.

The 3-dimensional case of the Euler—Poincaré formula (3.4.8) was proved
by Leonard Euler in 1752 [61,62]. The full (i.e., higher-dimensional) version
of (3.4.8) was discovered by Ludwig Schlafli in 1852 (though published only
in 1902 [150]), but Schlafli’s proof implicitly assumed that every polytope is
shellable (as did numerous proofs of (3.4.8) that followed Schlafli’s), a fact
that was established only in 1971 by Heinz Bruggesser and Peter Mani [41].
The first airtight proof of (3.4.8) (in 1893, using tools from algebraic topology)
is due to Henri Poincaré [137] (see also, e.g., [81, Theorem 2.44]). Despite
its simplicity, the Euler characteristic is a very powerful valuation that brings
together the geometry of polyconvex sets and their combinatorics; see [99].
Our approach to the Euler characteristic was inspired by [112].

There is a shorter path to the Mobius function of polyhedra hinted
at in Exercises 3.56 and 3.57, but tangent cones will be important for us
throughout. For example, there is no Brianchon-Gram relation without
them.

It is interesting to note that the Euler-Poincaré formula (3.4.8) is the
only linear relation, up to scaling, satisfied by all f-vectors of d-dimensional
polytopes; see, e.g., [78, Section 8.1]. This is in stark contrast to f-vectors
of simplicial polytopes and the Dehn—-Sommerville relations (Theorem 3.5.5),
named after Max Dehn, who proved their 5-dimensional instance in 1905 [52],
and D. M. Y. Sommerville, who established the general case in 1927 [158].
That the Dehn—Sommerville relations follow from the reciprocity theorem for
the zeta polynomial of the face lattice of a simplicial polytope was realized
by Richard Stanley in [162] at the inception of zeta polynomials.
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As already mentioned in Chapter 1, classifying face numbers is a major
research problem. In dimension 3 this question is answered by Steinitz’s the-
orem [176]: the f-vectors of 3-polytopes are the lattice points in a (translate
of) a 2-dimensional polyhedral cone; see [190, Lecture 4]. The classification
question in dimension 4 is still open. For special classes, such as the class
of simplicial polytopes, there is a complete characterization of f-vectors.
This is the g-Theorem, which was conjectured by Peter McMullen [119] and
proved by Louis Billera and Carl Lee [30] and Stanley [164]; see also [121].
A main part in this characterization is a description of the conical hull of the
set of f-vectors of simplicial d-polytopes. The Dehn—Sommerville relations
in terms of h-vectors, defined in Section 5.6, turn out to be very important
for that.

Theorem 3.6.4 was part of Thomas Zaslavsky’s Ph.D. thesis, which
started the modern theory of hyperplane arrangements [187]. An approach
to characteristic polynomials of hyperplane arrangements and, more generally,
subspace arrangements by way of valuations is [56]. A nice survey article on
the combinatorics of hyperplane arrangements is [169]. The study of complez
hyperplane arrangement, that is, arrangements of codimension-1 subspaces
in C?, gives rise to numerous interesting topological considerations [130];
for starters, a complex hyperplane does not separate C¢ into two connected
components.

The 3-dimensional case of the Brianchon—Gram relation (Theorem 3.7.1)
was discovered by Charles Julien Brianchon in 1837 [38] and—as far as
we know—independently reproved by Jorgen Gram in 1874 [73]. It is not
clear who first proved the general d-dimensional case of the Brianchon—Gram
relation; the oldest proofs we could find were from the 1960s [78,100,134,
155].

Exercises

3.1 O Show that every nonempty affine subspace L C R is of the form
L = p + Lo for some linear subspace Lo C R? and p € R%.

32 0o Let Q=" HZ-S be a (possibly empty) polyhedron. An irredundant
presentation is a set I C [m] such that Q = [;¢; HE.
(a) Find a polyhedron Q that has two irredundant presentations I, I’
with || # |I’|. (Hint: Even a point in the plane will do.)
(b) For Q C R? an affine subspace of dimension k, can you determine
the possible sizes |I|?
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3.3 O Prove that a polyhedron Q C R is a polyhedral cone if and only if
Q = {XERd : Ax§0}

for some matrix A.

34 0 Let Q={x : Ax < b} be a nonempty polyhedron.
(a) Show that

rec(Q) = {x: Ax <0}.
(b) Infer that p+Ru C Q for all p € Q.
(¢) What goes wrong if Q is empty?
3.5 O Use Exercises 3.4 to prove Proposition 3.1.2.

3.6 What is the homogenization of an affine subspace?

3.7 Let Q, Q' C R,
(a) Show that if Q = Q/, then hom(Q) = hom(Q’).
(b) Show that the converse is not true.
(c) Let A € R%? be invertible, b,c € R% and § € R such that
(c,0) # 0. A projective transformation 7' is defined as

Ax+Db

T(x) = ex 1o

Thus, T is defined and invertible outside the hyperplane H® :=
{x : {(c,x) +d = 0}. A projective transform 7T is admissible for a
polyhedron Q if Q° N H>® = @. A polyhedron Q' is projectively
isomorphic to Q if there is an admissible projective transformation
T such that T(Q) = Q'. Show that Q' is projectively isomorphic to
Q if and only if hom(Q') is linearly isomorphic to hom(Q).

3.8 0 Let Q = {x € R?: Ax < b} be a nonempty polyhedron. Show that
lineal(Q) = ker(A). Infer that p + lineal(Q) C Q for all p € Q.

3.9 The definition of lineality spaces makes sense for arbitrary convex sets
K in R?. Show that in this more general situation, convexity implies
that p + lineal(K) C K for all p € K.

3.10 © Show that a polyhedral cone C is pointed if and only if p,—p € C
implies p = 0.

311 0 Let Q = {x € R? : (a;,x) < b; fori = 1,...,k} be a polyhedron.
For p € R% and € > 0, let B(p, ¢) be the ball of radius € centered at p.
A point p € Q is an interior point of Q if B(p,e) C Q for some € > 0.
Show that (3.1.11) equals the set of interior points of Q.

312 0 Let Q = {x € R? : (a;,x) < b; for i € [k]} be a polyhedron, and
define I := {i € [k] : (a;,p) = b; for all p € Q}.
(a) Show that aff(Q) = {x € R? : (a;,x) = b; for all i € I}.
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(b) Let L = aff(Q). Show that a point p is in the relative interior of Q
if and only if
B(p,e)NL € QnNL
for some € > 0. (Hint: Exercise 3.11.)
(c) Show that Q° ={x € Q : (a;,x) <b; for all i ¢ I}.
3.13 O Show that the unit ball in the ¢;-norm is a bounded polyhedron.
3.14 0 Let S C R
(a) Show that
k>0, vi,...,Vg es
K = AV + o+ vy Ayeoy A >0
Mt =1
is a convex set containing S.
(b) Show that if K" is a convex set containing S, then K C K’. Conclude
the validity of (3.2.1).
3.15 O Let P = conv(S) C R be a polytope.
(a) Let p,q € S. Show that if P = conv(S\ {p}) = conv(S\ {q}), then

P = conv(S\ {p,q}).
(b) Conclude there is a unique inclusion-minimal set V' C S such that

P = conv(V).
3.16 O Show that if A, /\’ are two simplices of the same dimension, then
there is an affine transformation 7' with T(A) = A'.
3.17 Show that every linear subspace is a finitely generated convex cone.
What are the possible sizes of inclusion-minimal sets of generators?

3.18 ¢ Let S € R? be a compact and convex set. Show that
hom(S) = cone(S x {1}).
3.19 O Let sq,...,s; € R% Show that

cone(s, ..., sg) = {pis1 + -+ Sk p1, ..., g > 0}

3.20 O Let C = cone(uy,...,ug).
(a) Show that lineal(C) # {0} if and only if there is some p € C\ {0}
with —p € C.
(b) Show that there is some p # 0 with £p € C if and only if there are
U1, gk > 0 not all zero such that

0 = prug + -+ pguy .

3.21 O Let K € R? be a closed convex set and p € R?\ K.
(a) Show that there is a unique point q € K such that ||q — p|l2 <
lld'—p||2 for all ' € K. (Hint: Reduce to the case that K is bounded
(and hence compact) for existence and convexity for uniqueness.)
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(b) Show that

H = {xe]Rd D x—dll2 = ||X—P||2}

is a hyperplane.
(¢) Conclude that H is a separating hyperplane, which then proves the
Separation Theorem 3.2.3.

3.22 0 For S C R?, we define the cone polar of S as
SV = {yeR?: (y,x) <0forallxecS}.

(a) Show that SV is a closed convex cone.
(b) Show that if C = cone(uy,...,uy), then

cY = {yGRd : (ui,y)SOforizl,...,k}.

(c) Show that if C is a closed convex cone, then (C)¥ = C. (Hint: Use
the Separation Theorem 3.2.3 and modify the hyperplane so that it
passes through the origin.)

(d) Assume the following statement: If C is a polyhedral cone, then C
is a finitely generated cone. Show that the converse then also holds:
If C is a finitely generated cone, then C is a polyhedral cone.

3.23 O Verify that the three conditions for affine independence on page 63
are equivalent.

3.24 Recall that an affine subspace is of the form L = p + Lo, where Lg is a
linear subspace.

(a) Let p1,...,px € L and a1,...,a; € R such that a; + -+ + o = 1.

Show that ayp1 + -+ + aipr € L. This is called an affine linear

combination.

(b) For py,...,pr € R show that aff(py,...,ps), the intersection of
all affine subspaces containing p1, ..., pg, is exactly the set of affine
linear combinations of p1, ..., pk.

(c) Show that if L is of dimension k, then there are points py, ..., Pk
such that every point in L can be expressed by a unique affine linear
combination of py, ..., pPk.

3.25 ¢ Show that if Ki, Ky C R< are convex, then so is the Minkowski sum

K1 + Ks. Show that if Ki, Ky are polytopes, then Ky + Ky is a polytope.

3.26 0 Let Q = P + C c RY, where P = conv(vy,...,v,) is a polytope
and C = cone(uy,...,u,) is a finitely generated cone. Show that the
homogenization Q is given by

hom(Q) = {("1)(1)(‘;)@)}



FExercises 99

3.27

3.28

3.29

3.30

3.31

3.32

3.33
3.34

3.35

3.36

3.37

3.38

3.39

Show that if Q = {x € R? : (a;,x) < b;} is a full-dimensional polyhe-
dron, then it has a unique irredundant description, up to scaling.

O Prove Corollary 3.2.7: Let Q C R? be a polyhedron and ¢(x) =
A x + b an affine projection R¢ — R®. Then ¢(Q) is a polyhedron. If
P ¢ R? is a polytope, then P N Q is a polytope.

O Show that every polyhedral cone of dimension at most 2 is finitely
generated.

O Prove that a face of a (bounded) polyhedron is again a (bounded)
polyhedron.

0 Let V C R? be a finite set and P = conv(V') the associated polytope.

Let v € V be arbitrary.

(a) Show that if {v} is a face of P, then P # conv(V \ v).

(b) Show that if P # conv(V \ v), then {v} is a face of P. (Hint: Use
Exercise 3.21 and modify the hyperplane to be supporting at v.)

O Recall from Theorem 3.2.5 that every polyhedron Q is of the form
Q = P + C, where P is a polytope and C is a polyhedral cone. Prove
that for each nonempty face F < Q, there are unique faces F/ < P and
F” < C such that F =F + F”.

O Prove Proposition 3.3.1 for the general case that Q is a polyhedron.

O In the proof of Proposition 3.3.1, let
v = max ({(a’,v) =V : v evert(Q) \F} U{0}).

Show that it suffices to choose
n

0 < e < —.
14

(In case v = 0, H' is already supporting for Q and there is no restriction
on €.)

O Prove Corollary 3.3.3: The face lattice of a polyhedron is a graded
poset. If Q is a pointed polyhedron, then the rank of a face F is dim F+1.

O Prove Lemma 3.3.4: Let Q be a polyhedron with lineality space L.
The map ®(Q) — ®(Q/L) given by F — F/L is an isomorphism of face
lattices.

0 Let Q € R? be a nonempty full-dimensional polyhedron and H a
hyperplane such that Q° N H # &. Show that dim(Q° N H) = dim Q — 1.
(Hint: Show that aff(Q°NH) =H.)

O Prove that, if F and G are faces of a polyhedron Q that are unrelated
in the face lattice (i.e., F Z G and G € F), then

FPNG® = @.

Show that cross-polytopes are simplicial polytopes.
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3.40

3.41

3.42

3.43

3.44

3.45
3.46

O Prove Proposition 3.3.10: Let P’ = v * P be a pyramid. For each face
F < P, the polytope v * F is a face of P’. Conversely, every face F/ < P’
is either a face of P or is of the form F/ = v x F for some face F < P.

Let P = conv(pi,...,Pm) be a polytope. Show that a point q is in the
relative interior of P if there are Aq,..., A\, > 0 such that

q=Mp1+- -+ AnPm and A+ + Ay = 1.

When is this an if and only if condition?
Prove that, if C = cone(sy,S2, ..., Sy, ) (written in an irredundant form),
then

Cc° = {)\151 4+ A2So+ -+ AnSm f AL A, A > 0}.

Let vert(Qq) = {uj,usg,...,uy} and vert(Qq2) = {vi,va,...,v,}, and
consider a point s+t € Q1+Q2. Then there are coefficients Aq, ..., Ay, >
0 and g, ..., 1y > 0 such that 5, A; = >, pj =1 and

s+t = Z/\iui + Z,ujvj.
i=1 j=1
Now set ai; = A; u; > 0 for (4, j) € [m] x [n]. Prove that
s+t = Z aij(ui+vj).
(i,3)€lm]x[n]
Recall that two affine subspaces L, L’ C R? are skew if L and L are not
parallel (equivalently, dimL + L’ = dimL + dimL’) and LNL = &. Let

Q, Q' € R? such that aff(Q) and aff(Q’) are skew. We define the join
as

QxQ = conv(QUQ).
Show that
2(QxQ) = 2(Q) x2(Q),
where the latter is the direct product of face posets; see Exercise 2.6.
Deduce that

[QxQ) = > f(Q AQ).
ki>-1
k+l=i—1

O Verify Proposition 3.3.11: (®([-1,1]9)\ {@},C) = ({-,0,+}¢,=).
0 Let Q ¢ R%, Q' C R be two polyhedra.

(a) Show that Q x Q" is a polyhedron.
(b) Show that

e(QxQ)\ {2} = (2(Q)\{2}) x (2(Q)\{a}).
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3.47

3.48

3.49

3.50

3.51

3.52

(¢) Deduce that
HQxQ) = D> Q) AQ).

k>0
k-Hi=i

Let Q,Q C R? be polyhedra such that Q° N (Q")° = {p} for some
p € R4 We define the direct sum or free sum
Qe Q = conv(QUQ).

(a) Show that Q & Q' is a polyhedron.
(b) Show that

Qe Q)\{QeQ} = (2(Q)\{Q}) x (2(Q)\{Q'}).
(¢) Show that the convex hull of

Q x {0} x {-1}uU{0} x Q" x {+1}
is a join in the sense of Exercise 3.44. Can you find a relation
between Q * Q’, Q x Q/, and Q & Q'?

Let Q = {x: Ax < b} be a nonempty polyhedron and let H = {x :
(w,x) = d} be a supporting hyperplane with face F. We define the
wedge of Q at F as the polyhedron

wedge(Q,F) = {(x,t) : Ax<b, 0<t<d—(w,x)}.

Show that this is a combinatorial construction and determine the face
lattice of wedge(Q, F).

O Show that the unit disc {(z,y) € R? : #2+y? < 1} is not a polyconvex
set.

O Let F be a nonempty face of the polyhedron
Q = {x eR? : (a;,x) <b; forie [k]}

and let G be a face of Q that contains F. There is a subset I C [k] of
indices such that

F={xeQ: (aj,x)=0bforiel}.
Show that there exists an inclusion-maximal subset J C I such that
G ={xeQ: (aj,x)=0b;forie J}.

Suppose V is the set of vertices of the polytope P, and F is a face of P.
Prove that F is the convex hull of V NF.

O Let H be an arrangement of hyperplanes in R? and PC(#) the
collection of H-polyconvex sets.
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3.53

3.54

3.55

3.56

(a) Let G be some fixed Abelian group. Let ¢ be a map that assigns
any nonempty relatively polyhedron H, a value ¢(H,) € G. For
S € PC(H) define

P(S) = &(Hp1) + d(Hp2) + -+ + ¢(Hyx)

through (3.4.4). Show that ¢ : PC(H) — G is a valuation on PC(H).
(b) Conclude that the function x(#,-) : PC(H) — Z is a valuation.

O Prove Proposition 3.4.7: Let P be a nonempty polytope with 0 € P°.
For every proper face F < P, the set Co(F) is a relatively open polyhedral
cone of dimension dim F + 1. Furthermore,

Co(P) = aff(P) = 4] Co(F).
F<P

O Prove Corollary 3.4.8: If Q is a polyhedron with lineality space
L = lineal(Q), then

X(Q = (=1)mEx(@Q/L).

O Verify our assertions about faces in the proof of Proposition 3.4.9,
namely, that each k-face F of C gives rise to a k-face of C and, if F is
unbounded, a (k — 1)-face of Co, and that these are all the faces of C
and C.

Let Q € R be a pointed polyhedron of dimension d. Let v be a vertex
of Qand H = {x € R? : (a,x) = §} a hyperplane such that Q C HS
and {v} = QN H. For ¢ > 0, define H. = {x ¢ R% : (a,x) =6 —¢}.
(a) For every sufficiently small € > 0, show that the polytope

P(H,v) := QNH.

has the following property: There is a bijection between the k-
faces of P(H,v) and the (k + 1)-faces of Q containing v, for all
k=-1,....d—1.

This shows that the face lattice ®(P(H, v)) is isomorphic to the interval

[v,Q] in ®(Q) and, in particular, independent of the choice of H. We

call any such polytope P(H, v) the vertex figure of Q at v and denote

it by Q/v.

(b) Use Exercise 3.7 to prove that P(H, v) and P(H’, v) are projectively
isomorphic for any two supporting hyperplanes H,H’ for v. (This
justifies calling Q/v the vertex figure of Q at v.)

(c) Show that ®(Q/v) is isomorphic to the interval [v, Q] in ®(Q).

3.57 Continuing Exercise 3.56, we call a polytope P a face figure of Q at

the face G if ®(P) is isomorphic to the interval [G, Q] in ®(Q). We
denote any such polytope by Q/G.
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3.58

3.59

3.60
3.61

3.62

3.63

3.64

3.65

3.66

3.67

(a) Verify that the following inductive construction yields a face figure:
If dimG = 0, then Q/G is the vertex figure of Exercise 3.56. If
dim G > 0, pick a face F < G of dimension dimG — 1. Then Q/F
exists and, in particular, there is a vertex vg of Q/F corresponding
to G. We define the face figure Q/G as the vertex figure (Q/F)/ve.

(b) As an application of face figures, show that the Mdbius function of
a polyhedron is given by ue(F, G) = x((G/F)°).

o Let Q CR? be a polyhedron and F < Q a face. Show that
hom (T (Q)) = Thomr) (hom(Q)

O Show (3.5.6): if P is simplicial, then

d
AZ@(p)(n) = 14+ Z ndim(F)—i—l _ ka—l nk.
k=0

I<F=<P

O Show that Y (R) = 1.

Real-valued valuations ¢ : PC; — R on R form a vector space Val
and valuations that satisfy the properties of Theorem 3.4.1 constitute a
vector subspace U C Val. For the real line, what is the dimension of U?

O Prove that p € R? is beyond the face F of a given polyhedron if and
only if all points in F are visible from p.

Let P C R? be a full-dimensional polytope. Show that for every p € R¢,
there is at least one facet F such that p is beneath F.

O Prove that L£(H) is a meet semilattice, that is, any two elements in
L(H) have a meet. Furthermore, show that £(#) is a lattice if and
only if H is central.

Let H = {z; =0 : 1 < j <d}, the d-dimensional Boolean arrange-
ment consisting of the coordinate hyperplanes in R?. (Figure 3.21
shows an example.) Show that r(H) = 2¢.

Let H = {z; =2 : 1 <j <k <d}, the d-dimensional real braid
arrangement. Show that r(H) = d!.

Let # be an arrangement in R? consisting of k& hyperplanes in general
position, i.e., each j-dimensional flat of H is the intersection of exactly

d—j hyperplanes, and any d— j hyperplanes intersect in a j-dimensional
flat. (One example is pictured in Figure 3.25.) Then

= () )+ )

What can you say about b(H)?
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Figure 3.25. An arrangement of four lines in general position and its
intersection poset.

3.68 Let M be an arrangement in R? consisting of k hyperplanes. Show that

r(H) < <§)+<df1>++<lf>+<§>

that is: the number of regions of H is bounded by the number of regions
created by k hyperplanes in R? in general position.

3.69 Let P C R? be a full-dimensional polytope, v € Rd\ P, and Fy,...,F,
the facets of P.
(a) Assuming that F; = PN {x : (a;,x) = b;} and (a;, p) < b; for all
p € P, show that v is beyond F; if and only if (a;,v) > b;.
(b) Show that v is beyond a face F of P if and only if v is beyond some
facet F; containing F.

3.70 Give an elementary proof for the Brianchon—-Gram relation (Theo-
rem 3.7.1) for simplices.



Chapter 4

Rational Generating
Functions

The mathematical phenomenon always develops out of simple arithmetic, so useful in
everyday life, out of numbers, those weapons of the gods: the gods are there, behind
the wall, at play with numbers.

Le Corbusier

We now return to a theme started in Chapter 1: counting functions that
are polynomials. Before we can ask about possible interpretations of these
counting functions at negative integers—the theme of this book—, we need
structural results such as Proposition 1.1.1, which says that the chromatic
polynomial is indeed a polynomial. We hope that we conveyed the message
in Chapter 1 that such a structural result can be quite nontrivial for a given
counting function. Another example is given by the zeta polynomials of
Section 2.3—their definition Zyj(n) := ¢2(0,1) certainly does not hint at the
fact that Z(n) is indeed a polynomial. One of our goals in this chapter is
to develop machinery that allows us to detect and study polynomials. We
will do so alongside introducing several families of counting functions and,
naturally, we will discover a number of combinatorial reciprocity theorems
along the way.

4.1. Matrix Powers and the Calculus of Polynomials

To warm up, we generalize in some sense the zeta polynomials from Section 2.3.
A matrix A € C™9 is unipotent if A = I+ B, where I is the d x d identity
matrix and there exists a positive integer k such that B = 0 (that is,
B is nilpotent). The zeta functions from Chapter 2 are our motivating
examples of unipotent matrices. We recall that, thinking of the zeta function

105
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of a poset II as a matrix, the entry (p (6, i) was crucial in Chapter 2—the
analogous entry in powers of (11 gave rise to the zeta polynomial (emphasis
on polynomial!)

Zn(n) = ¢ (0,1).

We obtain a polynomial the same way from any unipotent matrix.

Proposition 4.1.1. Let A € C™4 be a unipotent matriz, fix indices i, j € [d],
and consider the sequence f(n) := (A™);; formed by the (i,j)-entries of the
n-th powers of A. Then f(n) agrees with a polynomial in n.

Proof. We essentially repeat the argument behind (2.1.3) which gave rise
to Proposition 2.1.5. Suppose A = I+ B, where B*¥ = 0. Then

fn) = (@4 B)Y), = mz:(;;) (B™); = :;(;) B");.

which is a polynomial in n. Here the second equality is the binomial theorem:;
see Exercise 2.1. O

At the heart of the above proof is the fact that (;fl) is a polynomial in
n, and in fact, viewing this binomial coefficient as a polynomial in the “top
variable” lies at the core of much of the enumerative side of combinatorics,
starting with (0.0.1)—the very first sample counting function in this book.
Our proof also hints at the fact that the binomial coefficients (:@) form a
basis for the space of polynomials. Much of what we will do in this chapter
can be viewed as switching bases in one way or another. Here are the key

players:

(M)-basis:  {z™ : 0 <m <d},

(7)-basis: {xm(l —z)™m . 0<m< d} ,

(A)-basis: {(;) 0<m< d} ,

(h*)-basis:  {(*™) : 0<m <d}.
The (A)-basis is intimately related (via (4.1.3) below) to the A-operator
which we will introduce momentarily. Our terminology for the (M)-basis
simply stands for monomials; that of the (v)- and (h*)-bases are standard

in the combinatorics literature. The latter will play a prominent role in
Section 5.5.

Proposition 4.1.2. The sets (M), (v), (A), and (h*) are bases for the
vector space Clz|<q = {f € Clz] : deg(f) < d}.
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Proof. The set (M) is the canonical basis of C[z]<q. An explicit change
of basis from (A) to (M) is given in (1.3.1) and (4.1.2) below. For (v), we
observe that

d
1= (z+01—-x) = Z(C?)xi(l—x)di (4.1.1)

. 1
=0

gives an explicit linear combination of 2°. You will pursue this idea further in
Exercise 4.2. Finally, for (h*), it is sufficient to show that its d+1 polynomials
are linearly independent; see Exercise 4.2. ([

Looking back once more to Chapter 1, a geometric passage from (h*) to
(A) is implicit in (1.4.4). This will be much clearer after Section 4.6.

Our proof of Proposition 4.1.1 is even closer to the principal structures
of polynomials than one might think. To this end, we consider three linear
operators on the vector space {(f(n))n>0} of all complex-valued sequences:

(If)(n) := f(n) (identity operator),
(Af)(n) = f(n+1)— f(n) (difference operator),
(Sf)(n) == f(n+1) (shift operator).

They are naturally related through S = I + A. Aficionados of calculus will
anticipate the following result; we would like to emphasize the analogy of its
proof with that of Proposition 4.1.1.

Proposition 4.1.3. A sequence f(n) is given by a polynomial of degree < d
if and only if (A™f)(0) =0 for all m > d.

Proof. We start by noting that f(n) = (S™f)(0). If (A™f)(0) = 0 for all
m > d, then

fln) = ((I+4)"f)(0)
d

= > (Mo = X (1)@,

m=0 m=0

(4.1.2)

a polynomial of degree < d.
Conversely, if f(n) is a polynomial of degree < d, then we can express it in
terms of the (A)-basis, i.e., f(n) = anzo Qm (Z) for some oy, a1, ...,aq € C.

Now, observe that
n n
A = 4.1.3

and hence Af = anzl Qm (m’il) is a polynomial of degree < d—1. Induction
shows that A™f =0 for m > d. O
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The numbers (A™f)(0) play a central role in the above proof, namely,
they are the coefficients of the polynomial f(n) when expressed in terms of
the (A)-basis. They will appear time and again in this section, and thus we
define

d
f00 = (A"f)©0),  whence  f(n) = Y ™ (”) . (4.1.4)
m=0 m
We make one more observation, namely, that f(n) has degree d if and only
if £(@ £ 0.

We now introduce the main tool of this chapter, the generating func-

tion of the sequence f(n): the formal power series

F(z) := Zf(n)z”
n>0

The set C[z] of all such series is a vector space with the natural addition
and scalar multiplication

Do) +ed gn)" =) (f(n) +cg(n) 2",
n20 n>0 n>0

where ¢ € C. Moreover, formal power series constitute a commutative ring
with 1 under the multiplication

(Zr) (Zom=] = T 32 ss0)
n>0 n>0 n>0 \k+l=n

and Exercise 4.3 says which formal power series have multiplicative inverses.
Borrowing a leaf from calculus, we can also define the derivative

diz Z f(n)z" = an(n) 2" (4.1.5)
n>0 n>1
and Exercise 4.4 invites you to check that the usual differentiation rules hold
in this setting.

Most of our use of generating functions is intuitively sensible but with
the above definitions also on a solid algebraic foundation. For example, our
favorite counting function comes with a generating function that is (or rather,
should be) known to any calculus student: for f(n) = (), we compute

F(z) = Z(TZ),Z” = %ZmZn(n—l)...(n_m_Fl)zn—m

n>0 n>m
1 . (d\" 1 PAL
ml <dz> 1—2 (1 — z)m+t ( )
A generating function, such as the above example, that can be expressed as a

proper rational function (i.e., the quotient % of two polynomials where the
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degree of p(z) is smaller than that of ¢(z)) is rational. Note that a proper
rational function 2% represents a power series if and only if ¢(0) # 0, by
Exercise 4.3.

Thanks to (4.1.4), the sample generating function (4.1.6) gives us a way
to compute the generating function for every polynomial f(n): with the

notation of (4.1.4), we obtain
d

Fiz) = S fmye = S S (7’;) o
n>0 m=0 n>0
d m
_ n;)f(m) - _zz)m+1 (4.1.7)
d_ (m)zml_zd—m
_ Zm—of( : Z)Em ) (4.1.8)

The (equivalent) expressions (4.1.7) and (4.1.8) representing the rational
generating function of the polynomial f(n) allow us to develop several simple
but powerful properties of polynomials and their generating functions.

Proposition 4.1.4. A sequence f(n) is given by a polynomial of degree < d
if and only if

n h(z)
> f)2" = A= )it

n>0
for some polynomial h(z) of degree < d. Furthermore, f(n) has degree d if
and only if h(1) # 0.

Proof. The first part of the proposition follows from (4.1.8) and by writing
f(n) in terms of the (A)-basis and h(z) in terms of the (y)-basis.

The second part follows from (4.1.4) which illustrates that f(n) has
degree d if and only if (¥ £ 0. This, in turn, holds (by (4.1.8)) if and only
if B(1) # 0. O

Proposition 4.1.4 can be rephrased in terms of recursions for the sequence
(f(n)),;>0: given a polynomial f(n), we can rewrite the rational generating
function identity given in Proposition 4.1.4 as

d+1
hz) = (-2 fm) 2 = Zﬂn)Z(d * 1)<-1>j i

n>0 n>0 §=0 J

Since h(z) has degree < d, the coefficients of 2" for n > d on the right-hand
side must be zero, that is,

d+1
S (") evirm-g = o (4.19)

=0~/
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for all n > d + 1.
Reflecting some more on (4.1.9) naturally leads one to see the full strength
of rational generating functions: a sequence (f(n)),>o satisfies a linear

recurrence if for some cy,...,cq € C with ¢g,cq # 0
cofin+d)+c1f(n+d—1)+---+cqf(n) = 0 (4.1.10)

for all n > 0. Thus, the sequence (f(n))n>o is fully described by the coefhi-

cients of the linear recurrence cy, . . ., ¢q and the starting values f(0),..., f(d).

Proposition 4.1.5. Let (f(n))n>0 be a sequence of numbers. Then (f(n))n>0
satisfies a linear recurrence of the form (4.1.10) (with co,cq # 0) if and only

if

) = Y =

"0 dqcy 1291+ + ¢
for some polynomial p(z) with deg(p) < d.

The reasoning that led to (4.1.9) also yields Proposition 4.1.5; see Exer-
cises 4.6 and 4.7.

Here is an example. The first recursion any student sees is likely that for
the Fibonacci numbers defined through

f(0):=0,
f() =f(2) =1,
f(n):=fn—1)+ f(n—2) for n>3.

Proposition 4.1.5 says that the generating function for the Fibonacci numbers
is rational with denominator 1 — z — 22. The starting data give

n z
2 fm" = gy

n>0

Exercise 4.8 shows how we can concretely compute formulas from this rational
generating function, but its use is not limited to that—in the next section
we will illustrate how one can derive interesting identities from generating
functions.

Coming back to our setup of f(n) being a polynomial of degree d, we
claim that (4.1.9) has to hold also for n < 0. Indeed, f(—n) is, of course, a
polynomial in n of degree d and so comes with a rational generating function.
Towards computing it, we start by plugging negative arguments into (4.1.4):

d

f(-n) = fjf<m><‘ﬂj) = > ey ("N
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by our very first combinatorial reciprocity instance (0.0.2). We define the
accompanying generating function as

=) f(-n)2" (4.1.12)

n>1

(There are several good reasons for starting this series only at n = 1, as we
will see shortly.) Note that F'°(z) is rational, by Proposition 4.1.4. Here is a
blueprint for a formal reciprocity on the level of rational generating functions:
by (4.1.11),

Fo(z) = Zif(m)(_l)m<n+:—1> n

n>1m=0
d
m=0 n>1 m
d l)m
= Z{)ﬂm)(_um(l_m = Z T Zl)m-&-l
= _F(%)7

where the third equation follows from Exercise 4.5. This is a formal rather
than a true combinatorial reciprocity, as the calculation does not tell us if
we can think of f(—n) as a genuine counting function.

If (f(n))n>0 is a sequence satisfying a linear recurrence of the form (4.1.10),
then we can let the recurrence run backwards: for example, since we assume
that cq # 0, the value of f(—1) is determined by f(0),..., f(d — 1) by way
of (4.1.10). The sequence f°(n) := f(—n) satisfies the linear recurrence

caf°ln+d)+cg1f°(n+d—1)+---4+cof°(n) = 0. (4.1.13)
For example, for the Fibonacci numbers, this gives

n |1 23 45 6 7 8
n)1 -1 2 -3 5 =8 13 —21

The corresponding rational generating function is
z
F°(z) = ——.
(2) 142z — 22
In terms of general rational generating functions, this formal reciprocity
reads as follows.

Theorem 4.1.6. Let F'(2) =, - f(n) 2" be a rational generating function.
Then F°(z), defined in (4.1.12), is also rational. The two rational functions
are related as

F°(z) = —F(3).
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Proof. Assume that

p(2)

F(z) =
(2) caz?+ cg12¥ 1+ + ¢

)

where cg, cq # 0 and p(z) is a polynomial of degree < d. It follows that

24p(d)

(Y = —
() coz% + 120 ey

also a rational generating function. The coefficients of —F(%) satisfy the
linear recurrence (4.1.13). To prove Theorem 4.1.6, we thus have to only
verify that the starting data of f°(n) is encoded in the numerator of —F(1),
that is,

(cozd +ezt 4 cd) F°(z) = —zdp(%) .
This is left to Exercise 4.9. |

The assumption that F(z) is a rational generating function is essential—

see Exercise 4.11. On the other hand, we can tweak things, up to a point,

when F(z) evaluates to an improper rational function, i.e., F(z) = Zgzg,

where deg(p) > deg(q). In this case, we can use long division to write F'(z)
as a sum of a polynomial and a proper rational function. We give a sample
result, paralleling Proposition 4.1.4, and invite you to check the details in
Exercise 4.12.

Corollary 4.1.7. A sequence f(n) is eventually polynomial' of degree < d
if and only if
n h(z)
> fn)" = 9(2)+W
n>0
for some polynomials g(z) and h(z) with deg(h) < d. Furthermore, f(n) has
degree d if and only if h(1) # 0.

We finish this section with a reciprocity theorem, analogous to (and
directly following from) Theorem 4.1.6, for improper rational generating
functions. We will see it in action in Sections 4.9 and 5.6, where g(z) will be
a constant.

Corollary 4.1.8. Let

F) = 3 £0) " = 9(:) + o

n>0

La sequence f(n) is eventually polynomial if there exist k € Z>o and a polynomial p(n)
such that f(n) = p(n) for n > k.
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be an improper rational generating function, for some polynomials g(z) =
gr2® 1287V 4+ 4 go and h(z) with g, # 0 and deg(h) < d. Let

_ {f(n)—gn ifn <k,
/()

J(n) ifn >k,

n
so that F(z) := > n>0 f(n)z" = %. Then

F(2) = 9()-F().
4.2. Compositions

A nifty interpretation of (Z) goes as follows: since

)

k
we can set ag := 0, ag41 := n+1 and define b; := a; —aj_q for 1 < j < k+1,
which gives

n
<k> = [{orbe b)) €ZE bbbt b =1}

<n> = H(al,ag,...,ak)GZk : O<a1<a2<-~<ak<n+1}

We call a vector (b1, ba, ..., bky1) € Z];El such that by +ba+---+bgr1 =n+1
a composition of n + 1; the by, bo, ..., b1 are called the parts of the
composition. So (Z) equals the number of compositions of n + 1 with
k + 1 parts. This interpretation also gives an alternative reasoning for the

generating function of (Z) given in (4.1.6). Namely,”

Z (Z) q" = Z #(compositions of n + 1 with k£ + 1 parts) ¢"
n>0 n>0

1
== Z #(compositions of n 4 1 with k + 1 parts) ¢"**
n>0

1
— = Z qb1+b2+"'+bk+1 (4'2‘1)

q b1,b2,...,bg 121

_ 1 qu quz Z -
q

b1>1 ba>1 bry12>1

k
1 g NP
g\1—g¢ (1—q)ktt”

This computation might be an overkill for the binomial coefficient, but
it hints at the powerful machinery that generating functions provide. We
give another sample of this machinery next.

2 You might wonder about our switching to the variable g starting with this generating
function. The reason will be given in Section 4.7.
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Proposition 4.2.1. Given a set A C Z~, let ca(n) denote the number of
compositions of n with parts in A. Then its generating function is

1
Catg) o= 14 L eat) = o
n>1 me

Note that the last expression is not a rational generating function, unless
A is finite. It is the multiplicative inverse of the formal power series 1 —
Y mea @™, which exists by Exercise 4.3.

Proof. Essentially by repeating the argument in (4.2.1), the generating func-
tion for all compositions with exactly j parts (all in A) equals (Zme A qm)] .

Thus A
@@=1+Z<Zfﬁ=145Aw' -

j>1 \meA

We show two pieces of art from the exhibition provided by Proposi-
tion 4.2.1. First, suppose A consists of all odd positive integers. Then

1 1 1—¢? q
1 moT -y O
— 2 m>10dd 4 T 1gZ —4q4—4q —q4—4q
—smell familiar? Now let A consist of all integers > 2. Then
1 1 1-— 2
m = 2 = 1 2 = 1 + 4 *2 .
L= >4 1- £ l-q—q 1-q—q

What these two generating functions prove, in two simple lines, is the
following.

Theorem 4.2.2. The number of compositions of n using only odd parts and
the number of compositions of n — 1 using only parts > 2 are both given by
the n-th Fibonacci number.

4.3. Plane Partitions

Our next counting function concerns the simplest case of a plane partition;
namely, we will count all ways of writing n = a1 + as + a3 + a4 such that the
integers a1, as, as, as > 0 satisfy the inequalities®

ar =2 a

Y Y (4.3.1)
as >  a4.

3 If we relax our definition of composition just a tad by allowing parts that are 0, plane
partitions of n are special cases of compositions of n.



4.3. Plane Partitions 115

(For a general plane partition, this array of inequalities can form a rectangle
of any size.) Let pl(n) denote the number of plane partitions of n of the
form (4.3.1). We will compute its generating function

— Zpl(n) " = an1+az+¢13+a47

n>0

where the last sum is over all integers ai, as,as,aqs > 0 satisfying (4.3.1),
from first principles, using geometric series:

Pl(g) = Y g™ > a® Y 4= > "

as>0 az>aq a2>a4 a1>max(a2,a3)
qmax(ag,ag)
SPIID D o e
as>0 as>ay ag>ay
az—1
SE=P LD o (2D W o e
a4>0 az>aq a2=a4 az>as
qa4 o qag q2a3
— as as [ a3
Ly Y e (e
a4>0 asz>aq
_ 1 Z < q4a4 B q4a4 N q4a4 >
l—g s \(1-91l-¢) (1-90-¢) (1-¢*)(1-¢)
s Y
= q
T—al-P0-0 2,
B 1+ q2
(1-q¢)(1—-¢*)(1—-¢*)(1—-q")
1

T Q- -21-¢)" (4.3.2)

(If this computation seems lengthy, or even messy, don’t worry: we will
shortly develop theory that will simplify computations tremendously.)

Next we would like to compute an explicit formula for pl(n) from this
generating function. One way—mnamely, through a partial-fraction expan-
sion of Pl(q)—is outlined in Exercise 4.19. A second approach is through
expanding both numerator and denominator of PI(gq) by the same factor to
transform the denominator into a simple form:

O+ +3¢M + 4¢P +7¢2 +9¢" +10¢"° +13¢°
+12¢8 +13¢" +10¢5 +9¢° +7¢* +4¢3 +3¢> +q+1
(1—¢%*

Pl(q) =
(4.3.3)
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The reason for this transformation is that the new denominator yields an
easy power series expansion, by Exercise 4.5:

1 B n+3\ g,
= = 050

This suggests that the resulting plane-partition counting function pl(n) has
a certain periodic character, with period 6. Indeed, we can split up the
rational generating function Pl(q) into six parts as follows:

T¢2+10¢5+1 4¢3 4+13¢"+q¢ 3¢ +12¢¥+3¢°

Pl(q) = (1— ¢6)4 (1—¢b)" (1—gb)*
q15+13q9+4q3 q16+10q10+7q4 9q11+9q5
(=0 O (L
= > ("5 +10("32) + ("57) ¢
n>0
+ Z n+1 + 13(n+2) + (n;—?))) q6n+1
n>0
+ Z n+1 + 12(n+2) + 3(n+3)) q6n+2
n>0
£ (O 1308 a0
n>0
3 ((F) 4 100 4707 4
n>0
+ Z n+2 + 9 n+3)) q6n+5.
n>0

From this data, a quick calculation yields
712n3+1n2+2n+1 if n =0 mod 6,
72n +1n2—|—24n—i—18 if n =1 mod 6,
L2 if n =2mod 6
pl(n) = 72” LR snty  ifn=2mod6, (4.3.4)
7212—1— n+4n+2 if n = 3 mod 6,
ﬁn +én2+§n+§ if n =4 mod 6,
K%7z3+%n2—i-%n—i-1—78 if n =5 mod 6.

The counting function pl(n) is our first instance of a quasipolynomial, that
is, a function p : Z — C of the form

p(n) = ca(n)n® 4+ +eci(n)n+co(n),
where co(n),ci(n), ..., cq(n) are periodic functions in n. In the case p(n) =

pl(n) of our plane-partition counting function, the coefficient c¢g(n) has period
6, the coefficient ¢1(n) has period 2, and c2(n) and c3(n) have period 1, i.e.,
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they are constants. Of course, we can also think of the quasipolynomial pl(n)
as given by the list (4.3.4) of six polynomials, which we run through cyclically
as n increases. We will say more about basic properties of quasipolynomials
in Section 4.5.

We finish our study of plane partitions by observing a simple algebraic
relation for Pl(q), namely,

PI (;) — #PUg). (4.3.5)

This suggests some relation to Theorem 4.1.6. Indeed, this theorem says

1
Pl <> = = pl(-n)q" (4.3.6)
q n>1
But then equating the right-hand sides of (4.3.5) and (4.3.6) yields the
following reciprocity relation for the plane-partition quasipolynomials:

pl(—n) = —pl(n —28). (4.3.7)

This is a combinatorial reciprocity that we are after: up to a shift by 8, the
plane-partition counting function is self-reciprocal. (We have seen another
example of self-reciprocal functions in Theorem 2.3.3.) We can think of this
reciprocity also as follows: if we count the number of plane partitions of n
for which all the inequalities in (4.3.1) are strict and all parts are strictly
positive, then this is exactly the number of quadruples (a1, as, a3, aq) € Zéo
such that -
a+3 > ax+?2
\Y \Y (4.3.8)
az3+2 > ags+1.
But these are just plane partitions with a; + --- + a4 = n — 8, which are
counted on the right-hand side of (4.3.7).
There are many generalizations of pl(n); one is given in Exercise 4.20.

4.4. Restricted Partitions

An (integer) partition of n is a sequence (a3 > ag > -+ > ag > 1) of non-
increasing positive integers such that

n =a+a+- -+ag. (4.4.1)

The numbers ai,as,...,a; are the parts of this partition. For example,
(4,2,1) and (3,2,1,1) are partitions of 7.

Our goal is to enumerate partitions with certain restrictions, which will
allow us to prove a combinatorial reciprocity theorem not unlike that for the
plane-partition counting function pl(n). (The enumeration of unrestricted
partitions is the subject of Exercise 4.27, but it will not yield a reciprocity
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theorem.) Namely, we restrict the parts of a partition to a finite set A :=
{a1 > az > -+ > aq} C Zy, that is, we only allow partitions of the form

(al,...,al,az,...,ag,...,ad,...,ad).

(It is interesting—and related to topics to appear soon—to allow A to be a
multiset; see Exercise 4.24.) The restricted partition function for A is

pa(n) = H(mth,---,md)GZ%O : m1a1+m2a2—|—~-+mdad:n}’.

By now it will not come as a surprise that we will approach the counting
function p4(n) through its generating function

Pa(q) = Y _pa(n)q"
n>0

One advantage of this (and any other) generating function is that it allows
us, in a sense, to manipulate the sequence (pa(n))n>0 algebraically:

PA<q) = Z qm1a1+mza2+-..+mdad

mi,mz,...,mq>0

_ Z g Z g | ... Z g% (4.4,2)

m12>0 mg>0 mg=>0
1
(1—gqu)(1—q2)---(1—qa)’
where the last identity comes from the geometric series. To see how the
generating function of this counting function helps us understand the latter,

we look at the simplest case when A contains only one positive integer a. In
this case

1
Pae) = goa =1+ +¢" +

the generating function for

1 if aln,
p{a}(n) - {

0 otherwise

(as expected from the definition of py,y(n)). Note that the counting function
Pia}(n) is a (simple) instance of a quasipolynomial, namely, p;,y(n) = co(n),
where cy(n) is the periodic function (with period a) that returns 1 if n is a
multiple of a and 0 otherwise.

Next we consider the case when A has two elements. The product
structure of the accompanying generating function

1
(1-¢4)(1—¢"

Prapy(a) =
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means that we can compute

p{a,b}(n) = Zp{a}(s)p{b}(n —s).
s=0

Note that we are summing a quasipolynomial here, and so pqp)(n) is
again a quasipolynomial by the next proposition, whose proof we leave as
Exercise 4.21.

Proposition 4.4.1. If p(n) is a quasipolynomial, so is r(n):=> " ,p(s).
More generally, if f(n) and g(n) are quasipolynomials, so is their convolu-
tion

We invite you to explicitly compute some examples of restricted partition
functions, such as p; 23(n) (Exercise 4.23). Naturally, we can repeatedly
apply Proposition 4.4.1 to deduce:

Corollary 4.4.2. The restricted partition function pa(n) is a quasipolyno-
mial in n.

Since p4(n) is a quasipolynomial, we are free to evaluate it at negative
integers. We define

)

pi‘(n) = H(ml,mg,...,md) EZiO : mlal—f-mgag—i—-‘-—i—mdad:n}

the number of restricted partitions of n such that every a; is used at least
once.

Theorem 4.4.3. If A ={ai,as,...,aq} C Zso, then

pa(-n) = (-D)"'paln—a1 —az — - —aq) = (=1)"'pi(n).
Proof. We first observe that the number of partitions of n in which a; is
used at least once equals p4(n — a;). Thus, setting a := a; + as + - - - + aq,
we see that

pa(n) = pa(n—a),

and this gives the second equality. To prove the first, we use simple algebra
on (4.4.2) to obtain

1 B gortazt-taq o
P (Q> (g —1)(ge2 —1)---(qua —1) (=1)%q"“Pa(q). (4.4.3)

Now we use Theorem 4.1.6, which gives

Py (;) = = pa(-n)q" (4.4.4)

n>1

Equating the right-hand sides of (4.4.3) and (4.4.4) proves the claim. O
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4.5. Quasipolynomials
We have defined a quasipolynomial p(n) as a function Z — C of the form
p(n) = ca(n)n®+---+ci(n)n+co(n), (4.5.1)
where ¢g,c1,...,cq are periodic functions in n. Assuming that c¢g is not
the zero function, the degree of p(n) is d, and the least common pe-
riod of ¢o(n),ci1(n),...,cq(n) is the period of p(n). Alternatively, for a
quasipolynomial p(n), there exist a positive integer k and polynomials
po(n),pi(n),...,pk—1(n) such that

po(n) if n =0 mod k,

p1(n) if n =1 mod k,
pn) = § .

pr—1(n) ifn=k—1mod k.

The minimal such k is the period of p(n), and for this minimal &, the
polynomials pg(n),pi1(n),...,px—1(n) are the constituents of p(n). Of
course, when k£ = 1, we need only one constituent and the coefficient functions
co(n),c1(n),...,cq(n) are constants, and so p(n) is a polynomial. Yet another
perspective on quasipolynomials is explored in Exercise 4.31.

As we have seen in (4.3.3) and (4.4.2), the quasipolynomials arising
from plane partitions and restricted partitions can be encoded into rational
generating functions with a particular denominator.

Proposition 4.5.1. Let p: Z — C be a function with associated generating
function
P(z) = Zp(n) 2"
n>0
Then p(n) is a quasipolynomial of degree < d and period dividing k if and

only if he)
z

(1= ZF)d+l”
where h(z) is a polynomial of degree at most k(d+ 1) — 1.

P(z) =

This generalizes Proposition 4.1.4 from polynomials (i.e., the case k = 1)
to quasipolynomials. Proposition 4.5.1 also explains, in some sense, why we
rewrote the generating function Pl(q) for plane partitions in (4.3.3). Appar-
ently the generating function (4.4.2) for the restricted partition function is
not of this form, but multiplying numerator and denominator by appropriate
terms yields the denominator (1 — 2*)?, where k = lem(ay, as, ..., aq). For
example,

P B 1 14+ 4842454
23 (=) = (1—22)1—-2%) (1—26)2 '




4.5. Quasipolynomials 121

For a general recipe to convert (4.4.2) into a form fitting Proposition 4.5.1, we
refer to Exercise 4.32. In particular, the presentation of P(z) in Proposition
4.5.1 is typically not reduced, and by getting rid of common factors it can

be seen that hgzg gives rise to a quasipolynomial if and only if each zero v of

g(2) satisfies v¥ = 1 for some k € Z~q. The benefit of Proposition 4.5.1 is
that it gives a pretty effective way of showing that a function ¢ : Z — C is a
quasipolynomial.

Proof of Proposition 4.5.1. Suppose p(n) is a quasipolynomial of degree
< d and period dividing k, so there are polynomials po(n), p1(n),...,pr—1(n)
of degree < d such that

po(n) if n =0 mod k,

p1(n) if n =1 mod k,
p(n) = ¢ .

pr—1(n) ifn=k—1mod k.
Thus

k—1
Zp (ak + b) 29kt = Z Zpb (ak+b)z

a>0 b=0 b=0 a>0

and since py(ak + b) is a polynomial in a of degree < d, we can use Proposi-
tion 4.1.4 to conclude that

k—1

hy(2%)
_ b b
)= = (1= 2F)d+1

b=0
for some polynomials hy(z) of degree < d. Since Zb 0 L 2Phy(2%) is a poly-
nomial of degree < k(d + 1) — 1, this proves the forward implication of
Proposition 4.5.1.

h(z)

For the converse implication, suppose P(z) = (==Lt where h(z) is a

polynomial of degree < k(d + 1) — 1, say

k(d+1)—1 d k-1
h(z) = Z o a— Zank+bz“k+b.
m=0 a=0 b=0
Then
d+ J i — d+] k(j+a)+b
P(z) = h(z)) T =33 carrs z"
J 720 b=0 a=0

i>0
—1

: k-1
d+j—a ; , ;
= Cak+b< 2 )zk”b = Y pu(kj+b) 2

j20 b=0 a= j>0 b=0
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where py(kj +b) = Zgzo Cak+b (d+fl*a), a polynomial in j of degree < d. In
other words, P(z) is the generating function of the quasipolynomial with
constituents pg(n), p1(n),...,pp—1(n). O

4.6. Integer-point Transforms and Lattice Simplices

It is time to return to geometry. The theme of this chapter has been
generating functions that we constructed from some (counting) function,
with the hope of obtaining more information about this function. Now we
will start with a generating function and try to interpret it geometrically as
an object in its own right.

Our setting is that of Section 1.4 but in general dimensions: we consider
a lattice polytope P € R% and its Ehrhart function

ehrp(n) = ‘anZd’ - ’Pm%Zd; (4.6.1)

that is, ehrp(n) counts the lattice points as we dilate P or, equivalently,
shrink the integer lattice Z¢. We call the accompanying generating function

Ehrp(z) = 1+ Z ehrp(n) 2" (4.6.2)

n>1

the Ehrhart series of P. Our promised geometric interpretation of this
generating function uses a technique from Chapter 3; namely, we consider
the homogenization of P, defined in (3.1.9):

hom(P) = {(p,t) eRM! . 1>0 pe tP}
= cone{(v,1) : v € vert(P)}.

One advantage of hom(P) is that we can see a copy of the dilate nP as the
intersection of hom(P) with the hyperplane ¢t = z41 = n, as illustrated in
Figure 4.1; we will say that points on this hyperplane are at height n and
that the integer points in hom(P) are graded by the last coordinate. In
other words, the Ehrhart series of P can be computed through

Ehrp(z) = Z # (lattice points in hom(P) at height n) z" (4.6.3)

n>0
(and this also explains our convention of starting Ehrp(z) with constant
term 1). This motivates the study of the arithmetic of a set S C R4*! by

computing a multivariate generating function, namely, its integer-point
transform

US(Zla"'vzd+1) = Z Zma

meSNZa+!
. m . .
where we abbreviated 2™ := 2" 25" - - - 2,/ ""; we will often write o5(z) to

shorten the notation involving the variables. In the language of integer-point
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Figure 4.1. Recovering dilates of P in hom(P).

transforms, (4.6.3) can be rewritten as
Ehrp(2) = opom(p)(L,---,1,2). (4.6.4)

An integer-point transform is typically not a formal power series but
a formal Laurent series ) cza11 cm 2™ € Cl=, ... ,zj_:l]]. If we want to
multiply formal Laurent series (which we do), we have to be a little careful for
which sets S we want to consider integer-point transforms; see Exercise 4.34.
In particular, we are safe if we work with convex, line free sets such as
hom(P).

We illustrate the above train of thoughts with the down-to-earth example
from Section 1.4, the lattice triangle

A = {(afl,xg)ER2:0§1‘1§a}2§1}.

Its vertices are (0,0), (0,1), and (1,1), and so
0 0 1

The three generators of hom(A)—call them vq, vo, v3—form a lattice basis
of Z3, i.e., every point in Z? can be uniquely expressed as an integral linear
combination of vi,va,v3 (see Exercise 4.33). In particular, every lattice
point in hom(A) can be uniquely written as a nonnegative integral linear
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combination of vi,ve,v3. Hence

= m. _ kivitkovetk
Uhom(A)(Z) = Z zZ = Z zFk1vithkavatkavs

mehom(A)ﬁZ3 k1,k2,k3>0
- ! (4.6.6)
(I —2zv1)(1—2zv2) (1 —2zv3)
B 1
(1 —23) (1 — 2223) (1 — 212223)
With (4.6.4),
1 n+2\ ,
Ehra(z) = Uhom(A)(lv Lz) = (1_72)3 = Z < 9 ) z (4.6.7)

n>0

and thus we recover the Ehrhart polynomial of A which we computed in
Section 1.4.

Our computation of oyom(a)(2) in (4.6.6) is somewhat misleading when
thinking about the integer-point transform of the homogenization of a general
lattice simplex, because the cone hom(A) is unimodular: it is generated
by a lattice basis of Z3.

We now change our example slightly and consider the lattice triangle
P := conv {(0,0), (0,1),(2,1)}; note that

hom(P) = Ro (§) + R0 (1) +Reo (1) (4.6.8)

is not unimodular. We can still implement the basic idea behind our compu-
tation of oy, A)(z), but we have to take into account some extra data. We
write w1, wa, w3 for the generators of hom(P) given in (4.6.8). We observe
that the lattice point q = (1,1, 1) is contained in hom(P) but is not an integer
linear combination of the generators; see Figure 4.2 (mind you, the generators
are linearly independent). Hence, we will miss z9 if we exercise (4.6.6) with
P instead of A. Stronger yet, the linear independence of wi, wa, w3 yields
that none of the points

q+ k1w + kows + kswsg for ki, ko, kg € YA

can be expressed as a nonnegative integer linear combination of wy, wo, ws.
A little bit of thought (see Exercise 4.38 for more) brings the following insight:
we define the half-open parallelepiped

o= (D)2 (1) +x (1) 0 amn <1}y

then for each p € hom(P)NZ3 there are unique k1, ko, k3 € Z>pandr € onz3
such that
p = k1w + kawo + kgw3 +r.

Figure 4.2 illustrates a geometric reason behind our claim, namely, we can
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€3

N

,i

W3

2

i)

x1

Figure 4.2. Tiling hom(P) with translates of its fundamental parallelepiped.

tile the cone hom(P) with translates of 0. In our specific case you can check
(Exercise 4.37) that

onz® = {0,q}.

Thus, we compute

Ohom(P) (z) = Z gF1withkawatksws + Z ZATk1wWit+kowa+ksws
k1,k2,k3>0 k1,k2,k3>0
_ 1 zd
Tz (l—2")  (I—2") (1 —2%) (1 —2z")
1+ 212023

(1 —23) (1 — 2223) (1 — 232023)
This implies, again with (4.6.4),
142z
(1—2)3"

Note that the form of this rational generating function, as that of (4.6.7),
ensures that ehrp(n) is a polynomial, by Proposition 4.1.4. Of course, this
merely confirms Theorem 1.4.1.

Ehrp(z) = opomp)(1,1,2) =

We can interpret the coefficients of the numerator polynomial of Ehrp(z):
the constant is 1 (stemming from the origin of hom(P)), and the remaining
term in the example above comes from the fact that the fundamental par-
allelepiped of hom(P) contains precisely one integer point at height 1 and
none of larger height. Exercise 4.42 gives a few general interpretations of the
Ehrhart series coefficients.

The general case of the integer-point transform of a simplicial cone is not
much more complicated than our computations in this section; we will treat
it in Theorem 4.8.1 below. One of its consequences will be the following
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result, which gives a simplicial version of Theorem 1.4.1 in all dimensions.
We recall that A° denotes the relative interior of A.

Theorem 4.6.1. Suppose A\ C R? is a lattice simplex.

(a) For positive integers n, the counting function ehra(n) agrees with a
polynomial in n of degree dim(A) whose constant term equals 1.
(b) When this polynomial is evaluated at negative integers, we obtain

(_1)d1m(A) ehrA(_n) — ‘nAO m Zd‘ .
In other words, the Ehrhart polynomials of A and A° are related as
(—1)dim(A) ehra(—n) = ehrpo(n). (4.6.9)

This theorem holds for every lattice polytope (not just simplices), as we
will show in Chapter 5. The general version of Theorem 4.6.1(a) is known
as Ehrhart’s theorem and that of Theorem 4.6.1(b) as Ehrhart—Macdonald
reciprocity.

As a first example, we discuss the Ehrhart polynomial of a simplex

A = conv{vg,vi,...,vq} C R?

that is unimodular, i.e., the vectors vi — vg,vy — vg,...,vg — vq form
a Z-basis for Z? (which, by Exercise 4.33, is equivalent to the condition
det (vi — v, ve — vq,...,vg — vg) = £1). The following result, which can
be proved without assuming Theorem 4.6.1, is subject to Exercise 4.35.

Proposition 4.6.2. Let A be the convex hull of the origin and the d unit
vectors in R?. Then ehra(n) = ("Zd), and this polynomial satisfies the
conclusions of Theorem J.6.1. More generally, ehra(n) = ("erd) for every

unimodular simplex /\.

Before proving (a generalization of) Theorem 4.6.1, we will revisit the
partition and composition counting functions that appeared earlier in this
chapter. Again we can use a cone setting to understand these functions
geometrically, but instead of grading integer points by their last coordinate,
i.e., along (0,0,1), we will introduce a grading along a different direction.

4.7. Gradings of Cones and Rational Polytopes

In the last section, when considering the cone C = hom(P), we said that C is
graded by height; this suggests that there are other ways to grade a cone.

Let C € R? be a pointed, rational d-dimensional cone. A grading of C
is a vector a € Z? such that (a,p) > 0 for all p € C\ {0}. (This is where
our demanding C to be pointed is essential.) For a grading a € Z?, we define
the Hilbert function of C as

hg(n) = HmeCﬂZd : <a,m>:n}‘.
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Since C is pointed, it follows that h(n) < oo for all n € Z>1 and thus we
can define the generating function

HC = 1 + Z ha
n>1
the Hilbert series of C with respect to a. One benefit of integer-point

transforms is the following.

Proposition 4.7.1. Let C C R? be a pointed, rational cone and a € Z% q
grading of C. Then

H&(z) = oc(2%,29,...,2%).
Proof. We compute

oc (Zal Zad) — Lormitetaamd Z(a,m)
N E + E
meCNnzd meCNzZ4\{0}

= 1+ h@(n)2". O

n>1
Consider again the cone defined by (4.6.5)
0 0
1
1

7

C = RZO 0 +R20
1

+ R>o 1

In the last section we computed its integer-point transform
1
1-— 23) (1 — 2223) (1 — 2122Z3) ’

UC(Z) = (

and from the grading (0,0, 1) we obtained the Ehrhart series ﬁ of the

triangle A = {(z1,72) € R? : 0 < 21 < x5 < 1}. If we instead grade the
points in C along (1,1,1), we meet another friendly face:*
1

(1-q)(1-¢*)(1—-¢%"
the generating function for the restricted partition function with parts 1, 2,
and 3, as well as (by Exercise 4.29) for the number of partitions into at most
three parts. We remark the obvious, namely, that this generating function
is quite different from the Ehrhart series (4.6.7) of A; yet they both come
from the same cone and the same integer-point transform, specialized along
two different gradings.

Next we address some of the other composition/partition counting func-
tions that appeared earlier in this chapter. The compositions into k + 1

Hél’l’l)(q) = oc(q,4,9) =

4We follow the convention of using the variable ¢ when grading points along (1,1,...,1). This
also explains our mysterious shift from z to ¢ in Section 4.2.
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parts, which—up to a factor of %—We enumerated in (4.2.1), live in the open
(unimodular) cone R?gl which comes with the integer-point transform

21 22 Zk41
1—Z11—ZQ 1—Zk+1’

O'RI;461 (Z) =
. o qk+1 ﬁ
and indeed, GR/;#((], Gy---yq) = gt confirms (4.2.1).

The plane partitions of Section 4.3 are the integer points in the cone

A )

C = XER;OZ Wi WV,
r3 = X4
The computation of its integer-point transform is less trivial, as C is not

simplicial. However, thinking about possible orderings of xo and x3 in the
definition of C gives the inclusion—exclusion formula

UC(Z) = O0Cy>3 (Z) + O0Cs>o (Z) — 0Ca=3 (Z) ) (471)
where
Co>g = {XGRéo D x> a9 > w3 > w4t
C322 = {X S Réo X > X3 > T > .7,'4}, and
C2:3 = {X€R§02x12x2:$32$4}.

Each of these cones is unimodular (and, in fact, can be interpreted as
containing partitions featured in Exercise 4.29), and so

1

0Cs4(2) = (1 — 21202324)(1 — 212223) (1 — 2120)(1 — 21) (472)
_ 1
0C25(2) = (1 — 21202324) (1 — 212223) (1 — 2123)(1 — 21)
1
OCy—3 (Z) -

(1 — 2’1222324)(1 — 2’12’223)(1 — Zl) '
Combining these integer-point transforms according to (4.7.1) gives

1-— 2%2’223
1— 2’1222324)(1 — 2’12’223)(1 — Z12’2)(1 — 2123)(1 — 2’1)

oc(z) = ( (4.7.3)

and 0c(¢, 4,4, 9) = (l—q)(l—;2)2(1—q3) confirms the generating function (4.3.2)
for the plane partitions.

Finally, we interpret the restricted partition function from Section 4.4
geometrically. There are two ways to go about that: first, we can interpret

pa(n) = H(ml,mQ,...,md)eZéo : m1a1+m2a2+---—|—mdad:n}’
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as counting lattice points in the cone R‘éo along the grading (a1, as,...,aq);
this comes with the integer-point transform

1
7® %) = T T ) (1= 2)

which specializes to

1
(1 _qal) (1 — qa2) . (1 — qad) ’
confirming (4.4.2). Possibly the more insightful geometric interpretation of

pa(n) goes back to the viewpoint through Ehrhart series. Namely, restricted
partitions are integer points in the cone

az

O-R‘éo (qdl’q yeeesd

ad) —

d+1
C = {(xl,xg,...,a:d,derl)GRZ'g :m1a1+x2a2+-~-+xdad:xd+1}

and now we are interested in the “Ehrhart grading” along (0,0,...,0,1). In
fact, C is the homogenization of a polytope, but this polytope is not a lattice
polytope anymore: the generators of C can be chosen as

;11 0 0
0 = 0
0 0 :

: ) 9 b 0
0 0 -
1 1 1

Indeed, from the look of the generating function (4.4.2) of p4(n) we should
not expect the Ehrhart series of a lattice polytope, as the denominator of
P4(q) is not simply a power of (1 — gq).

These considerations suggest a variant of Theorem 4.6.1 for rational
polytopes—those with vertices in Q%. We leave its proof as Exercise 4.43
(with which you should wait until understanding our proof of Theorem 4.8.1
below).

Theorem 4.7.2. If A\ is a rational simplex, then for positive integers n, the
counting function ehra(n) is a quasipolynomial in n whose period divides the
least common multiple of the denominators of the vertex coordinates of /\.
When this quasipolynomial is evaluated at negative integers, we obtain

(—1)dm(2) ehrp(—n) = ’nAO mzd‘.
In other words, the Ehrhart quasipolynomials of A\ and A° are related as

(=1)3(2) ehra(—n) = ehrpo(n).
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The different types of grading motivate the study of integer-point trans-
forms as multivariate generating functions. Our next goal is to prove struc-
tural results for them, in the case that the underlying polyhedron is a
simplicial rational cone.

4.8. Stanley Reciprocity for Simplicial Cones

We return once more to the plane partitions of Section 4.3, and again we
think of them as integer points in the 4-dimensional cone

r = I3

C = XER%O: WV, Wi
r3 > X4

In (4.7.1) we computed the integer-point transform of C via inclusion—
exclusion, through the integer-point transforms of three unimodular cones
(two 4-dimensional and one 3-dimensional cone). Now we will play a variation
of the same theme; however, we will use only full-dimensional cones. Namely,
if we let

C223 = {X S Réo T X1 > X9 > X3 > a;4} and

4
C3so = {X6R202x12x3>$22x4},

then Co>3 W C359 = C (recall that this symbol denotes a disjoint union), and
thus

oc(z) = O0Cy>3 (z) + 0C352 (2), (4.8.1)

from which we can compute Pl(q) once more by specializing z = (¢, ¢, q, q).
Thus, compared to (4.7.1) we have fewer terms to compute, but we are
paying a price by having to deal with half-open cones. There is a general
philosophy surfacing here, which we will see in action time and again: it is
quite useful to decompose a polyhedron in different ways (in this case, giving
rise to (4.7.1) and (4.8.1)), each having its own advantages.

We have computed the integer-point transform of Ca>3 already in (4.7.2):

1

(1 — 2122Z3Z4) (1 — Z12223) (1 — 2122) (1 — Zl) .

0Cyss (z) =

The analogous computation for Cs~o has a little twist stemming from the
fact that Csgso is half open: in terms of generators,

Css2 = Ryo + R> +Rso + R>

e
O = =
O = O =
o O O
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The integer-point transform of its closure C3>2 we also computed in (4.7.2),
from which we deduce

Z1%3
(1 — 21222’32’4) (1 — 2’1222’3) (1 — 2’12’3) (1 — 2’1) '

0Csa0(2) = 2123 OCsss (z) =
Putting it all together, we recover with (4.8.1) the integer-point transform
for C which we computed in (4.7.3):

1 — 232923
1-— Z12’22’3Z’4)(1 — Z1Z22’3)(1 — 2122)(1 — 2’123)(1 — Zl) .

oc(z) = (

There are two features that made the “geometric computations” of o¢(z)
through (4.7.1) and (4.8.1) possible: the fact that we could decompose C into
simplicial cones (in the first instance Co>3, C3>2, and Cp—3, in the second
Co>3 and Css2), and the fact that these cones were unimodular. We will
see in Chapter 5 that every pointed cone can be similarly decomposed into
simplicial cones (this is called a triangulation of the cone), and the following
important theorem shows that the integer-point transform of every half-open
simplicial cone (not just a unimodular one) is nice. Even better, it gives our
first reciprocity theorem for a multivariate generating function.

Theorem 4.8.1. Fiz linearly independent vectors vi,Va,...,vy € Z% and
1 <m < k and define the two half-open cones’

C = RygVvi+ - +RsoVim—1+ RogV + -+ + Rsgvy

and
C = Roovi+- - +Roovin—1 +Roovim + - + Rxovg .
Then o¢(z) and og(z) are rational generating functions in 21, 22, . . ., zq which
are related via
1y _ k
oz (2) = (-1)"o¢(2), (4.8.2)

1 1 1)'

1._ (1 1 1
where - .—(ZI,Z2,...,Zd

This is the simplicial version of Stanley reciprocity, the general case of
which we will prove in Theorem 5.4.2. We remark that (4.8.2) is an identity
of rational functions (not formal Laurent series), just as, e.g., (4.6.9) is an
identity of polynomials (not counting functions).

Proof. We start with C and use a tiling argument, which we hinted at
already in Figure 4.2, to compute its generating function. Namely, let

~

O :=[0,1)vi+-+[0,1) Vi1 + (0,1] Vi + -+ (0, 1] vi,,  (4.8.3)

the fundamental parallelepiped of E; see Figure 4.3 for an example. Then

5Technically, the cones are only half open for m > 1.
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a = RZ()V] = R>0V2

Vi

v lfl — [Oa 1)V1 + (07 1]V2

Figure 4.3. The fundamental parallelogram of a 2-cone.

we can tile C by translates of 0, as we invite you to prove in Exercise 4.38:
C = W Givit e+ aevi+ D) (4.8.4)

J15e5J6 20
(see Figure 4.4). This can be translated into the language of generating

Vi

Vo

Figure 4.4. Translates of the fundamental parallelogram tile the cone.

functions as

UE(Z) - Z Zivi | ... Z ZIkVE og(z)

j120 x>0

_ o5 (2)
T 1—2zv) (12 (4.8.5)
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Completely analogously, we compute
05(2)
(1_ZV1)...<1_ZVk)’

o¢ (z) =
where

0 := (0,1]vi+-+(0,1]viyp—1 + [0, 1) v + -+ [0,1) vi..

These two fundamental parallelepipeds are intimately related: if x € 0, then
we can write X = A\jvy + -+ 4+ Apvg for some 0 < Aq,..., A1 < 1 and
0<MAm,...,A\x < 1. But then

Vi+vVve+--+ VvV —X = (1—)\1)V1+---+(1—)\k)Vk
is a point in &. Since vi,Va,..., v} are linearly independent, this proves
0 :V1+V2+--~—|—Vk—lﬁ (4.8.6)

(illustrated in Figure 4.5) or, in terms of generating functions,
1
o=(z) = ZV1+V2+---+VIc o= .
5 (2) 5 (-

This yields

e <1> Uﬁ(% 5 " T &=

\P]

—D+V1 +V2:|:|

0
/

Figure 4.5. The geometry of (4.8.6) in dimension 2.

Theorem 4.8.1 is at the heart of this book. Once we have developed
the machinery of decomposing polyhedra in Chapter 5, we will be able to
extend it to every pointed rational cone (Theorem 5.4.2). For now, we limit
ourselves to consequences for simplicial cones. For m = 1, we observe that
in Theorem 4.8.1 R

C=C and C=C.
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This extreme case yields a reciprocity for simplicial cones equipped with an
arbitrary grading.

Corollary 4.8.2. Let C C R*1! be a rational simplicial cone with generators

Vi,..., v and fundamental parallelepiped O. For a grading a € 79+,
H3a(z)
HE = h2 "= g 4.8.7
C(Z) T;) C(?’L)Z (1_Z<a,vl>)... (l_z<ayvk>) ( )
and

2 C) — (1) HR(2).

One interesting fact to note is that the fundamental parallelepiped
depends on a choice of generators and hence is unique only up to scaling of
the generators. Technically, this means that the right-hand side of (4.8.7)
depends on a choice of generators, whereas the left-hand side does not; see
Exercise 4.39.

Corollary 4.8.2 also furnishes a proof of Theorem 4.6.1.

Proof of Theorem 4.6.1. Recall our setup for this result, stated at the
beginning of Section 4.6: to a given r-dimensional lattice simplex A C R¢
with vertices vi,...,v,41, we associate its homogenization C = hom(A).
This is a simplicial cone with generators w; = (v;,1) fori =1,...,7 4+ 1 and
associated parallelepiped

O = [07 1)W1 + [07 1)W2 +---+ [O, 1)W1n+1 .
For the grading a = (0,...,0,1), we can write the Ehrhart series of A as

Ehra(z) = 1+ ehra(n)z" = HE(z) = _Ha()
-~ CE

where the last equality stems from Corollary 4.8.2. The numerator polynomial
h*(z) == HE(z) = hy+hiz+ -+ h2"

enumerates the number of lattice points in O according to their height.
Note that the h’s are nonnegative integers. We also observe that there are
no lattice points of height > r and that the origin 0 is the unique lattice
point in O of height zero; hence h} > 0 for i = 0,...,r and hy = 1. Using
Proposition 4.1.4, this shows that ehra(n) is a polynomial of degree r, as
h*(1) > 0. By the same token, we observe that ehra (0) = H&(0) = h*(0) =1
which proves part (a).
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For part (b) we combine Theorem 4.1.6 with Corollary 4.8.2 to infer

(—l)TZehrA(—n)z" = (—1)’"+1Zehrﬁ(n) <i>

n>1 n>0
1
= (=)' Ehrp (- ) = o(2) = o(n) 2"
(-1) ra (z> Ehrae(z) = Y ehrpe(n) 2",
n>1
which gives the combinatorial reciprocity that we were after. ([

We remark that the penultimate line in the above proof essentially forced
us to define the Ehrhart series of an open polytope to start at n = 1:

Ehrpo(2) = Z ehrps (n) 2.
n>1
One reason to do so is to make reciprocity work (specifically, Theorem 4.1.6),

but our definition also gives the correct open analogue to (4.6.4), as

Ehrpo (Z) = ahom(P)O(la ceey 1, Z) .

4.9. Chain Partitions and the Dehn—Sommerville Relations

We finish this chapter with the study of a class of partition functions defined
via posets, which are hybrids of sorts between the restricted partition func-
tions from Section 4.4 and the zeta polynomials from Chapter 2. Let II be a
finite poset with 0 and 1 and let ¢ : II \ {0, i} — Z~¢ be an order-preserving
map. A (II, ¢)-chain partition of n € Z-( is a partition of the form

n = ¢(cm) + P(em_1) + -+ ¢(c1)

for some multichain

1= cm ™= Cnog = = ¢ =0

in I1. We define cpyy 4(n) to be the number of chain partitions of n and we set

cpr14(0) := 1. The connection to restricted partition functions is immediate:

for A= {bg>---> by >0} CZx>p, we set ¢(i) :=b; for i € [d]. Then
CPH,¢(”) = pa(n),

where IT = [d] U {0, 1} is the (d + 2)-chain. On the other extreme, if II is an
antichain together with 0 and 1, then (for the same ¢) we are counting the
compositions from Section 4.2:

cprg(n) = ca(n).

Our counting function epy; 4(n) for a general pair (11, ¢) comes, naturally,
with a generating function; we will first construct a multivariate generating
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function—analogous to an integer-point transform—, from which the uni-
variate version follows by specialization. Let z := (z, : a € II) be a set of
variables indexed by the elements of II, and set

Tr(z) = Z ZeyZey e, -
0=c1=ep=<=em=1
In words, the monomials in Y17(z) encode the multichains in IT\ {0,1}. In
particular,

CPuy(q) = Zczm@(n) " = Y(2a=¢"" :acT), (4.9.1)
n>0

the univariate generating function corresponding to our chain-partition
counting function cpyy 4(n). Not unlike the ideas used in Section 2.2, the
generating function Y(z) can be developed by accounting for the possible
repetitions in a multichain stemming from a chain:

— J1 42 J
Tr(z) = g g 2202 2l

0<c1<ca=<-<em=1 J1,:9250Jm2>1

= 3 Fa _Fe . _fem (4.9.2)

R 1=z 1— 2, 11—z,
0<c1<co<-<em=<1

As a first milestone, we compute cpyy, for a particular class of pairs (I, ¢).
We recall that a poset II is graded if every maximal chain in IT has the same
length d + 1. In this case, we define the rank of a € II, denoted by rkr(a),
as the length of any maximal chain ending in a. (This definition made a
brief appearance in Exercise 2.15.) Thus the rank of II is the rank of any
maximal element in II, for which we write rk(IT) = d + 1.

For S={0<s1 <s9< <8y, <d+1},let

an(S) = {faa<ca < <cm tk(e) =sj for j=1,...,m}|;
in words, a(S) counts all chains with ranks in S. The collection
(anr(S) : S C{0,1,...,d+1})

is the flag f-vector of II. If II has a minimum 0 and maximum 1, then
an(S) = an(SU{0}) = an(SU{d+1}) for any S. Hence we may restrict
the flag f-vector to (ar(S) : S C [d]).

The order-preserving map ¢ is ranked if ¢(a) = ¢(b) whenever rky(a) =
rkrr(b). For example, ¢(a) := rkr(a) is a ranked order-preserving map. If ¢
is ranked, we set ¢; := ¢(a), where a € I is any element of rank 1 < i < d.

Theorem 4.9.1. Suppose 11 is a graded poset of rank d + 1 with 0 and 1,
and ¢ : 11\ {0, 1} — Z>¢ is a ranked order-preserving map. Then

B ng[d] a(5) [Lses g% Hs¢s(1 —q%)
o) = - ()
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In particular, cpH’qb(n) s a quasipolynomial in n.
Proof. Consider a summand in the right-hand side of (4.9.2). Under the
specialization z, — ¢?@, it takes on the form
q(b(cl) o q¢(c7ﬂ)
1— qu(cl) 1— q¢(0m) ’

which only depends on S = {0 < rkri(c1) < -+ < rkn(em,) < d+1} and which
thus occurs exactly ar(S) times in (4.9.1). We can move the summands
to the common denominator (1 — ¢%1)--- (1 — ¢%¢) by realizing that in each
chain there are no two elements with the same rank. O

The form of (4.9.2) suggests that there is a reciprocity theorem for Yr;(z)
waiting in the wings. Indeed,

) = Y eyt (4.9.3)

. . 1 =2 1 =2 1— 2z
0<c1<-<em=<1

m

is a weighted sum of monomials zl]fll z{fj .- Zl]? corresponding to the multichain
J
0 < by =by < bp=-+-=by < -+ < b2 =b; < 1.
~ —_—
k1 ko k;

We observe that the coefficient with which this multichain occurs depends
only on the underlying chain b; < b < --- < b;. As in Section 3.5, we will
abbreviate this chain by b and recall that I(b) = j — 1 is the length of b.
Any summand in the right-hand side of (4.9.3) can be expanded as a sum
over multichains supported on subchains of ¢ < co < -+ < ¢,,. To be more
precise, the coefficient of zj, 2p, - - - 2, in (4.9.3) is

> (=)ot (4.9.4)

cOb

where this sum is over all chains ¢ containing b as a subchain.

There is a natural construction that will help us with the bookkeeping.
Let II be a general poset. For a,b € II, we define the order complex
Ar(a,b) as the collection of sets o = {c1, ca, ..., cn} such that a < ¢ < 2 <
-+ < ¢y < b. This is a partially ordered set under inclusion with minimum
@, the empty chain. The order complex of II itself is A(II), the collection of
all chains in II.

Coming back to the coefficient of 2% - - - 2% | setting by := 0 and bjt1 = 1
allows us to rewrite

Y0 =] > (=0l = T Do (=D er(bn, br),

cOb h=0 UEAH(bh,bh+1) h=0k>1
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where ¢k (bp, bp11) was introduced in Section 2.4 as the number of chains of
length % in the open interval (bp,bp41) C II. Bringing Theorem 2.4.6 into
the mix of (4.9.3) and (4.9.4) thus yields the following.

Lemma 4.9.2. Let IT be a finite poset with 0 and 1 and Mébius function p.
Then

! 0 2 Z Zb.;
_Tn(z> - Z (0, b1) (b1, ba) - - - pu(by, 1) b o i

. R 1-— Zbl — Zp; ’
0<b1<--<b;<1

J

This is surprisingly close to (4.9.2). We can get even closer if II is
Fulerian.

Theorem 4.9.3. Suppose 11 is an Eulerian poset with rk(II) = d + 1. Then
Tu () = (1) Yu(z).

Proof. We have done most of the leg work by deriving Lemma 4.9.2. Since
II is Eulerian, we have ju(a,b) = (—1)1@0) = (—1)&k®)—1k(a) for any ¢ < b
and hence

(0, 1) u(br, ba) -+ by, 1) = (=)0 (1) Erta) . (1)t
— (_1)d+1
and so Lemma 4.9.2 yields
Zb:

Zb
T (%) _ 2 : (_1)d+1 = 1 _J — (_1)d+1 TH(Z) 0O
X« . 1 Zby 1 Zb.:
0<b1<--<b;<1 7

Specializing at z = (q¢(“) 0<a< i) gives the following generalization
of Theorem 4.4.3.

Corollary 4.9.4. LetII be an Eulerian poset of rank d+1. If ¢ : TI\{0,1} —
Z>¢ 1s a ranked order-preserving map with values ¢1 < --- < ¢q then

(—1)%eprg(—n) = cprg(n —d1— 2 — -+ — da) -

The counting function cpy 4(n) is particularly nice for the following
class of (particularly nice) posets. An (abstract) simplicial complex is a
nonempty collection I' of subsets of some finite set V' that is closed under
taking subsets, that is, if o € I" and ¢’ C o, then ¢/ € I'. For example,
if II is any poset, then its order complex A(II) is a simplicial complex. A
simplicial complex is pure if all inclusion-maximal sets ¢ € I" have the same
cardinality. In this case, I' is a graded poset with rank function rkr(o) = |o].
In particular, I" has the unique minimal element &.

Another class of examples for simplicial complexes can be derived from
simplicial polytopes: if P is a simplicial polytope with vertex set V', then
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every proper face F < P is a simplex, and so any subset of vert(F) is the set
of vertices of a face of P. This means that

I'p := {vert(F) : F < P proper face}

is a simplicial complex.® The elements o € I" are called faces of I" and, for
consistency with simplicial polytopes, we set dimo := |o| — 1 and dim I :=
max{dimo : 0 € I'}.

For a simplicial complex, there is a convenient way to encode multichains.
Each a € Z‘>/0 represents a multisubset of V' by interpreting a, as the

multiplicity of the element v. We define the support of a € Z‘Z/O as
supp(a) = {veV :a, >0},

the subset underlying the multisubset a, and we write |a| := )", a, for the
cardinality of a.

Lemma 4.9.5. Let ' be a simplicial complex on V. Then there is a one-
to-one correspondence between multisubsets a € Z‘Z/O \ {0} with supp(a) €T
and |a| = n and multichains

g C oy C oy € -+ C oy = supp(a)

with n = |o1| + -+ + |om].

Proof. We will actually prove a refined statement: there is a one-to-one
correspondence between multisubsets a € Zgo \ {0} with supp(a) € I" and
|a] = n and multichains

@ C o C oy C -+ C op = supp(a),

where m = max{a, : v € V} and n = |o1| + -+ + [o]. If m = 1, then
a € {0,1}V and setting oy := supp(a) does the trick. Otherwise (m > 1),
consider a’ € Z" with

;o a, —1 if v € supp(a),
' 0 otherwise.

By construction, a’ > 0, supp(a’) C supp(a), and max{a, : ve V} =m—1.
By induction on m, there is a chain @ C 04 C -+ C 74,1 = supp(a’) and
we simply set o, := supp(a).

Our construction also suggests what the inverse map should be. For a
subset A C V, let eq € {0,1}V with

1 ifvedA,
(ea)y = .
0 ifvégA

61t is a short step to identify each vertex set in I' with the accompanying face of P, and the
resulting simplices form a simplicial complex for which we drop the attribute abstract; we will have
much more to say about this in the next chapter.



140 4. Rational Generating Functions

Then, given a multichain & C 01 C - -+ C gy, € I’ with |o1]| + -+ + |onm| = n,
we define a =e,, + -+ e,,, € ZY,. O

The above way to encode multichains is the key to the following re-
sult. To every simplicial complex I', we can associate an f-vector f(I') =
(f=1, fo, -+, fa—1), where f; = f;(T') is the number of faces o € I' of dimension
1 or, equivalently, of rank 7 + 1.

Theorem 4.9.6. Let I' be a simplicial complex of dimension d — 1 with rank
function vk(o) = |o|. Then

d n
Prugiy k() = ka—1(F) <k>
k=0

Proof. Unravelling the definitions, cpr iy (1) counts the number of mul-
tichains @ C 07 C 09 C --- C oy, in ' with n = |o1] + -+ + |oy|. Using
Lemma 4.9.5, we compute for n > 0

Cpru{i};k(”) = ‘{a € Z‘z/o : supp(a) € T', |a| = n}’

= Z Hae Z‘z/o : supp(a) = o, |a| :n}|
el

= Z‘{an‘z/o : supp(a) C o, |a| =n— o]}
oel

=X (1) - o) .

If you get the feeling that this formula looks familiar, you might want to
revisit (3.5.6) in Section 3.5.

For any two F' C G € T, the interval [F, G| is isomorphic to the Boolean
lattice consisting of all subsets of G \ F' (partially ordered by C), and hence
pr(F,G) = (—=1)!FE) | In particular, if I' = I'p for some d-dimensional
simplicial polytope P, then I'p U {i} is isomorphic to the face lattice ®(P),
which is an Eulerian poset by Theorem 3.5.1. We can then deduce from
Theorem 4.9.6 that

d—1
CP@(p)Jk(q) _ ho(P) + hl(P) q—+ d—i— hdfl(P) q
(1—q)
for some integers ho(P), hi(P),..., hq—1(P) depending on P. Corollary 4.9.4
now implies that

hi(P) = hg—1-i(P) (4.9.5)
fori=0,...,d—1. At this stage, this is where our story takes a break, as we

do not have an interpretation for the numbers h;(P). In fact, we do not even
know whether h;(P) > 0 (in which case there is a chance that they count
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something). We will develop the necessary machinery in the next chapter
and shed more light on the h;(P) in Section 5.6.

Notes

We have barely started to touch on the useful and wonderful world of
generating functions. We heartily recommend [114] and [186] if you'd like
to explore more.

Partitions and compositions have been around since at least Leonard
Euler’s time. They provide a fertile ground for famous theorems (see, e.g.,
the work of Hardy, Ramanujan, and Rademacher) and open problems (e.g.,
nobody understands exactly how the parity of the number of partitions
of n behaves), and they provide a just-as-fertile ground for connections to
other areas in mathematics and physics (e.g., Young tableaux, which open a
window to representation theory). Again we barely scratched the surface in
this chapter; see, e.g., [4,5,82] for further study.

The earliest reference for Proposition 4.2.1 we are aware of is William
Feller’s book [63, p. 311] on probability theory, which was first published
in 1950. The earliest combinatorics paper that includes Proposition 4.2.1
seems to be [125]. A two-variable generalization of Proposition 4.2.1, which
appeared in [87], is described in Exercise 4.18. It is not clear who first
proved Theorem 4.2.2. The earliest reference we are aware of is [87] but
we suspect that the theorem has been known earlier. Arthur Cayley’s
collected works [45, p. 16] contain the result that cyjcz.;>23(n) equals
the n-th Fibonacci number, but establishing a bijective proof of the fact
that cfjez.j>23(n) = c2j41:5>01(n) (which follows from Theorem 4.2.2)
is nontrivial [157]. Other applications of Proposition 4.2.1 include recent
theorems, e.g., [23,144,145,189]; see Exercises 4.16 and 4.17.

Plane partitions were introduced by Percy MacMahon about a century
ago, who proved a famous generating-function formula for the general case
of an m X n plane partition [117]. There are various generalizations of plane
partitions, for example, the plane partition diamonds given in Exercise 4.20,
due to George Andrews, Peter Paule, and Axel Riese [6].

Restricted partition functions are closely related to a famous problem
in combinatorial number theory: namely, what is the largest integer root
of pa(n) (the Frobenius number associated with the set A)?” This problem,
first raised by Georg Frobenius in the 19th century, is often called the coin-
exchange problem—it can be phrased in layman terms as looking for the
largest amount of money that we cannot change given coin denominations in
the set A. Exercise 4.25 (which gives a formula for the restricted partition
function in the case that A contains two elements; it goes back to an 1811

"For this question to make sense, we need to assume that the elements of A are relatively
prime.
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book on elementary number theory by Peter Barlow [13, pp. 323-325])
suggests that the Frobenius problem is easy for |A| = 2 (and you may use
Exercise 4.25 to find a formula for the Frobenius number in this case), but
this is deceiving: the Frobenius problem is much harder for |A| = 3 (though
there exist formulas of sorts [54]) and certainly wide open for |A| > 4. The
Frobenius problem is also interesting from a computational perspective: while
the Frobenius number is known to be polynomial-time computable for fixed
|A| [98], implementable algorithms are harder to come by (see, e.g., [27]).
For much more on the Frobenius problem, we refer to [139].

Theorem 4.4.3 is due to Eugéne Ehrhart [58], who also proved The-
orem 4.7.2, which gives a vast generalization of the reciprocity featured
in Theorem 4.4.3, from one to an arbitrary (finite) number of linear con-
straints. We will have more to say about Ehrhart’s work in the next chapter.
Our development of Ehrhart polynomials follows Eugene Ehrhart’s original
ansatz [57]. We'll have (much) more to say about this in the next chapter.
The same goes for the multivariate analogues of Ehrhart series in Section 4.8,
which were initiated by Richard Stanley.

For a rational polyhedral cone C € R4!, the set C N Z4*! is a finitely
generated semigroup, called an affine semigroup. The corresponding semi-
group algebra C[C N Z9*1] is the subalgebra of S := Clzi!, 25!, ... ,xécil]
generated by the monomials x" for u € CNZ¥!. Any a € Z4+! such that
(a,u) > 0 for u € CNZ¥! and u # 0 defines a grading of S and the Hilbert
functions of Section 4.7 are in fact the Hilbert functions of S in the given
grading. Affine semigroup algebras for cones of the form C = hom(P), where
P is a lattice polytope, are of particular interest in connection with toric
algebraic geometry and combinatorial commutative algebra. See, e.g., [122]
for more on this.

Flag f-vectors of posets, particularly, of Eulerian posets, have been
studied extensively; see, for example, [19,29]. In particular, flag f-vectors
of Eulerian posets satisfy the generalized Dehn—Sommerville relations; see
Exercise 4.45. If II is an Eulerian poset of rank d + 1, then the flag f-vector
has 2% entries but the complete flag f-vector can be recovered from the
knowledge of f(n) many entries, where f(n) is the n-th Fibonacci number.
Note that not any f(n) entries will do the job. Which subsets work, however,
is still open; see [46] for the easier case of f-, respectively, h-vectors of
Fulerian posets. General chain partitions are, to the best of our knowledge,
new. The chain-generating function (4.9.2) and its relative (4.9.3) are very
natural and have appeared in different guises. If I' is a simplicial complex on
[n], then its Stanley—Reisner ring is C[I'] := C[z1, ..., xy,]/Ir, where It is the
ideal generated by all x for which supp(a) ¢ I". The ideal I is homogeneous
and C[I'] inherits the natural grading of polynomials. The corresponding
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Hilbert function is exactly cpp (i} 1 (n). For the algebraic perspective on
our derivation of the Dehn—-Sommerville relations, see [122].

Exercises

4.1 Prove the following extension of Proposition 4.1.1: Let A € C%*?, fix
indices ,j € [d], and consider the sequence a(n) := (A™);; formed by
the (i, j)-entries of the n-th powers of A. Then a(n) agrees with a
polynomial in n if and only if A is unipotent. (Hint: Consider the
Jordan normal form of A.)

4.2 0 Complete the proof of Proposition 4.1.2 that (M), (v), (A), and (h*)
are bases for the vector space Clz]<q = {f € C[z] : deg(f) < d}:

(a) Give an explicit change of bases from () to (M) in the spirit
of (4.1.1). For example, consider zj%(z +w)? and set w =1 — 2.
(b) Assume that there are numbers ay, ..., ag such that

z z+1 z4+d
a°<d)+o‘°< d )*"'+ad< d > =0

Argue, by specializing z, that a; = 0 for all j.
(¢) Can you find explicit changes of bases for the sets (M), (), (A),
and (h*) and give them combinatorial meaning?

4.3 O Show that for F(z) =), -, f(n)z" there exists a power series G(z)
such that F(2) G(z) = 1 if and only if f(0) # 0. (This explains why we
do not allow A to contain the number 0 in Proposition 4.2.1.)

4.4 O Check that our definition (4.1.5) for the derivative of a formal power
series satisfies the following properties: given F(z) := 3 ., f(n) 2"
and G(z) == 3", 5, g(n) 2", define F'(z) and G’(z) via (4.1.5). Then:
(a) If A € C, then (F(2) + AG(2)) = F'(2) + AG'(2).

(b) (F(2) G(2)) = F'(2) G(2) + F(2) G'(2).

(c¢) If G(z) has a multiplicative inverse, then

S JRCEERLELE
G(z) G(z2)? '

4.5 Show that for integers m >k > 0,

I

n>k

4.6 O Prove Proposition 4.1.5: Let (f(n))>o be a sequence of numbers.
Then (f(n))n>0 satisfies a linear recurrence of the form (4.1.10) (with
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o, cq # 0) if and only if
p(2)
F(z) = n)z" =
@ = S = e,
for some polynomial p(z) of degree < d.

4.7 O Let (f(n))n>0 be a sequence of numbers. Show that f(n) satisfies
a linear recursion (with nonzero constant term) for sufficiently large
n >0 if and only if ) - f(n)z" = 28 for some polynomials p(z) and
q(z), with no restriction on the degree of p(z).

4.8 Show that, if f(n) is the sequence of Fibonacci numbers, then

z
Zf(n)z" T 12
n>1
Expand this rational function into partial fractions to give a closed
formula for f(n).

4.9 O Let f°(n) := f(—n) be the sequence satisfying the recurrence (4.1.13)
with starting values f(0), f(1),..., f(d — 1). Compute the numerator
for F°(z) = ) ,~1 f°(n)2" and thereby complete the proof of Theo-
rem 4.1.6. B

4.10 Let A € C™? and for i, € [d] define f(n) := (A");;.
(a) Show that f(n) satisfies a linear recurrence.
(b) If A is invertible, show that f°(n) = (A™");; (in the language of
Exercise 4.9). What is f°(n) if A is not invertible?
(c) If A is diagonalizable with eigenvalues A, ..., Ay, show that there
are ai,...,aq € C such that
fln) = a1 X{ +---+agAj .
4.11 O Consider the formal power series F'(2) =3, - Zn—r,t
(a) Prove that F'(z) is not rational.
(b) Show that F(1) is not a generating function. (Hint: This time you
might want to think about F(2) as a function.)
4.12 o Prove Corollary 4.1.7: A sequence f(n) is eventually polynomial of

degree < d if and only if

Zﬂmfzg@+uT$H

n>0

for some polynomials g(z) and h(z) with deg(h) < d. Furthermore,
f(n) has degree d if and only if A(1) # 0.
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4.13

4.14

4.15

4.16

4.17

4.18

The Bernoulli polynomials By(n) are defined through the generating
function

A ZB’“(”) o+ (4.9.6)

e —1 k!
k>0

The Bernoulli numbers are By, := By (0). Prove the following prop-
erties of Bernoulli polynomials and numbers.

n—1
(a) Y "' =} (Bi(n) — By).
j=0

o) B =Y () B

m=0
(c) Br(1—n) = (~1)*Bk(n).
(d) Br =0 for all odd k > 3.

Prove that, if P is a simplicial d-polytope, then

d nmtl d k
= 5225 (Y

and conclude with Theorem 2.3.3 and Corollary 3.5.4 the following
alternative version of the Dehn—-Sommerville relations (Theorem 3.5.5):

Lk
> <m>Bk—mfk:—1 =0

k=m
form=d—1,d-—3,....
Give an alternative proof of Proposition 4.2.1 by utilizing the fact that
ca(n) = e caln—m).
Let A := {n€Z-o : 31n}. Compute the generating function for

c4(n) and derive from it both a recursion and closed form for c4(n).
Generalize.

Fix positive integers a and b. Prove that the number of compositions of
n with parts ¢ and b equals the number of compositions of n 4+ a with
parts in {a + bj : j > 0} (and thus, by symmetry, also the number of
compositions of n + b with parts in {aj +b : j > 0}).

Towards a two-variable generalization of Proposition 4.2.1, let c4(n, m)
denote the number of compositions of n with precisely m parts in the
set A, and let

CA(I‘,?/) = Z CA(TL,TTL) xnymv

n,m>0
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4.19

4.20

4.21

4.22

4.23
4.24

4.25

where we set ¢4(0,0) := 1. Prove that
1
Ca(z,y) = -
-y ZmGA "
Compute a formula for c4(n,m) when A is the set of all positive odd
integers.

Compute the quasipolynomial pl(n) through a partial-fraction expansion

of Pl(q) of the form (fflfl))4 + (111(32)2 + lcf?g. Compare your formula for
pl(n) with (4.3.4).

Show that the generating function for plane partition diamonds
a1 = ag
v v
a3 = a4 = as
vV vV
as > ag

agn—2 2 a3p—1

Vv Vv

asp 2 QA3p+1
is

I+ +¢")A+¢%) - A+
(1=q)(1—g*)- (1 gt

Derive a reciprocity theorem for the associated plane-partition-diamond
counting function.

O Prove Proposition 4.4.1: If p(n) is a quasipolynomial, so is r(n) :=
> on_op(s). More generally, if f(n) and g(n) are quasipolynomials, then
so is their convolution

c(n) = Y f(s)gln—s).
5=0

Continuing Exercise 4.21, let ¢(n) be the convolution of the quasipoly-
nomials f(n) and g(n). What can you say about the degree and the
period of ¢(n), given the degrees and periods of f(n) and g(n)?
Compute the quasipolynomial p4(n) for the case A = {1,2}.

How does your computation of both the generating function and the
quasipolynomial p4(n) change when we switch from Exercise 4.23 to
the case of the multiset A ={1,2,2}7

Suppose a and b are relatively prime positive integers. Define the
integers o and S through

b =1moda and ac = 1mod b,
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and denote by {z} the fractional part of z, defined through

v = |z] +{z},

where |[z] is the largest integer < z. Prove that

n 6n an
= - ERL AR g
Plap} () ab { a } { b }+
4.26 The (unrestricted) partition function p(n) counts all partitions
of n. Show that its generating function is

1+ = Tl

n>1 k>1

4.27 Let d(n) denote the number of partitions of n into distinct parts (i.e.,
no part is used more than once), and let o(n) denote the number of
partitions of n into odd parts (i.e., each part is an odd integer). Compute
the generating functions of d(n) and o(n), and prove that they are equal
(and thus d(n) = o(n) for all positive integers n).

4.28 In this exercise we consider the problem of counting partitions of n with
an arbitrary but finite number of parts, restricting the maximal size of
each part. That is, let

(n) = (m>ay>ay>--->ap>1):
psm o k€Zsoand a; +as+---+ap=n ||
Prove that

p<m(n) = Pri2,..mp(n).
4.29 Let pi(n) denote the number of partitions of n into at most k parts.
(a) Show that

- 1
1+nz>:1pk(”)q (1= q)(1—¢?) (1 —g")

and conclude that pg(n) is a quasipolynomial in n.
(b) Prove that (—1)*~!p,(—n) equals the number of partitions of n into
exactly k distinct parts.

4.30 Compute the constituents and the rational generating function of the
quasipolynomial p(n) =n + (—1)".

4.31 Recall that ¢ € C is a root of unity if (" = 1 for some m € Z~y.
(a) Prove that if ¢ : Z — C is a periodic function with period k,
then there are roots of unity (o, (y,...,(x—1 € C and coefficients
€0,C1,---,Cx—1 € C such that

cn) = co¢g+adt+-+cp—1Gq-
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4.32

4.33

4.34

4.35

(b) Show that p : Z>¢y — C is a quasipolynomial if only if

m
p(n) = Y el nh,
i=1

where ¢; € C, k; € Z>0, and (; are roots of unity.

O For A = {a1,a9,...,a5} C Z=p let k = lem(ay,aq,...,aq) be the
least common multiple of the elements of A. Provide an explicit poly-
nomial h4(q) such that the generating function P4(q) for the restricted
partitions with respect to A is

Pa(g) = Y pa(n)q" = M-

n>0

O Recall that vy, va,..., vy € Z% form a lattice basis of Z? if every point
in Z% can be uniquely expressed as an integral linear combination of
Vi,Vo,...,Vq. Let A be the matrix with columns v, vo,..., vy Show
that vi,va,..., vy is a lattice basis if and only if det(A) = £1. (Hint:
Use Cramer’s rule and the fact that each unit vector can be written as
an integral linear combination of the lattice basis.)

O For w € Z4H1\ {0}, let Ty : Clzp", ..., 23] = Clzi, .. 2] be
given by

Tw(f) = 1-2")f.

(a) Show that Ty is an invertible linear transformation.

(b) For w € Z%1\ {0} show that f =", ,z"™ equals zero.

(c) More generally, prove that if Q is a rational polyhedron that contains
a line, then oq(z) = 0.

(d) Let S € R4 and a € Z9+! such that for each & € Z the sets

Ss = {mESﬂZdH : <a,m>:5}

are all finite. Show that the specialization og(ta) is a well-defined
element of C[[t*1].

(e) Let S C R¥! be a convex, line-free set. Prove that og(z) is
nonzero. Moreover, if S, Sy C R4t are line-free convex sets, show
that og,(z) og,(z) is well defined.

O Prove Proposition 4.6.2 (without assuming Theorem 4.6.1): Let A
be the convex hull of the origin and the d unit vectors in R%. Then
ehra(n) = (”;rd), and this polynomial satisfies Theorem 4.6.1. More

generally, ehra (n) = (";d) for every unimodular simplex A.
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4.36

4.37

4.38

4.39

4.40

4.41

4.42

Show that the cone Co>3 = {x € Réo X1 > T > T3 > m4} has gener-
ators

=
e
S O = =
o o

0 0

O Let P := conv {(0,0), (0,1),(2,1)}. Show that every lattice point in
hom(P) can be uniquely written as either

0 0 2
kl 0 -+ kz 1 —+ k3 1
1 1 1
1 0 0 2
O | +k1| O | +k| 1 |+Eks| 1
0 1 1 1
for some nonnegative integers k1, ko, ks.
O Prove (4.8.4), i.e., fix linearly independent vectors vy, va, ..., vy € Z¢
and define

C = Rzgvl + -+ Rzovm_l + R>0Vm + -+ R>0Vk

and

~

O :=[0,D)vi+-+[0,1) Vi1 + (0,1] vy + -+ (0,1] vg.
Then

C = H‘J (Jivi+ -+ greve +0).
J1,eJk 20
Let C be a rational, simplicial cone with generators vi,...,v; € Z%

and corresponding parallelepiped O. Let 0O’ be the parallelepiped for
v, = \iv;, i € [k] for some \; € Zso. Write o/(2) in terms of o(z) and
verify that the right-hand side of (4.8.7) is independent of a particular
choice of generators.
Let C and f be as in (the proof of) Theorem 4.8.1. Prove that if Cis
unimodular, then & contains precisely one lattice point (namely, the
origin).
Pick four concrete points in Z? and compute the Ehrhart polynomial of
their convex hull.
Let A be a lattice d-simplex and write
h} 24 4+ h;flzd_l +- R

(1 _ z)d+1 ’

Ehra(z) =

Prove that:
(a) hy=|A°NZY.
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(b) ki =|ANZY —d—-1.
(c) hy+hi+---+h}y=dlvol(A).

4.43 O Prove Theorem 4.7.2: If A is a rational simplex, then for positive
integers n, the counting function ehra(n) is a quasipolynomial in n
whose period divides the least common multiple of the denominators of
the vertex coordinates of A. When this quasipolynomial is evaluated
at negative integers, we obtain

ehra(—n) = (=1)3mA) ehrpo(n).

4.44 Let S be an m-dimensional subset of R? (i.e., the affine span of S has
dimension m). Then we define the relative volume of S to be
vol S := lim L nSﬂZd‘.
n—oo nM
(a) Convince yourself that vol S is the usual volume if m = d.
(b) Show that, if A ¢ R? is an m-dimensional rational simplex, then

the leading coefficient of ehra(n) (i.e., the coefficient of n™) equals
vol A.

4.45 Let II be an Eulerian poset of rank d + 1.
(a) For 0 <1i < d+1, let o; be the number of elements of rank i. Show
that
oag— o1+ 0+ (—1)d+10zd+1 = 0.
(b) For 1 <r < s <d, let x,y € II be of ranks r and s, respectively.
Let a;(x,y) be the number of elements of rank 4 in [z, y]. This is
equal to 0 if z £ y. Use the previous part to show that

Z(—l)ian({r,i,s}) = 0.
(c) Let S C[d]and 0 < r < s—1 < d+1 such that SN{r,r+1,...,s} =
@. Show that
s—1
Yo DT a(su{ih) = a(S) L+ (-1,

i=r+1



Chapter 5

Subdivisions

A heavy warning used to be given that pictures are not rigorous; this has never had
its bluff called and has permanently frightened its victims into playing for safety.
John Edensor Littlewood (1885-1977)

An idea that prevails in many parts of mathematics is to decompose a
complex object into simpler ones, do computations on the simple pieces, and
then put together the local information to get the global picture. This was
our strategy, e.g., in Section 1.4 where we proved Ehrhart’s theorem and
Ehrhart—-Macdonald reciprocity for lattice polygons (Theorem 1.4.1). In the
plane we could appeal to your intuition that every lattice polygon can be
triangulated into lattice triangles. This technique of hand waving fails in
dimensions > 3—it is no longer obvious that every (lattice) polytope can be
decomposed into (lattice) simplices. Our goal for this chapter is to show it
can be done, elegantly, and in more than one way.

5.1. Decomposing a Polyhedron

The first challenge in asserting that every polytope can be decomposed into
simpler polytopes is to make precise what we actually mean by that. It is
clear that counting lattice points through E(S) := [S N Z%| is a valuation in
the sense of (1.4.2) and (3.4.1): for bounded sets S, T C R,

ESUT) = E(S)+E(T)—-E(SNT).
We recall from Sections 1.4 and 4.6 that for a lattice polytope P C R¢, the
Ehrhart function of P is given by
ehrp(n) := E(nP)
for integers n > 1. For a lattice simplex A, Theorem 4.6.1 asserts that
ehra(n) agrees with a polynomial of degree dim A. Thus, for general lattice

151
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polytopes we could wish for the following: if for a lattice polytope P C R,
we can find lattice simplices Aq,..., A, such that P = A U---UA,,, then
by the inclusion—exclusion principle from Section 2.4,

ehrp(n) = Z (~1)=Yehrp , (n), (5.1.1)
2#IC[m]
where Any :=;c; 2. This attempt is bound to fail as the polytopes Anqy

are in general not simplices and, even worse, not lattice polytopes. We need
more structure.

A dissection of a polyhedron Q C R? is a collection of polyhedra
Q1,...,Q,, of the same dimension such that

Q=QU---UQpn and Q/NQj =2 wheneveri#j. (5.1.2)

This definition, at least, opens the door to induction on the dimension,
although our problem with An; not being a lattice simplex prevails. As we
will see in Section 5.3, a dissection into lattice simplices is indeed sufficient to
extend Theorem 4.6.1 to arbitrary lattice polytopes, but there are alternatives.
We will pursue a more combinatorial (and conservative) approach in this
section.
A polyhedral complex is a nonempty finite collection S of polyhedra

in R? (which we call cells of S) such that S satisfies the

containment property:if F is a face of G € S then F € S, and the

intersection property: if F,G € § then FN G is a face of both F and G.
We call § a polytopal complex if all of its cells are polytopes, and S is
a fan if all of its cells are polyhedral cones. A (geometric) simplicial
complex' is a polytopal complex all of whose cells are simplices. The
support of a polyhedral complex § is

|S| = L_JF7
FeS

the point set underlying S. The vertices of S are the zero-dimensional
polytopes contained in §. We already know two seemingly trivial instances
of polyhedral complexes, illustrated in Figure 5.1.

Proposition 5.1.1. If Q is a polyhedron, then the collection of faces ®(Q)
s a polyhedral complex. Moreover, the collection of bounded faces

dP1d(Q) = {F e ®(Q) : F bounded}

s a polyhedral complex.

1This notion of simplicial complex is, naturally, not disjoint from that of an abstract simplicial
complex defined in Section 4.9. In Section 5.6 we will witness the two notions simultaneously in
action.
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.\'\./ .\'\./

Q 2(Q) Q)

Figure 5.1. The polyhedral complexes given by the faces/bounded
faces of a polyhedron.

Proof. By Proposition 3.3.1, a face of a face of Q is a face of Q, and the
intersection of faces of Q is again a face. These are exactly the containment
and intersection properties, respectively. As every face of a bounded face is
necessarily bounded, the second claim follows. ([l

A subdivision of a polyhedron P ¢ R? is a polyhedral complex S such
that P = |S|. Proposition 5.1.1 yields that ®(P) is trivially a subdivision
of P. We call a subdivision S proper if S # ®(P). A subdivision S of a
polytope P is a triangulation if all cells in § are simplices—in other words,
S is a simplicial complex. All but the top right dissections in Figure 5.2 are
subdivisions, the two middle ones are even triangulations.

Figure 5.2. Various dissections.

The benefit of the intersection property of a subdivision is evident: if
P1,...,P;, are the inclusion-maximal cells in a subdivision S, then for every
I C [m], the polytope ;s P: is a lattice polytope whenever Py, ... Py, are.”
For lattice triangulations, that is, triangulations into lattice simplices,
Theorem 4.6.1 gives the following.

2The empty set is, by definition, a lattice polytope.
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Corollary 5.1.2. Let P C R? be a lattice polytope that admits a lattice
triangulation. Then ehrp(n) agrees with a polynomial of degree dim P.

Proof. Let Ay,...,/A,, be the inclusion-maximal cells of a lattice trian-
gulation 7 of P. By the intersection property, each cell in T is a lattice
simplex and Theorem 4.6.1 guarantees that (5.1.1) is an alternating sum
of polynomials. Exercise 5.1 states that dim/A; = dimP for 1 < i < m,
and since A; N A; is a proper face of A; whenever i # j, we conclude from
Theorem 4.6.1 that deg(ehra(n)) < dim P for every cell A € T that is not
one of Ay,...,A\p,. Together with the fact that all ehra,(n) are polynomials
of degree dim P with positive leading coefficient, this proves our claim about
the degree. O

In Corollary 5.1.6 below, we will show that every lattice polytope admits
a lattice triangulation, from which we can (finally!) deduce that the Ehrhart
counting function of every lattice polytope is a polynomial.

The motivation for requiring the containment property when defining
polyhedral complexes is that we can appeal to Chapter 2 to express an
Ehrhart function. Given a proper subdivision S of a lattice polytope P,
we form the poset S:=8U {P} with respect to inclusion; it has maximal
element P.

Corollary 5.1.3. Let S be a proper subdivision of a lattice polytope P. Then

ehrp(n) = Y —pug(F,P)ehre(n). (5.1.3)
FeS

Proof. We define a function f— on S by

ehrpo(n) ifFeS,
—_(F) =
=) {0 ifF=P.

Thus
f<(F) = ) f=(G) = ehrp(n), (5.1.4)
G=F
using Lemma 3.3.8 when F € S, and the definition of a subdivision when
F = P. By Mobius inversion (Theorem 2.4.2),

0 = f=(P) = f<(P)+ Y ug(F,P)ehre(n). O
FeS

In Theorem 5.2.1 we will determine the M&bius function of a subdivision
concretely.

We still need to show that every (lattice) polytope has a (lattice) triangu-
lation. In some sense, we actually already know how to do this—here is the
setup: we fix a finite set V' C R? such that P := conv(V) is full dimensional.
(It would suffice to assume that V' is the vertex set of P but as we will see, it
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will pay off to have some flexibility). For a function w : V' — R, we denote
its graph by
Ve = {(v, w(v)) eRL ;v e V}.
Let
g = {(o,t) c R+ . tZO}

and denote by 7 : R4t — R? the coordinate projection

(X1, ., Tq, Tge1) = (T1,-..,24),
so that m(Tr) = {0}. Finally, we define

E“(V) = conv(V¥) 4+ g,

which we call the convex epigraph of w, for reasons that will become clear

in a moment. Figure 5.3 illustrates our construction. By the Minkowski—Weyl
Theorem 3.2.5, E“(V) is a genuine polyhedron in R4+,

Ld+1 Ld+1
w(vs)t ° E“(V)
wv)t e %
w(va)t °
Vo Vi Vo T \;1 \;2 \;3 Ty T

Figure 5.3. Constructing the convex epigraph of a polytope.

Proposition 5.1.4. Fiz a finite set V. C R? and a hyperplane
H = {(X7$d+1) eR™: (a,x) + agpizan = b}-

If E¥(V) C HS, then agyq < 0. If H is a supporting hyperplane, then the
face EX(V)) N H is bounded if and only if ag+1 < 0.

Proof. For every p € E¥(V), we have p + Tr C E¥(V). Hence, if E¥(V) C
H<, then also p 4+ Tr € HS which implies ag41 < 0.

The nonempty face F = E¥(V) N H is unbounded if and only if F + g
C F. This happens if and only if for every point (q, g4+1) € H, we have
(q, gg+1 +t) € H for all ¢ > 0, a condition that is satisfied if and only if
Ad+1 = 0. [l

By construction, m(E¥(V)) = P. The crucial insight now is that P is
already the image under 7 of the collection of bounded faces of E“(V). The
statement in the following theorem is even better.
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Ld+1 £ (V) Td+1 B(E“(V))
|
» DV
b h m((E“(V)))

Figure 5.4. Two examples of a subdivision construction from the con-
vex epigraph of a polytope.

Theorem 5.1.5. Let P =conv(V) and w : V — R. Then
SV = {W(F) Fe @bnd(EW(V))}

is a subdivision of P with vertices in V. Moreover, S*(V) = ®P"(E¥(V)) as
posets.

An illustration of this theorem is given in Figure 5.4.

Proof. For a point p € P, we denote by @(p) the smallest real number h
such that p := (p,h) € E¥(V). Then p is contained in the boundary of
E“(V) (see Figure 5.3), and so there is a unique face F of E¥(V') with p € F°.
We claim that F is bounded. Indeed, if F is unbounded, then F + g C F and
so (p, W(p) + ¢) € F° and, consequently, (p, @(p) — ¢) € F° for some & > 0.
But this contradicts the minimality of @(p).

We further claim that 7 restricted to |®P4(E¥(V))|, the union of the
bounded faces of E¥(V'), is injective. Since for each p € P there is exactly one
h such that (p, h) is contained in a bounded face of E¥(V'), it suffices to show
that 7 is injective when restricted to the relative interior of a bounded face
F of E¥(V). This will also show that (V) is isomorphic to ®""4(E«(V)).
Again by Proposition 5.1.4, we know that F = E¥(V)NH for some supporting
hyperplane

H = {(xzam) €RT: (a,%) = zan = b}

Now we observe that the map s : R? — H given by s(x) = (x, (a,x) — b)
is a linear inverse to 7|y : H — R% Thus, 7|y is an isomorphism and, in
particular, injective on F°. The geometric idea is captured in Figure 5.5.
This shows that S“(V') is a polyhedral complex with |S¥(V)| = P, and with
vertices in V. O
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EV) (E(V))
o r(@E(V))

Figure 5.5. The complex of bounded faces and the induced subdivision.

We call a subdivision S of a polytope P regular (or coherent) if there
is a finite subset V' C P and a function w: V' — R such that S = S¥(V). In
Exercise 5.2 you will check that not all polytopal subdivisions are regular.
Nevertheless, this construction proves the main result of this section.

Corollary 5.1.6. Every (lattice) polytope has a (lattice) triangulation.

Proof. Let V C R? be a finite set containing the vertices of P. For each
w : V. — R, Theorem 5.1.5 yields a subdivision S*(V') whose cells are
polytopes with vertices in V. To make such a subdivision into a triangulation,
we appeal to Exercise 5.4 for a suitable choice of w. ([l

As we announced already, Corollaries 5.1.2 and 5.1.6 imply the following
general variant of Theorem 4.6.1(a).

Theorem 5.1.7. Suppose P is a lattice polytope. For positive integers n,
the counting function ehrp(n) agrees with a polynomial in n of degree dim P.

This is Fhrhart’s theorem and we call the counting function ehrp(n) the
Ehrhart polynomial of the lattice polytope P. Theorem 4.6.1 also said that
the constant term of the Ehrhart polynomial of a lattice simplex is 1. Our
next result extends this.

Theorem 5.1.8. Let P be a lattice polytope and ehrp(n) its Ehrhart polyno-
mial. Then ehrp(0) = x(P) = 1.

Proof. Fix a lattice triangulation S of P. By (5.1.4),

ehrp(n) = Z ehrpo(n). (5.1.5)
AeS

For every lattice simplex A, the constant term of ehrpo(n) is (—1)4m4

(by Theorem 4.6.1), and so setting n = 0 in (5.1.5) computes the Euler
characteristic of P. O
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Theorem 5.1.5 yields an elegant way to obtain subdivisions. What the
technique hides is that it is in general difficult to determine the actual
subdivision S¥(V) from V and w. The following example illustrates the
power of Theorem 5.1.5 and, at the same time, gives an impression of potential
difficulties.

Let P = [0,1]%, the d-dimensional cube with vertex set V = {0,1}%. For
v € {0,1}4, let n(v) := 3, v;, the number of nonzero entries, and define
w:V = R by

w(v) = n(v)(d—n(v)). (5.1.6)
This gives a subdivision S (V') of P into lattice polytopes but what is the
subdivision exactly? To answer this, we have to determine which subsets of
V' correspond to the sets of vertices of bounded faces of E“(V). In general,
this is tantamount to computing an inequality description of a polyhedron
that is given as a polytope plus a cone.

In our example, we can approach this as follows: given a point p € [0, 1]d,
we seek to find w(p), that is, the smallest h such that (p,h) € E¥(V). In
particular, (p, @W(p)) is in the boundary of E¥(V') and hence in the relative
interior of a unique bounded face. Let p be a generic point relative to
[0,1]¢ by which we mean for now that p; # p; for all i # j. Thus there is a
unique permutation o of [d] such that

0 < po1) < Po2) < =+ < Poay < 1.

For this permutation o, we set

Ui = e(i11) T es(it2) ey € {0, 1} (5.1.7)
for 0 < i < d. That is, (u?); = 1 if and only if c71(j) > i. In particular
uj =0and uf = (1,1,...,1). By writing
P = Po)ug + (Po(2) = Po)0] ++++ + (Po(d) = Po(d—1))Ug—1 + (1 — Po(a))ug ,
we see that p is a point in

Ay = conv(ug,...,ug),

a d-dimensional simplex spanned by a subset of the vertices of [0, 1]%. (We
have seen a precursor of this construction in (3.2.4).) Conversely, A\, is
exactly the set of points p € R that satisfy

0 < Po1) < Po2) < 0 < Do) < 1. (5.1.8)

We claim that A, and its siblings yield our subdivision. As in Exercise 2.18,
we denote by S, the set of all permutations of [d].

Proposition 5.1.9. Let S consist of Ny, for all o € &4, and their faces.
Then S is the reqular triangulation of [0,1]% corresponding to (5.1.6). More-
over, S is a unimodular triangulation of [0,1]%.



5.1. Decomposing a Polyhedron 159

Proof. Our claim is that A, is the projection of a bounded face of E“(V'). To
show this, we construct a (linear) hyperplane H C R%*! such that V¢ C HS
and

VY'NH = {(uf, w(uf)) : 0<i<d}.

We claim that the linear function 7 : R — R defined by
Cx) = Y () — Tew)
1<i<j<d
satisfies
(v) < w(v)
for all v € {0,1}? with equality if and only if v = ug for some 0 < k < d.
Indeed, for i < j and v € {0,1},
Uo(j) ~ Vo) = 1
with equality if and only if v,(;) = 0 and v, ;) = 1. Hence £7(v) is at most
the number of pairs (s < t) with v, () = 0 and v, () = 1, that is, at most
n(v)(d—n(v)) = w(v).

Equality holds when o sorts the entries of v. Hence

Ho .= {(X,t) c RéHL . é”(x)—tzO}

is supporting for E¥(V) and n(E¥(V) N H7) = A,.

It remains to see that every maximal cell of S is of the form A, for some
permutation o € &,. However, most points in [0, 1]d are generic and so the
simplices A, cover [0, 1]d. That the simplices A, are unimodular is subject
to Exercise 5.6. ([l

Next, we will live up to our promise and explain why we call E¥(V') the
convex epigraph of P = conv(V'). In the proof of Theorem 5.1.5, we defined
for each p € P the number @w(p) as the smallest h such that (p,h) € E“(V).
This gives rise to a continuous function @ : P — R.

Proposition 5.1.10. Let P = conv(V') be a polytope. For each w:V — R,
the function @ : P — R is convex, and W(v) < w(v) for allv e V.

Proof. Let p,q € P and 0 < A < 1. Since E¥(V) C R is a convex
polyhedron, we know that
(1 =X)(p, @(p)) + Ala, w(q)) € E*(V)
and hence
(1-=XNw(p)+Aw(a) = ©((1-A)p+Aq).
(See Figure 5.6 for an illustration.) Moreover, by definition (v, w(v)) € E¥(V)
and therefore W(v) < w(v) for every v € V. O
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Td+1

E“(V)

X2

X1

Figure 5.6. Illustrating the proof of Proposition 5.1.10.

In other words, E¥(V) is the epigraph {(p,t) : p € P, t > @(p)} of the
function @w. We note that there are many convex functions f : P — R such
that f(v) < w(v). However, @ is special—it can be shown that @ is the
unique convex function with f(v) < w(v) for all v € V' that minimizes the
volume of the convex body

{(p,t) : peP, f(p) <t <M},

where M := max{w(v) : v € V'}; see the Notes at the end of this chapter.

5.2. Mobius Functions of Subdivisions

Let P C R? be a full-dimensional lattice polytope and 7 a lattice triangulation
of P (whose existence is vouched for by Corollary 5.1.6). Our next goal is a
more refined statement about the representation (5.1.3) for ehrp(n) via the
Mébius function iz of T := T U{P}.

If T = 8¥P) is a regular triangulation, then 7 is isomorphic to the
subposet ®"(E¥(V)) of the bounded faces of E“(V), and so our knowl-
edge about Mobius functions of polyhedra (Theorem 3.5.1) gives almost
everything; see Exercise 5.7. However, as we know from Exercise 5.2, not
all subdivisions are regular. At any rate, it turns out that the methods
developed in Section 3.5 help us to determine fiz-.
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r;‘\heorem 5.2.1. Let S be a proper subdivision of the polytope P and set
S :=SU{P}. Then for F,G € S with F C G,

(_l)dimedimF if G 7& P,
pg(F,G) = { (—1)dmP—dimF+l 4G — P and F ¢ 9P,
0 if G=P and F C 9P.

If G # P, then the interval [F, G in S is contained in the face lattice ®(G)
and hence the first case is subsumed by Theorem 3.5.1.

For G = P, we need to ponder the structure of the collection of cells
G’ € S that contain F. We recall from Section 3.5 that for a polyhedron Q
and a point q € Q, the tangent cone of Q at q is

Tq(Q) = {g+u: q+¢cueQ for all € > 0 sufficiently small} .

We saw in Proposition 3.5.2 that Tq(Q) is the translate of a polyhedral
cone which depends only on the (unique) face F < Q that contains q in its
relative interior. In Chapter 3, tangent cones helped us to understand the
intervals [F, G] in ®(Q). The following is a strengthening of Lemma 3.5.3
from polyhedra to polyhedral subdivisions, illustrated in Figures 5.7 and 5.8.

A B C

Figure 5.7. Various complexes of tangent cones.

Lemma 5.2.2. Let S be a proper subdivision of a polytope P. For q € P,
Tq(S) = {Tq(G) : Ge S}

is a polyhedral complex with support |Tq(S)| = Tq(P). Moreover, if F € S is
the unique face with q in its relative interior, then the interval [F,P] in S is
isomorphic to Tq(S) U {1}, via K — Tq(K).

Proof. Let u € R%. If q + eu € P for all € > 0 sufficiently small, then there
is a unique cell G € S such that q + eu € G° for all € < gg. This implies, in
particular, that F is a face of G and that Tq(G)° N Tq(G')° = @ whenever
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Figure 5.8. Intervals in S corresponding to the tangent cones in Figure 5.7.

G # G'. The containment property is a statement about polytopes and hence
a consequence of Lemma 3.5.3. This shows that
Tq(S) = {Tq(G) : FXGeS} = {GeS: FXG}
and |Tq(S)| = Tq(P). O
We observe that Tq(S) does not depend on the choice of q € F° and

hence we will denote this polyhedral complex by Tg(S). For the empty face,
we define Ty(S) :=|S| = P. We are ready to prove Theorem 5.2.1.

Proof of Theorem 5.2.1. We need to consider only the case G = P. For a
cell F € § we compute

M§(Fu P) _ _ Z (_l)dimG’fdimF _ (_1)dim F+1 Z (_l)dimC
= (1) (Te(P)),
where the first equation follows from the defining property of M&bius func-
tions (2.2.1) and pg(F,G') = (—1)4m&'—dmF for all G/ < P.
Let q € F°. If F € § is contained in the boundary of P, then q is contained
in a proper face of P and, by Lemma 3.5.3, Tg(P) is a proper polyhedral cone.
Hence, our Euler characteristic computations (Corollaries 3.4.8 and 3.4.10)

give x(Tg(P)) = 0. On the other hand, if F Z OP, then q € P°. In this case
Te(P) = aff(P) and x(Tg(P)) = (—1)4™P finishes the proof. O

With this machinery at hand, we can extend Ehrhart—Macdonald reci-
procity from lattice simplices (Theorem 4.6.1) to all lattice polytopes.

Theorem 5.2.3. Let P C R? be a lattice polytope and ehrp(n) its Ehrhart
polynomial. Then for all integers n > 0,

(—=1)HP ehrp(—n) = ‘n P°N Zd’ .
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In other words, the Ehrhart polynomials of P and P° satisfy
(=1)4™mP ehrp(—n) = ehrpo(n).

Proof. Assume that P is not a lattice simplex and let S be a lattice triangula-
tion of P. (This exists by Corollary 5.1.6.) Mébius inversion on § := SU{P}
(Corollary 5.1.3) yields

ehrp(n) = — Z pg(F, P)ehrg(n).
Fes

By Theorem 5.2.1, this simplifies to

ehrp(n) = > (—1)mP=dmFehye(n).

FeS
FZoP

Ehrhart—-Macdonald reciprocity for simplices (Theorem 4.6.1) asserts that
ehrg(—n) = (—1)4mF|n Fo N Z9| for every lattice simplex F. Hence

(=¥ P ehrp(—n) = > ehrpe(n), (5.2.1)

Fes
FZoP

and the right-hand side counts the number of lattice points in the relative
interior of nP, by Lemma 3.3.8 and the definition of a subdivision. O

Our proofs of Theorems 5.1.7 and 5.2.3 can be generalized for a rational
polytope, and you are invited to prove the following theorem in Exercise 5.14.

Theorem 5.2.4. IfP C R? is a rational polytope, then for positive integers n,
the counting function ehrp(n) is a quasipolynomial in n whose period divides
the least common multiple of the denominators of the vertex coordinates of P.
Furthermore, for all integers n > 0,

(—1)3mP ehrp(—n) = ‘n P°N Zd) .
In other words, the Ehrhart quasipolynomials of P and P° are related as

(=1)4™mP ehrp(—n) = ehrpo(n).

5.3. Beneath, Beyond, and Half-open Decompositions

We promised a second method to obtain nontrivial subdivisions of a given
(lattice) polytope. The technique presented in this section is not only
algorithmic but it also furnishes a general methodology that avoids (rather:
hides) the use of Mobius inversion.

Let P C R? be a full-dimensional polytope with vertex set V. The idea
is to recursively construct a subdivision of P. So given a vertex v € V, let
P’ = conv(V \ {v}). Our next goal is, assuming we have a subdivision &’ of
P/, to extend S’ to a subdivision of P.
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We recall from Section 3.7 that v is beyond a face F of P' if v & Tg(P’),
and that this is equivalent to all points in F being visible from v. Let S’ be
a subdivision of the polyhedron P’ € R? and v € R%. We define

Visy(S') = {F cS :v¢g TF(S)} ,

containing the cells of &’ that are visible from v. Note that T4 (S’) = P" and,
since we assume v ¢ P, we have @ € Vis,(S').?

Proposition 5.3.1. Let S’ be a subdivision of the polytope P’ C R% and let
v € R%. Then Visy(S') is a polyhedral complex.

Proof. Since Visy(S’) C &', the intersection property holds automatically.
For the containment property, we note that Tg(S') € Tg(S’) for faces
G <X F € &, and so v is visible from all points of G if it is visible from all
points of F. O

We recall from Section 3.1 that for v ¢ aff(F'), the polytope
vxF = conv({v}UF)

is the pyramid over F’ with apex v. The next lemma states that under
certain conditions, we can take the pyramid over a polyhedral complex.

Lemma 5.3.2. Let S be a polyhedral complex and v & |S|. If, for any
p € |S|, the segment [v,p] meets |S| only in p, then

vxS = {v«F: FeS}US
s a polyhedral complex.

Proof. We first note that v ¢ aff(F) for every F € S—otherwise, [v,p] N F
would be a segment for any point p € F°. Hence, v x F is a well-defined
pyramid. Moreover, by Exercise 3.40, every face of v * F is either a face of
F or a pyramid over a face of F. Therefore, v x S satisfies the containment
property.

For the intersection property, assume that F,G € v * S are cells such
that F° N G° contains a point p. Then F and G cannot both be cells in
S, and so we may assume that F = v x F’ for some F' € S. Now the ray
{v+1t(p—v):t>0} meets the relative interior of F’ in a unique point p’.
If G € S, then our assumption yields that F/ = G and so G is a face of F.
Otherwise, G = v * G’ for some G’ € S and again by assumption the segment
[v, p/] meets both F/ and G’ in their relative interiors which implies that
FF=G. O

Returning to our initial goal of describing a way of extending a subdivision
of P’ to P, we can do the following.

3Now our notation in (3.7.2) should finally make sense: we studied the support of the
polyhedral complex formed by visible faces.
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Theorem 5.3.3. Let S’ be a subdivision of the polytope P' C R* and let
v € R\ P'. Then
S = S'U(vxVisy(8))

is a subdivision of P = conv({v}UP’).
Proof. By Lemma 5.3.2, v % Visy(S') is a polyhedral complex and
(v Visy(§)) NS = Visy(§),

by definition of Visy(S’). Thus, we are left to show that P = |S].

Let p € P\ P, and let r be the first point on the ray v + R>o(p — v)
that meets P’. By construction, r € 9P’ is visible from v. Hence, the unique
cell F/ € & that contains r in its relative interior is contained in Visy (P’)
and p liesin v« F € S. O

Theorem 5.3.3 and its proof give a practical algorithm for computing a
(lattice) triangulation of a (lattice) polytope P = conv(vy,...,vy):
(1) We start with a simplex P := conv(vy,...,vy), which is triangu-
lated by its collection of faces Ty := ®(Py).
(2) For every i = 1,...,n —d, set P; := conv({vgy;} UP;_1). Now
Theorem 5.3.3 asserts that

T = Ti—1 U {vd+i «F . F ¢ Visv(ﬁ,l)}
is a triangulation of P;.

In particular, 7 := 7,,_q4 is a triangulation of P,,_4s = P. This triangulation
T is called a pushing (or placing) triangulation and depends only on the
labeling of the vertices. Figure 5.9 illustrates the algorithm for a pentagon.

Vy

Vv W
5 [ J [ J
° Ve ° °

vy [ ] [ J [ J

V3 V3
Vo V2
Vs
Ve
% . @ @
Figure 5.9. A pushing triangulation of a pentagon.

The crucial insight that makes the above algorithm work is that at every
iteration of step (2), we know not only the sets of vertices of the cells in 7;
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but also a description in terms of facet-defining inequalities. For the initial
step (1), this is due to the fact that Py is a simplex (see Exercise 5.16); for
every subsequent iteration of (2), see Exercises 5.17 and 5.18. In particular, a
nice byproduct of our algorithm is that it computes an inequality description
for P along the way and hence verifies the first half of the Minkowski—Weyl
Theorem 3.2.5 for polytopes; see Exercise 5.20.

Exercise 5.19 reveals that the triangulation constructed by our algorithm
is regular, and so in some sense we have really given only one method for
constructing subdivisions of polytopes. However, the concept of a subdivision
or, more generally, a dissection inevitably leads to overcounting and Mobius
inversion in the setting of, e.g., Ehrhart theory, as in our proof of Theo-
rem 5.2.3. Our use of tangent cones and the notion of points beyond a face in
the construction of a pushing triangulation suggests a conceptual perspective
that avoids inclusion—exclusion of any sort and that we will elucidate in the
following.

Given a full-dimensional polyhedron P ¢ R? with facets Fy,Fo, ..., Fy,
we call a point q € R? generic relative to P if q is not contained in any
facet-defining hyperplane of P. The key to avoiding M6bius inversion with
subdivisions is the following definition: for a full-dimensional polyhedron
P ¢ R? and q generic relative to P, let

HqP := P\ |Visq(P)],

which we call a half-open polyhedron. By setting I := {j : q beyond F;},
we may also write
HqeP = P\ [JF;. (5.3.1)
JelI
The counterpart to this half-open polyhedron, appealing to our treatment of
half-open cones in Section 4.8, is

HP := P\ [ JF;. (5.3.2)
J¢l
Lemma 5.3.4. Let P C R? be a full-dimensional polyhedron with dissection
P=P,UPyU---UP,,. Ifq € RY s generic relative to each P;, then

HqP = HyP1 wHgPo W - - wHgP,  and (5.3.3)
HIP = HIP; wHIPy W --- W HIP,,. (5.3.4)
Figure 5.10 illustrates this lemma. If q € P°, then HqP = P and

HIP = P°.* (However, there is no q such that HIP = P; see Exercise 5.22.)
Thus Lemma 5.3.4 immediately implies the following corollary.

41 particular, a half-open polyhedron might be open or closed (or neither), so our nomencla-
ture should be digested carefully.
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oq H,P oq Hap

Figure 5.10. Two half-open dissections of a heptagon according to Lemma 5.3.4.

Corollary 5.3.5. Let P C R? be a full-dimensional polyhedron with dis-
section P = Py UPy U ---UP,,. If q € P° is generic relative to all P;,
then

P = HqP1WHqP2 W - HgP, and (5.3.5)
P° = HIPwHIP,W--- w HIP,,.

Proof of Lemma 5.3.4. We prove (5.3.3) and leave (5.3.4) to Exercise 5.21.

Since HqP; C HgP for 1 < j < m, the right-hand side of (5.3.3) is a
subset of HgqP and we need to show only the reverse inclusion and that the
union is disjoint.

Let pc HqP. If p € P;? for some j, then we are done, so suppose p lies
on the boundary of some of the P;s. (There is at least one such P; because
they form a dissection of P.) Since p is not in a face of P that is visible from
q, there is a subinterval

[(1—¢)p+eq,p] € [a, p]

for some ¢ > 0 that is contained in P. By choosing ¢ smaller, if necessary,
we can realize [(1 —¢)p +eq, p| C P; for some j. (Note that p € OP; and

[(1-¢e)p+ea,p) C P; (5.3.6)

since q is generic.) But this means that p is not on a face of P; that is visible
from q, and so p € HgP;.

If, in addition, p € 9Py, for some k # j, then [q, p) lies outside of Py,
by convexity, (5.3.6), and the definition of a dissection. This means that
p ¢ HyPy. O

We call (5.3.5) a half-open decomposition of P. Half-open decom-
positions give a cancellation-free way to prove results such as Ehrhart’s
theorem and Ehrhart—Macdonald reciprocity. Towards the latter, we define
the Ehrhart function of the half-open polytope HqP (naturally) by

ehrg p(n) := ‘anP N Zd‘
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for integers n > 1, with the analogous definition for ehrgap(n). You can
already guess the interplay of these counting functions and may try to
deduce it via Mdbius inversion. Instead, our proof follows the philosophy of
Section 4.8.

Proposition 5.3.6. Let A C R? be a full-dimensional lattice simplex and q
generic relative to . Then ehrg a(n) agrees with a polynomial of degree d,
and, for all integers n > 1,

(—1)% ehrg a(—n) = ‘anAﬂZd’.
In other words, the Ehrhart polynomials of Hq/A and HIA are related as

(—1)¢ ehrg a(—n) = ehrgaa(n).
Proof. Let A C R? be a full-dimensional lattice simplex with vertices
Vi,...,Vgr1 and facets Fq,... F4i11. We can assume that the vertices and

facets are labeled such that v; € F; for all j. For convenience, we can also
assume that

{7€ld+1] : qbeyond F;} = {m,m+1,...,d+1}.

Every point in A has a unique representation as a convex combination of
Vi,...,Vgr1. Hence, we can give an intrinsic description of the half-open
simplex HqA as

At A =1
HqA = ¢ AMvi+Xdeve+ -+ Agy1varr @ Aty A1 20
)\m,...,)\d+1>0

The homogenization hom(HqA) is therefore the half-open cone

= xaff) o) () o).

This gives precisely the setup of Theorem 4.8.1 and our subsequent proof of
Theorem 4.6.1. Specializing (4.8.5) to our setting gives

Ehrg a(2) = og(1,...,1,2), (5.3.7)

where Ehrg a(2) := >, ehrg a(n) 2", (Technically, for this definition to
be in sync with (5.3.7), we need to assume that HqA # A—which we may,
since otherwise Proposition 5.3.6 is simply Theorem 4.6.1, which we have
long proved.) By Exercise 5.23, the right-hand side of (5.3.7) is a rational
function that yields our first claim.

For the second claim, we refer to Exercise 5.24, which says (in the
language of Section 4.8) that C= hom(HYA), and so by Theorem 4.8.1,

(—=1)™' Ehrg (1) = Ehrgaa(z),

z

which yields the reciprocity statement, using Theorem 4.1.6. O
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As you might have already guessed, the combination of Corollary 5.3.5
and Proposition 5.3.6 yields an alternative proof of Ehrhart—Macdonald
reciprocity (Theorem 5.2.3). In fact, we can give a more general reciprocity
theorem, namely, the nonsimplicial version of Proposition 5.3.6.

Theorem 5.3.7. Let P C R¢ be a full-dimensional lattice polytope and let
q € R? be generic relative to P. Then for all integers n > 1,

(—1)¢ ehrg p(—n) = ‘n HP N Zd‘ .
In other words, the Ehrhart polynomials of HqP and HIP are related as
(—1)dehqup(—n) = ehrgap(n).

In particular, the special case q € P° gives an alternative proof of
Theorem 5.2.3.

Proof. Let P = Ay U---UA,, be a dissection of P into lattice simplices.
If necessary, we can replace q by some q’ such that HqP = HqP and ¢’ is
generic relative to each A;. Lemma 5.3.4 implies

ehrg p(n) = ehrg,a,(n) +--- +ehrg o, (n) and
ehrgap(n) = ehrgaa,(n) + -+ + ehrgap, (n).
Now use Proposition 5.3.6. O

5.4. Stanley Reciprocity

While we have made a number of definitions for general polyhedra, the major
constructions in this chapter up to this point have been on polytopes. As
cones recently made a comeback (in our proof of Proposition 5.3.6), it’s time
to extend some of our constructs to the conical world.

A subdivision S of a polyhedral cone C is a triangulation if all cells
in § are simplicial cones. If C and the cells in a triangulation S of C are
rational, we call § rational. For arithmetic purposes, we will mostly be
interested in the case that C is pointed. A nice side effect of concentrating
on pointed cones is that many results for polytopes carry over, such as the
following.

Corollary 5.4.1. Every (rational) pointed cone has a (rational) triangula-
tion.

Proof. We may assume that C ¢ R? is full dimensional. Because C is
pointed, there exists a hyperplane H (which we may choose to be rational)
such that CN'H = {0}. Choose a (rational) point p € C\ {0}; then p+ H
meets every ray of C and

P:= (p+H)NC
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is a polytope. (If C is rational, we can rescale p, if necessary, to make P into
a lattice polytope.) By Corollary 5.1.6, P admits a (lattice) triangulation 7
which, in turn, gives rise to the (rational) triangulation

{cone(A) : A e T}

Half-open decomposition of lattice polytopes naturally led us to Theo-
rem 5.3.7, a generalized version of Ehrhart—Macdonald reciprocity. In the
world of cones, we have seen a reciprocity theorem for the integer-point
transforms of half-open simplicial cones (Theorem 4.8.1). Now we extend it,
in similar fashion, to the general case of pointed cones.

Theorem 5.4.2. Let C C R? be a full-dimensional pointed rational cone,
and let q € R? be generic relative to C. Then

otgc (2) = (—1)? onac(z) .

Analogous to Corollary 5.3.5, the special case q € C° gives a result that
is worth being mentioned separately.

Corollary 5.4.3. Let C C R? be a full-dimensional pointed rational cone.
Then

oc () = (-1)%oco(z).

Theorem 5.4.2 and Corollary 5.4.3 constitute Stanley reciprocity; we
already saw the simplicial case in Section 4.8.

Proof of Theorem 5.4.2. We repeat the arguments in our proof of Theo-
rem 5.3.7, adjusting them to the integer-point transforms of a pointed rational
cone. Let C C R? be a rational pointed cone with a rational triangulation
C=CU---UC(C,. Lemma 5.3.4 implies

ouc(z) = omgc,(z) + - +om,c,,(z) and
ogac(z) = omac,(z) + -+ onac,, (2) -
Now use Theorem 4.8.1 and Exercise 5.25. O

Just as in Section 4.8, Theorem 5.4.2 has an immediate application to
Hilbert series.

Corollary 5.4.4. Let C C R? be a full-dimensional rational pointed cone,
and fiz a grading a € Z*. Then
Hg(%) = (—l)dH‘C’o(z).

Again as in Section 4.8, this corollary implies the reciprocity theorem
for Ehrhart series, which is equivalent to Ehrhart—-Macdonald reciprocity
(Theorem 5.2.3). We record it for future reference.
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Corollary 5.4.5. Let P C R? be a lattice polytope and Ehrp(n) its Ehrhart
series. Then
Ehrp (1) = (-1)¥™ P Ehrpo(z).

We finish this section with an important application of Theorem 3.7.1
(the Brianchon—Gram relation). Applied to integer-point transforms of a
rational polytope P, it gives a relation to the integer-point transforms of the
tangent cones at the vertices of P, called Brion’s theorem.

Theorem 5.4.6. Let P C R? be a rational polytope. Then as rational
functions,
Z or,p)(z2) = op(2z).
v vertex of P

Proof. Theorem 3.7.1 gives the identity of indicator functions
[Pl = > (=" [TE(P)].
@<F<P

Now Exercise 4.34 allows us to sum the above identity over Z¢ in Laurent-
series style,

dim F

> [Plm)z™ = > (1) > [Te(P))(m) 2™,

meZd P<FXP meZa
which is simply

ov(z) = 3 (1) For 6 (2).
I<F=P

However, Tg(P) contains a line except when F is a vertex, and so again by
Exercise 4.34, the rational generating functions on the right-hand side are
zero except for those belonging to vertices of P. O

Half-open decompositions will return to the stage in Section 6.4, where
we will directly extract combinatorial information from them.

5.5. h*-vectors and f-vectors

After having seen two proofs (in Sections 5.1 and 5.3) that the Ehrhart
function ehrp(n) of a lattice polytope P C R? is a polynomial, we will now
take a look at some fundamental properties of the corresponding Ehrhart
series”
Ehrp(z) = Z ehrp(n)z".
n>0
It follows from Proposition 4.1.4 that
hi+hiz+---+hjz"
(1 _ Z)rJrl

Ehrp(z) =

5 Our original definition (4.6.2) defined this series to have constant term 1; this is consistent
with Theorem 5.1.8.
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for some hg, ..., Y, where r =: dim P. We call h(2) :== h+hiz+---+h2"
the h*-polynomial and h*(P) = (h{, ..., h}) the h*-vector of P, where we
set hY = 0 for all i > r. Note that h*(P) together with the dimension of P
completely determines Ehrp(z). The h*-vector first surfaced in our proof of
Theorem 4.6.1, and our goal in this section is to study the salient features of
h*-vectors of lattice polytopes.

If A C R? is a lattice simplex, then the machinery of Section 4.8 helps
us, in a sense, to completely understand h’ (2). Consider a half-open lattice

simplex HqA C R? of dimension r. Its homogenization
C = hom(HqA) ¢ RO
is a half-open simplicial cone with integer-point transform

o5(215- - -5 2d+1)
(1_Zvlzd+1)...(1 _ZVr+lzd+1) ’

05(2’1,~--72d+1) =

where v1,...,Vv,41 are the vertices of A, and O is the fundamental paral-
lelepiped of C, defined in (4.8.3). As in Section 4.6, we recover h]’f_ﬂqA(z) =
o5(1,...,1,2), more explicitly,

hi(Hql) = H(x, Tgs1) € ONZHL ¢ gy = z}) (5.5.1)

From the definition of the integer-point transform and Theorem 4.8.1, we
obtain almost instantly the following nontrivial facts about h*-vectors and,
consequently, about Ehrhart polynomials.

Corollary 5.5.1. Let P C R? be a lattice polytope. Then h}(P) is a nonneg-
ative integer for all 0 < i < d. Moreover, hi(P) =1 and if we set

m°® = max{i : h;(P) >0},

)

then n = dim P+1—m? is the smallest dilation factor such that nP° contains
a lattice point.

Proof. Choose a dissection P = A; U --- U Ay into lattice simplices. (This
exists by Corollary 5.1.6.) Corollary 5.3.5 gives a half-open decomposition
P=MHqA 1 ¥---WHgA} for any generic q € P°. Since the Ehrhart functions
are additive in this situation and all simplices have the same dimension, we
conclude that

hi(P) = hj(HqA 1)+ -+ hi (HqAg) (5.5.2)

for all 0 < i < d. The first claim now follows from (5.5.1).

For the second part, note that a lattice point p is in P or P° if and only
if it is in HqA; or H1A; for some j, respectively. Thus, it suffices to treat
half-open simplices and we leave this case to Exercise 5.27. ([
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Whereas the second part of Corollary 5.5.1 is in some sense a statement
about rational generating functions, the nontrivial part is the nonnegativity
of the h*-vector. This, however, was pretty easy with the help of half-open
decompositions—we challenge you to try to prove Corollary 5.5.1 without
it. In fact, a stronger result holds which we can achieve by pushing the
underlying ideas further. The following result subsumes Corollary 5.5.1 by
taking P = @.

Theorem 5.5.2. Let P,Q C R? be lattice polytopes with P C Q. Then
hi(P) < hi(Q)
foralli=0,...,d.
Proof. We first assume that dimP = dim Q = r. Repeatedly using Theo-
rem 5.3.3, we can find a dissection into lattice simplices,
Q = MU U---UA,,
such that for some m <n
P =Anp1UlU---UA,

is a dissection of P. Pick a point q € P° generic relative to all AA;. Then
Lemma 5.3.4 yields

Q\P = HqA 1 WHGA W W HqA,,

as a disjoint union of half-open lattice simplices of dimension 7, and follow-
ing (5.5.2),

P(Q) —h*(P) = > h*(Hgd,).
j=1

Since we just argued that the h*-vector is nonnegative for any half-open
simplex, we are done for the case dim P = dim Q.

If dimQ — dimP =: s > 0, set P? := P, and for 0 < i < s we recursively
define the pyramids

pPitl .= pitlypi for some pT e (Q\ aff(P)) Nz
This gives a sequence of nested lattice polytopes
P=P cP c...cP CQ

with dim P! = dimP + 1 forall i =0,...,s — 1.

By construction, dim P* = dim Q (and so the step from P?® to Q is covered
by the first half of our proof) and hence it suffices to show the claim for
the case that Q is a pyramid over P with apex v. Pick a dissection of
P=A1U---UJXAy into lattice simplices which yields, by Exercise 5.30, a
dissection of Q = Aj U---U A, where A} = v« /A;. For a point q generic
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relative to A}, ..., A}, we get half-open decompositions of Q as well as of P,
and we are left to show that

h;'k (Hqu) < h? (HqAQ')

for all i and j. However, if we denote by f; and ﬁ; the fundamental
parallelepiped of the half-open simplicial cones hom(HgA ;) and hom(HqA;-),
respectively, then the last claim follows from (5.5.1) and Exercise 5.31. O

In general, there is no simple interpretation for the numbers A} (P).
However, in the rather special situation that the lattice polytope P admits
a unimodular dissection, that is, a dissection into unimodular simplices,
these numbers are quite nice.

Theorem 5.5.3. Let P C R be a d-dimensional lattice polytope. If P admits
a unimodular dissection, then hf(P) is the number of half-open simplices
with 1 facets removed.

It is wise to pause and let this result sink in. The A*-vector of P does not
depend on any particular dissection—it can be computed just in terms of
generating functions. Thus Theorem 5.5.3 implies that if a single unimodular
dissection exists, then the number of simplices that will have i facets missing
is predetermined for any choice of a unimodular dissection and for any choice
of a generic point. The key lies in (5.5.2), and Theorem 5.5.3 follows directly
from the following lemma; see Exercise 5.28.

Lemma 5.5.4. Let A C R? be a unimodular d-simplex and q a point generic
relative to /\. Then

higgn(2) = 27,

where r is the number of facets that are missing in Hq/\.

Going a step further, assume that P can be triangulated with unimodular
simplices. That is, there is a polyhedral complex 7 consisting of unimodular
simplices of varying dimensions such that P = |T; see Exercise 5.40 for the
relation between unimodular dissection and unimodular triangulations. We
denote by fi(7) the number of simplices of dimension k for —1 < k < dim T,
and we similarly define fi(HqA) for a half-open simplex. We have to be
careful with f_;(HqA): we set f_1(HqA) = 0 if HgA is properly half-open
and = 1 if HqA = A. Now, if Aq,...,A,, € T are the inclusion-maximal
cells, then

P = HoAW---H A

for any generic point q € P°. Since each (k — 1)-dimensional cell in 7 is the
face of exactly one A, we infer that

fiec1(T) = fro1(HqA1) + - + fro1(HqAm) (5.5.3)
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for all £ > 0. In the next result we use the natural convention that (_"S) =0
for s > 0.

Proposition 5.5.5. Let Hq/A be a d-dimensional half-open simplex with
0 <r < d facets removed. Then

d+1—-r
_1(HqA) =
fattias) = (3177
for all k > 0.
Proof. Let Fq,...,F, be the missing facets and let v; be the unique vertex

of A with v; € F; for 1 <i <r. A face F < Ais present in HqA = A\, Fs
if and only if {vy,...,v,} CF; see Exercise 5.35. Thus, the (k — 1)-faces are
in bijection with the subsets

U C vert(A)\{vi,..., v} with Ul=k—r. O

The following quite amazing result follows now directly from (5.5.3),
Theorem 5.5.3, and Proposition 5.5.5.

Theorem 5.5.6. Let P be a d-dimensional lattice polytope. If T is a uni-
modular triangulation of P, then

fam = (L) me

forall0 <k <d+1.

Theorem 5.5.6 implies that the h*-vector is determined by the f-vector
of any unimodular triangulation and vice versa. To see this, we introduce
the f-polynomial of a triangulation 7:

fr(z) = fa(T)+ far(T) 2+ + f(T) 2.

It follows from the formal reciprocity of generating functions (Theorem 4.1.6)
and Ehrhart—-Macdonald reciprocity (Theorem 5.2.3) that

5o(2) = h5(P)z+hY ((P) 22+ -+ hi(P) 2%,

As in Chapter 4, we emphasize that we view the polynomials f7(z) and hj. (%)
as generating functions: they enumerate certain combinatorial quantities.
Theorem 5.5.6 states that these quantities are related and the following
result, whose formal verification you are supposed to do in Exercise 5.36,
expresses this relation in the most elegant way possible.

Corollary 5.5.7. Let P be a d-dimensional lattice polytope and T a uni-
modular triangulation of P. Then, as generating functions,

fT(z) = hpe(z+1).
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In particular, hiy.(z) = fr(z — 1) which gives the explicit formula

* _ . r— d+1-—
) = 3 (G0 e, (5.5.4)

At this point you might (correctly) wonder if there is a similar story
involving h*(P) instead of h*(P°). The key to this rests in reciprocity. Let
nt (T) be the number of (k — 1)-dimensional cells of T that do not lie in
the boundary of P. It follows from Corollary 5.3.5 that for the very same
point q € P° used in this corollary that

P = HIAWHIA - -- H‘JHqu

Definitions (5.3.1) and (5.3.2) show that if HgqA has r missing facets, HIA
is missing d 4+ 1 — r facets. The same argument that led to Theorem 5.5.6
gives

d+1

in d + IL—r *

) = X (T ),
r=1

and thus we conclude:

Proposition 5.5.8. Let P be a d-dimensional lattice polytope and T a
unimodular triangulation of P. Then, as generating functions,
d+1

flnt Zflnt d+17k — hi;(z + 1) )

As a sneak preview for the next section, we note that Corollary 5.5.7 and
Proposition 5.5.8 together show that the number of faces and the number of
interior faces of a unimodular triangulation are not independent.

Corollary 5.5.9. Let P be a d-dimensional lattice polytope and T a uni-
modular triangulation. Then

' d+1 I
CGED WG]

=k

Proof. Ehrhart-Macdonald reciprocity (Theorem 5.2.3) implies hj(z) =
27 Rk, (1), and by Corollary 5.5.7

d+1
h;(z) — Zd+1f7_ < ) ka 1 Z)d+1szk'

Proposition 5.5.8 now gives

d+1

fU(z) = hp(z+1) ka (T (=2) " (2 + )P,

and the result follows by 1nspect1ng coefﬁcnents. ([
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5.6. Self-reciprocal Complexes and Dehn—Sommerville
Revisited

Let K be a complex of lattice polytopes in R?. We define the Ehrhart function
of IC by

ehri(n) = ‘n\IC| ﬂZd‘
for all integers n > 1. Corollary 5.1.3 then yields that

ehri(n) = Y —pg(F,1)ehrg(n), (5.6.1)
FeK

where K is the partially ordered set K with a maximum 1 adjoined. In fact,
if we set dim K := max{dimF : F € £}, then Corollary 5.1.2 immediately
implies the following.

Corollary 5.6.1. If K is a complez of lattice polytopes, then ehri(n) agrees
with a polynomial of degree dim IC for all positive integers n.

In this section we want to investigate a special class of polytopal com-
plexes, very much in the spirit of this book: we call a complex K self-
reciprocal if for all n > 0

(—1)4mX chrye(—n) = ehrg(n). (5.6.2)

The right-hand side of (5.6.1) also suggests a value for ehri(n) at n = 0,
namely, the Euler characteristic x(K). We will, however, not follow this
suggestion and instead decree that

ehri(0) == 1.

Unless x(K) = 1, this is a rather strange (if not disturbing) convention and in
light of Corollary 5.6.1, the function ehrg(n) now agrees with a polynomial of
degree dim K for all n except for n = 0. (Theorem 5.6.2 below will vindicate
our choice.)

We extend the definition of h*-vectors from Section 5.5 to complexes of
lattice polytopes via

hi 4+ hiz + - + b, 20
(1 _ Z)d+1 ’

Ehri(z) = 1+Zehrlc(n)z" =

n>1
where d = dim I, and we set h*(K) = (hg, ..., hj, ).

Theorem 5.6.2. Let K be a d-dimensional complex of lattice polytopes with
X(K) =1— (=1)%*1. Then K is self-reciprocal if and only if

h2+1—i(’C) = hf(/C) (5'6-3)
forall0<i<d+1.
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We remark that the condition x(K) = 1 — (—=1)%*! is not as esoteric as it
might seem; see (5.6.5) and (5.6.6) below. At any rate, in Exercise 5.41 you
are asked to verify that b, (K) = (=1)“"(1 — x(K)); with the additional
property x(K) = 1 — (=1)4*1, we obtain h} 1 (K) = 1, which is certainly
necessary for (5.6.3) to hold.

Proof. If (5.6.3) holds, then (—1)?*! Ehrx (1) = Ehri(z) and Corollary 4.1.8
says that (5.6.2) holds for all n > 1. Conversely, it follows again from
Corollary 4.1.8 that

(=1)* ' Ehre(2) = (=) (1-x(K)+(~1)* Y _ ehrg(—n)z" = Ehrg(z),
n>1
where we used (5.6.2) and that x(K) = 1 — (—1)%*1. Multiplying both sides

by (1 — 2)%*! and comparing coefficients proves the claim. O

If K is the subdivision of a lattice polytope P then, since x(P) = 1, we
have ehri(n) = ehrp(n) for all n > 0 and we are consistent with the definition
of Ehrhart functions for polytopes. However, subdivisions of polytopes can
never be self-reciprocal: if K is the subdivision of a lattice polytope P, then,
by Ehrhart-Macdonald reciprocity (Theorem 5.2.3),

(=1)4m K ehrie(—n) = ehrpe(n) < ehrp(n) for all n > 0.

On the other hand, the boundaries of polytopes are good examples of self-
reciprocal complexes. The boundary complex ®(9P) of a polytope P is
the collection of all proper faces of P.

Proposition 5.6.3. The boundary complex of any lattice polytope is self-
reciprocal.

Proof. Let P be a d-dimensional lattice polytope. Then
ehrg(pp)(n) = ehrp(n) —ehrpe(n) = ehrp(n) — (=1)%ehrp(—n), (5.6.4)

by Ehrhart-Macdonald reciprocity (Theorem 5.2.3). The boundary complex
is of dimension d — 1, and for n > 0 we compute

(=) ehrgopy(—n) = (=1)%"ehrp(—n) — (=1)**"" ehrp(n)
= ehrp(n) — (—1)%ehrp(—n)
= ehrggpy(n). O

From P = 0P W P°, we compute with the help of Theorem 3.4.1 and
Corollary 3.4.6

X(0P) = x(P) = x(P°) = 1~ (-1)%™P, (5.6.5)
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and Theorem 5.6.2 implies that i} (®(0P)) = h)_,(®(0P)) for all 0 < i < d.
In this particular case, the symmetry of the h*-vector can also be seen quite
directly:

Ehrgop)(2) = Z ehrggpy(n)z" = Ehrp(z) — Ehrpo(2)
n>0
() — (L)
(1 _ Z)d+1 ’
where the third equation follows from Corollary 5.4.5. We note that
h(z) = hb(z) — 2T h(L)
has a root at z = 1 and hence h(z) = (1—2) hg(ap)(z). Moreover, defL(%) =

—h(z) which implies 2 h p) (2) = B op (2)-

There are much more general classes of self-reciprocal complexes and
(at least) one particular class that has a strong combinatorial flavor. We
recall from Chapter 2 that a graded poset II with minimum and maximum
is Eulerian if ur(a,b) = (—=1)1® for any a < b, where I(a,b) is the length
of a maximal chain in the interval [a, b];;. Viewed as a poset, a polyhedral
complex K is graded if it is pure, that is, if every inclusion-maximal cell is
of the same dimension dim K. We will say that K is an Eulerian complex
if £ := KU {i} is an Eulerian poset. For example ®(AP) is an Eulerian
complex, for any polytope P.

= Ehrp(2) — (-1)"'Ehrp() =

Theorem 5.6.4. If K is an Eulerian complex of lattice polytopes, then IC is
self-reciprocal.

Proof. The length of a maximal chain starting in F € K and ending in 1 is
dim K 4+ 1 — dim F. Hence, if K is Eulerian, then

ehri(n) = Z—ME(F,i)ehrF(n) = Z(—l)dimk’;dimFehrF(n),
FeK Fek

and for n > 0 we thus compute with Ehrhart—-Macdonald reciprocity (Theo-
rem 5.2.3)

(—1)4mK ehre(—n) = Z(—l)dimF ehrg(—n) = Z ehrro ()
Fek Fex
= ehri(n). 0

Not all self-reciprocal complexes are necessarily Eulerian. For example,
the disjoint union of two self-reciprocal complexes of the same dimension
is self-reciprocal but never Eulerian; see Exercise 5.42. However, if K is a
d-dimensional Eulerian complex, then Theorem 2.4.6 implies that

(D™ = pe(0,1) = 1= up(0,F) = 1-x(K) (5.6.6)
FeK
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and so Theorem 5.6.2 applies. If K is a polyhedral complex of unimodular
simplices, then, thinking back to Corollary 5.5.9, we could hope that the
symmetry of the h*-vector implies conditions on the face numbers f;(K). It
turns out that we can do this in a more general way.

Let V be a finite set. We recall from Section 4.9 that an abstract simplicial
complex I' is a nonempty collection of finite subsets of V' with the property

cel, o’ Co = o el (5.6.7)

Back then we agreed that if P is a simplicial polytope, then the vertex sets
of proper faces of P form an abstract simplicial complex I'p. More generally,
if IC is a polyhedral complex consisting of simplices—that is, in the language
of Section 5.1, K is a geometric simplicial complex—,then

I = {vert(F) : Fe K}

is an abstract simplicial complex. The geometric information is lost in the
passage from IC to I'c but all combinatorial information is retained; in
particular, JC and ' are isomorphic as posets. Every k-simplex has k + 1
vertices and dimo = |o| — 1 for o € I" as well as dimI' = max{dimo : 0 € T'}
is consistent with the geometry.

Conversely, for an abstract simplicial complex I' on the ground set V/,
we can construct the following realization as a geometric simplicial complex.
Let {e, : v € V} be the standard basis of the vector space RV and consider
the unimodular (|V| — 1)-dimensional simplex

A = convi{e, : veV} = {pERZO : vazl}.

veV

The faces of A are given by A[A] := conv{e, : v € A} forall @ # AC V.
Thus to I' we can associate the geometric simplicial complex

RI = {Alo] : c €T} C &(4),

the canonical realization of I'. Here are two simple but pivotal facts
about RI[I'].

Proposition 5.6.5. Let I' be an abstract simplicial complex. The canonical
realization R[] is a complex of unimodular simplices and I' = R[I'] as posets.

For 0 < i < dimT, set f;(T") to be the number of faces o € I' with
dimo = |o| — 1 = i. The empty set & is always a face of " of dimension
—1 which we record by f_i(I') = f_1(R[[']) = 1. Since RI[I'] is a complex of
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unimodular simplices, we can compute its Ehrhart series as

LIS

Ehrgy(z) = > Ehrge(z) = » (1= 281

Serl Serl’

Sy fict (D) 20 (1 — 2) 1
- (1 — z)dtT :

(5.6.8)

(This mirrors some of our computations in Section 5.5.) Thus the h*-vector
of R[I'| depends only on the f-vector of I', and we define the h-vector

h(T) = (ho,...,hqr1) of a d-dimensional abstract simplicial complex T’
through h;(I") := A (R[I]) for 0 <i < d+ 1. So with (5.6.8),
d+1 d+1

ST fia@z (-2t = S h(n) 2 (5.6.9)
i=0 1=0

At this point, we take a short break to repeat our computation in (5.6.8)
for the (geometric) simplicial complex given by a unimodular triangulation
of a lattice polytope P. The computation is literally the same, except that
on the left-hand side of (5.6.8), Ehrgrj(2) needs to be replaced by Ehrp(2).
The numerator polynomial now becomes the h*-vector of P from Section 5.5,
and (5.6.9) implies:

Corollary 5.6.6. Let P be a d-dimensional lattice polytope with a unimodular
triangulation T. Then

d ) Zi
Ehrp(z) = Z(ilo_h;)(z:r)l )

In particular, the h*-vector of P depends only on the combinatorics of T .

The h-vector is like the h*-vector but it is not exactly the same thing. For
starters—unlike in the geometric scenario of a unimodular triangulation—it is
not true that h;(I") > 0 for all simplicial complexes I'; check out Exercise 5.38.
In particular, h*(K) and h(I'x) are typically different.

Next we reap some fruit from Theorem 5.6.2.

Corollary 5.6.7. Let I' be a d-dimensional Eulerian simplicial complex.
Then, for 0 <i<d+1,

hz<F) == hd+1,i (F) .
In particular, for 0 < j<d+1,

d+1
fia() = Z(’?)(—l)d“—’“fk_xr)-

=
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Proof. The first claim is exactly Theorem 5.6.2 applied to the canonical
realization R[I]. For the second claim, we replace z by 1 in (5.6.9) and

multiply the resulting equation by z9+!. This gives

d+1 d+1

D fima(D)(z = T Zhd-i-l —i
=0

But h;(T') = hgy1-i(T'), and so with (5.6.9) we conclude

d+1 d+1

j{:f; 1 d+1 —1 2{:12 1 Z)d+1—?

Now substituting z 4+ 1 for z and comparing coefficients yields the second
claim. 0

Applying Corollary 5.6.7 to the case that I" is the (d — 1)-dimensional
boundary complex of a d-dimensional simplicial polytope P yields exactly the
Dehn-Sommerville relations for f(P) obtained in Theorem 3.5.5. We could
now employ the same reasoning as in Section 3.5 to the zeta polynomials of
Eulerian simplicial complexes; however, we will forgo this in favor of a more
geometric perspective on zeta polynomials of abstract simplicial complexes.
For a finite set V, let

Oy = {qERV:Oqu<1f0rallv€V},

the standard half-open unit cube in RY. For any A C V, we can identify 04
as a (half-open) face of Oy, and for B C V we have 04 NOp = Oanp. It
follows that for an abstract simplicial complex I' on vertices V', the collection
of half-open parallelepipeds

or := {Og: SeT}

satisfies the intersection property of Section 5.1. As before, we consider the
Ehrhart function ehrg.(n) of the support |Or| := Jgep Os- In sync with

Lemma 3.3.8,
i o
BCA

and so

dimT'+1

ehro.(n) = Zehrmi‘(n) = Z(n—l Al = Z fici(T)(n —1)".

Ael Aerl

A do-it-yourself example is given in Exercise 5.39.



5.7. A Combinatorial Triangulation 183

Now, if I' is an Eulerian simplicial complex of dimension d, then by
reasoning similarly to that in our proof of Theorem 5.6.4,

chrpp(n) = Z_HF(A7i)ehrDA(n) = Z(_l)d—dimAn|A|
Aell Ael
d+1

_ Zfi—l(r)(_l)d+l_i ni_
1=0

Equating these two expressions for ehrp, (n) and comparing coefficients again
yields the linear relations of Corollary 5.6.7.

We close this section with yet another connection. We recall from
Section 4.9 that for a graded poset IT with 0 and 1 and an order preserving
and ranked ¢ : II — Z>q, a (I, ¢)-chain partition of n > 0 stems from a
multichain 0 < ¢; < ¢ < -+ < ¢, < 1 such that

n = rk(er1) +rk(c2) + -+ +rk(em)
and the number of chain partitions of n is denoted by cpyy 4(n).

Proposition 5.6.8. Let I' be a pure simplicial complex on the ground set V.
with rank function rk = rkp. Then

ehrgirj(n) = cpryiyw(n)

for all m > 0.

Proof. A point p € Z is contained in n|R[[]| if and only if p > 0, |p| = n,
and supp(p) € I'. The claim now follows from Lemma 4.9.5. O

Thus for an Eulerian complex I', we discovered Corollary 5.6.7 already
in (4.9.5) in Section 4.9.

5.7. A Combinatorial Triangulation

We finish our study of subdivisions of polytopes with a construction that
brings us back to purely combinatorial considerations. Fix a polytope P C R¢
and let ®(P) be its face lattice. For a vertex v € P, we define the antistar
of v as the collection of faces of P not containing v:

Asty(P) := {Fe ®(P) : v¢F}.

Like the collection of faces visible from a given point, the antistar is a
polyhedral complex. Indeed, since Asty(P) C ®(P), it inherits the intersection
property from the face lattice. Moreover, if F is a face that does not contain
v, so does every face G < F. We note the following simple but useful fact
about antistars (see Exercise 5.43).

Lemma 5.7.1. Let P be a polytope and v a vertex. Then Asty(G) C Asty(P)
s a subcomplex for any face G < P with v € G.
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The connection between antistars and subdivisions is the following.

Proposition 5.7.2. For a polytope P with vertex v,
v Asty(P) = {v*F : F € Asty(P)} U Asty(P)
is a subdivision of P.

Proof. Let p € P be an arbitrary point that is different from v. The ray
v + R>o(p — v) intersects P in a segment with endpoints v and r € JP. Let
F be the unique face that contains r in its relative interior. We claim that
F € Asty(P). Otherwise, r + e(v —r) € F C P for some ¢ > 0, which would
contradict the choice of r as an endpoint of our segment.

By invoking Lemma 5.3.2, this shows that v * Asty(P) is a polyhedral
complex and, at the same time, that P = |v x Asty(P)|, which finishes the
proof. O

Asty(P)

Figure 5.11. Pulling a vertex of a hexagon.

Note that v % Asty(P) = ®(P) if P is a simplex. In all other cases,
v * Asty(P) is a proper subdivision of P, and it is a triangulation if and
only if all faces in Asty (P) are simplices. This happens, for example, when
P is simplicial. Figure 5.11 illustrates Proposition 5.7.2 for a hexagon and
Figure 5.12 shows the resulting subdivision (into pyramids over squares) for
a cube.

Asty(P)

-

v

Figure 5.12. The antistar of a vertex in a 3-cube and the resulting
subdivision into pyramids over squares.
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To obtain a triangulation of a general (nonsimplicial) polytope, the idea
is to use v x T, where T is a triangulation of Asty(P) and we can get T by
recursively applying Proposition 5.7.2 to elements in Asty (P).

For a fixed ordering vi,..., v, of the vertices of P, we denote by vg the
smallest vertex of a face F < P in this ordering.

Theorem 5.7.3. Let P be a polytope and order its vertices vi,...,vy,. If P
is simplicial, set Pull(P) := vp * Asty, (P). Otherwise,

Pull(P) := | J  vpxPull(F), (5.7.1)
FEAsty, (P)

Then Pull(P) is a triangulation of P.

The triangulation obtained in Theorem 5.7.3 is called the pulling tri-
angulation of P with respect to the chosen order on the vertices.

Proof. Since every polytope of dimension at most 1 is a simplex and every
2-dimensional polytope is simplicial, the claim is true in dimensions d < 2
and we can proceed by induction on d = dim P.

Let P be a polytope of dimension d > 2. For any F € Asty,(P), Pull(F)
is a triangulation of F by induction. What we need to check is that the
collection of polyhedral complexes

{Pull(F) : F € Asty,(P)}

all fit together to give a triangulation of Asty,(P). Let F,F’ € Asty,(P) such
that G = FNF is not empty. If G is a face in Asty.(F) or Asty_, (F'), then by
construction the restriction of Pull(F) and Pull(F’) to G is exactly Pull(G).
If G is neither in Asty.(F) nor in Asty_ (F'), then v = vp and the claim
follows from Lemma 5.7.1. Thus

T := |J Pul(F) (5.7.2)

FEAstyp (P)

is a triangulation of |Asty, (P)| and Pull(P) = vp % T finishes the proof. [

Note that the pulling triangulation of Theorem 5.7.3 makes no reference
to the geometry of P and can be constructed solely from the knowledge of
®(P). For this reason pulling triangulations are a favorite tool to obtain
combinatorial results about polytopes. To get a better feel for that, consider
the d-dimensional cube Cy = [0,1]%. We can identify its vertices vert(Cy) =
{0,1}? with subsets of [d] under the correspondence that takes A C [d] to
the point e4 € {0,1}% with

(e) 1 ifie A,
€p)i =
A 0 otherwise.
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Choose any total ordering of the vertices of Cy such that e4 comes before
ep whenever A C B; see Exercise 5.37. In any such ordering vo, = eg.

Proposition 5.7.4. Let T = Pull(Cy) be the pulling triangulation of the
d-cube Cgq = [0,1]% with respect to an ordering of its vertices that refines the
inclusion-order on subsets of [d]. Then
conv(ea,,€4,,...,€4,) € T

for distinct Ay,..., Ay C [d] if and only if Ay C Aj or Aj C A; for all
1<i<j<k.
Proof. We argue by induction on the dimension d. For d = 1, (] is a
simplex with vertices 0 = ez and 1 = efyy.

For d > 1, we observe that the facets not containing v¢, = ey are

F, o= {pE[O,l]d:pizl},

for i = 1,...,d. So F; is the cube [0,1]%"! embedded in the hyperplane
{x e R? : z; = 1} with minimal vertex vg, = ;. By induction the simplices
of Pull(F;) correspond exactly to the chains

A C Ay C - C A C [d\{i}.

Thus, the simplices of Pull(Cy) correspond exactly to all chains of [d], which
proves the claim. [l

We have seen this triangulation before—this is exactly the triangulation
given in Proposition 5.1.9: for a maximal chain @ = Ag C A; C --- C Ag, we
have A; \ Aj_1 = {aq—j41} for some aq_j;1 € [d]. Since each a; can appear
only once, the map o : [d] — [d] given by o(j) := a; is a permutation of [d].
The point corresponding to A; is then

i
er, = D eo()t et ey = ul.
j=1
As a byproduct, we obtain the following from Proposition 5.1.9.

Corollary 5.7.5. Every pulling triangulation of [0,1]¢ is unimodular.

We now illustrate the power of pulling triangulations on a different class
of polytopes. For integers 0 < k < d, we define the (d, k)-hypersimplex as
the polytope

A(d,k) = conv{ey : ACId], |A| =k}.

For example, for k =1, A(d,1) = conv(eq, ..., eq) is a unimodular simplex,
and A(d, k) = A(d,d — k) under the linear transformation x e — x. In
Exercise 5.44 you will show that

Al k) = {xe 0,1]% - x1+ﬂc2+---+xd:l~c}. (5.7.3)
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In particular, for i =1,...,d,

F .= A(d,k)ﬁ{xeRd:xizo} >~ A(d—1,k) and

7

(5.7.4)
Flo= A(d,k)ﬁ{xeRd : x,:1} >~ A(d—1,k—1),

(2

where in both cases the isomorphism is with respect to the projection
R? — R4 that deletes the i-th coordinate.

To get an impression what a hypersimplex looks like, we note that A(d, 1)
and A(d,d — 1) are just unimodular simplices. The first nontrivial case is
A(4,2). This is a 3-dimensional polytope with (;1) = 6 vertices and 2-4 =8
facets, each of which is a unimodular triangle. It is not difficult to verify
that A(4,2) is, in fact, affinely isomorphic (in the sense of Exercise 5.45)
to an octahedron. For the case A(4,2), the following result can be verified
quite directly.

Proposition 5.7.6. Every pulling triangulation of a hypersimplex is uni-
modular.

Proof. We proceed once more by induction on d. For d = 2 and hence k = 1,
A(d, k) is the unimodular simplex with vertices (1,0) and (0, 1).

For d > 2, let v be the first vertex in an arbitrary but fixed ordering of
the vertices of A(d, k). Since each facet of A(d, k) is again a hypersimplex,
we obtain by induction that (5.7.2) is a unimodular triangulation 7 of the
antistar of v. Any inclusion-maximal F € T is contained in the hyperplane
{xeR?: z; =1—v;}forsomei=1,...,d. Youshould check (Exercise 5.46)
that if F has a unimodular triangulation, then v % F has a unimodular
triangulation. This completes the proof. [l

Proposition 5.7.6 gives the quite remarkable (and rare) property that
every pulling triangulation is unimodular. Such lattice polytopes are called
compressed and the unimodular simplices, the cube, and the hypersimplices
are examples; see Exercise 5.47 for more.

We can use (5.7.4) to determine the number of simplices in any such
triangulation of a hypersimplex. For a permutation m € G4, we call 1 < i <
d — 1 an ascent if 7(i) < 7(i + 1) and a descent if w(i) > 7(i + 1).

Theorem 5.7.7. Let 0 < k< d—1 and let T be a unimodular triangulation
of the d-dimensional hypersimplex A(d + 1,k + 1). Then the number of
full-dimensional simplices in T is the number s(d, k) of permutations in Sy
with exactly k descents.

For example, for (d, k) = (3,1), the hypersimplex A(4,2) is triangulated
by four unimodular simplices. At the same time, there are d! = 6 permuta-
tions of which the following 4 have exactly one descent: [132], [312], [231],
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and [213]. (Here we use the one-line notation for a permutation m € &4 and
write it as [m(1) w(2) - - 7(d)].)

The numbers s(d, k) are called the Eulerian numbers. We will see
them again in Chapter 6.

Proof. It follows from Proposition 5.7.6 and Corollary 5.5.7 that it suffices
to prove the claim for a pulling triangulation 7 = Pull(A(d + 1,k + 1)).
Let’s write s(d, k) for the number of d-simplices of 7. If k=0or k =d — 1,
then A(d+ 1,k + 1) is already a unimodular simplex and therefore s(d,0) =
s(d,d — 1) = 1. We claim that

s(dk) = (d—k)s(d—1,k)+ (k+1)s(d—1,k—1). (5.7.5)

Indeed, the number of d-simplices of 7 is equal to the number of (d — 1)-
simplices in the restriction of T to Asty(A(d + 1,k + 1)) for the vertex
V = VA(d+1,k+1) that was first in the pulling order. From (5.7.4), we know
that the antistar is composed of d 4 1 facets of A(d + 1, k), namely, d — k
facets FY 2 A(d, k + 1) corresponding to those positions i with v; = 0 and
k + 1 facets F} = A(d, k) for v; = 1. Each of these facets is triangulated by
s(d—1,k) and s(d — 1,k — 1) simplices, respectively.

The permutations [12---d] and [d(d — 1) - - - 1] are the only permutations
in 64 with 0 and d — 1 descents, respectively. Hence, to complete the proof,
it suffices to show that the number of permutations 7 € &4 with k& descents
satisfies the recurrence (5.7.5). This is done in Exercise 5.49. O

Corollary 5.5.7 says that the number f,.(7) of r-dimensional simplices
for 0 <r < d—1 in any unimodular triangulation 7 of A(d, k) has to be
the same. However, it seems to be a quite challenging problem to find a
meaningful interpretation for this number. We will revisit this problem in
Section 7.4.

Notes

Subdivisions and triangulations of polyhedra and, more generally, manifolds
go back at least to the beginning of the 20th century. In particular geometric
simplicial complexes are a common means to build complex objects from
simple ones. The study of simplicial complexes independent of a geomet-
ric embedding (i.e., abstract simplicial complexes) belongs to the field of
(combinatorial) topology; see, for example, [88,126].

It seems to be hard to credit a single mathematician for inventing (or
discovering) regular subdivisions. Certainly Hermann Minkowski [123] knew
that the projection of a full-dimensional polytope onto a hyperplane H
yields two subdivisions of the projection. Boris Delaunay [53] described an
important class of subdivisions (see Exercise 5.5) that is still today of great
importance in discretizing (and solving) differential equations. The name
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reqular or coherent goes back to Israel Gelfand, Mikhail Kapranov, and Andrei
Zelevinsky [70] who initiated much of modern research into subdivisions, in
particular the poset of subdivisions of a polytope P = conv(V') with vertices
in V. The partial order relation is given by refinement. A sneak peak: for
fixed V there is a polytope, the secondary polytope of V', whose face lattice is
isomorphic to the poset of regular subdivisions. The key to the construction
of that polytope is Proposition 5.1.10. This result is also the reason why
these subdivisions are sometimes called convex. Exercise 5.2 shows that there
are nonregular subdivisions and the whole story becomes more subtle. A
comprehensive treatise is given in [51].

The triangulation of the cube given in Proposition 5.1.9 was described
by Hans Freudenthal [66].

Theorem 5.2.1 holds for all polyhedral complexes S whose support [S] is
homeomorphic to a ball but a different proof is needed with techniques from
topology; see, for example, [33, Part II].

Eugene Ehrhart laid the foundation for lattice-point enumeration in
rational polyhedra, starting with Theorems 4.6.1, 4.7.2, and 5.1.7 in 1962
[67] as a teacher at a lycée in Strasbourg, France. (Ehrhart received his
doctorate later, at age 60 on the urging of some colleagues.) As already
mentioned in the Notes for Chapter 4, our approach follows Ehrhart’s original
lines of thought; an alternative proof from first combinatorial principles
can be found in [147]. The reciprocity theorem for Ehrhart polynomials
(Theorem 5.2.3) was conjectured (and proved in several special cases) by
Ehrhart and proved by I. G. Macdonald [115]. Theorem 5.2.3 is a particular
instance of a reciprocity relation for simple lattice-invariant valuations due
to Peter McMullen [120], who also proved a parallel extension of Ehrhart—
Macdonald reciprocity to general lattice-invariant valuations.

Ehrhart—Macdonald reciprocity takes on a special form for reflexive
polytopes which we define and study in Exercise 5.13. The term reflexive
polytope was coined by Victor Batyrev, who motivated these polytopes by
applications of mirror symmetry in string theory [18]. That the Ehrhart
series of a reflexive polytope exhibits an unexpected symmetry (Exercise 5.13)
was discovered by Takayuki Hibi [84]. The number of reflexive polytopes
in dimension d is known only for d < 4 [105,106]; see also [1, Sequence
A090045].

The placing triangulation was described by Branko Griinbaum [78, Sec-
tion 5.2]. The algorithm described underneath Theorem 5.3.3 is called the
beneath-beyond method and, in more sophisticated versions, it is widely used
in practice; see [51].

The half-open decompositions in Lemma 5.3.4 (and beyond) first surfaced
in the computational approach to Ehrhart quasipolynomials by Matthias
Koppe and Sven Verdoolaege [103]. The fact that a half-open decomposition
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is a disjoint union of half-open polytopes makes computations much simpler,
both in theory and in practice; see, for example, [96,97].

Richard Stanley developed much of the theory of Ehrhart (quasi)poly-
nomials, initially from a commutative-algebra point of view. Theorem 5.4.2
appeared in [162], the paper that coined the term combinatorial reciprocity
theorem, Corollary 5.5.1 (the simplicial case of which we mentioned in our
proof of Theorem 4.6.1) in [163], and Theorem 5.5.2 in [168]. The nonnega-
tivity constraints in Corollary 5.5.1 serve as the starting point when trying to
classify Ehrhart polynomials, though a complete classification is known only
in two dimensions [21]. Theorem 5.5.2 was proved in [168], our proof is taken
from [97]. Reciprocal domains were studied by Ehrhart [59,60] and in [162].
For (much) more about Ehrhart (quasi)polynomials, see [16,24,83,170].

Theorem 5.4.6 is due to Michel Brion [40]; his proof was quite a bit
more involved than the one we give here. Alternative proofs can be found
in [22,92]; see also [110,111,180] for more decomposition theorems with the
same philosophy. Theorem 5.4.6 motivated Alexander Barvinok to devise an
efficient algorithm for Ehrhart quasipolynomials [14]. Barvinok’s algorithm,
which is described in detail in [17], has been implemented in the software
packages barvinok [181] and LattE [49,50,102].

Theorem 5.5.6 (and the equivalent Corollary 5.5.7) is due to Richard
Stanley [163]. As we mentioned already, lattice polytopes that admit uni-
modular triangulations are quite special. There are other, less restrictive,
classes of lattice polytopes which come with numerous applications (e.g., to
semigroup algebras) and open problems [42]. A far-reaching extension of
Theorem 5.5.6 to general lattice polytopes, still relating its h*-polynomial
with the f-polynomial of a fixed triangulation, is due to Ulrich Betke and
Peter McMullen [28]. Their theorem becomes particularly powerful when the
polytope has an interior lattice point; this consequence was fully realized only
by Alan Stapledon [173] who extended the Betke-McMullen theorem further;
see also [172,174] which give the current state of the art regarding inequali-
ties among Ehrhart coefficients. Related work includes [12,43,133,141].

Corollary 5.5.9 is due to Victor Klee [100]. Other Dehn—-Sommerville-type
relations include [2,127].

The pulling triangulation was described by John F. P. Hudson [88,
Lemma 1.4] as a technique to refine polyhedral complexes. The consequence
of Theorem 5.7.7 was already known to Pierre-Simon Laplace: the volume
of the hypersimplex A(d + 1,k + 1) times d! is the number of permutations
o € 64 with k descents; see [65], which also contains a short after-thought
by Richard Stanley in which he constructs a piecewise-linear map from the
Freudenthal triangulation to the collection of all hypersimplices that maps
A, with 0 € &4 to A(d+ 1,k + 1) precisely when o has k descents. We will
revisit this in Section 7.4.
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5.1

5.2

5.3

5.4

Exercises

O Let S be a subdivision of a polytope P. Show that if F € § with
dim F < dim P, then there is some G € § with F C G. In particular, &
is a graded poset.

O Prove that the subdivision of the triangle in Figure 5.13 (with three
additional vertices) is not regular. Give an example of a nonregular
subdivision in every dimension > 3.

Figure 5.13. A nonregular triangulation.

Let P ¢ R be a full-dimensional polytope. For every nonempty face
F C P, let pr be a point in F°.
(a) Let F = {Fy C Fy C --- C Fi} be a chain of nonempty faces. Show
that
T(F) := conv{pf, : i=0,1,...,k}
is a k-dimensional simplex.
(b) Show that

B(P) := {T(F) : F chain of nonempty faces of P}

is a triangulation of P, called a barycentric subdivision.
(c) Show that, as posets, B(P) is isomorphic to the order complex
of ®(P).
O Let Vi={vy,vy,...,v,} C R? be a configuration of n > d+ 2 points
such that P := conv(V) is full dimensional. A stronger condition than
all bounded faces of E“(V') being simplices (as in Corollary 5.1.6) is
that no hyperplane in R*! contains more than d + 1 points of V.
Indeed, each supporting hyperplane of E¥ (V') will then contain k¥ < d+1
points which are thus the vertices of a (k — 1)-simplex. In the following
you will show that there is a (sufficiently large) h € R such that for
w(v;) :=h!, E¥(V) satisfies this stronger condition.
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(a) Consider the case n = d+2. Then V“ is contained in a hyperplane
if and only if the points V“ are affinely dependent, that is, the
(d+2) x (d+ 2)-matrix

Vi V2 o V42
h h2 L. hd+2

has determinant 0. Use Laplace expansion to show that this can
happen only for finitely many values of h.

(b) Argue that the same holds true for n > d 4+ 2 by considering all
(d + 2)-subsets of V.

5.5 0 Let V C R? be a finite set such that P = conv(V) is full dimensional
and define w: V — R by

d

w(p) = > pi.

i=1

Show that S¥(V') has the following interesting property: the vertices of
every full-dimensional cell F lie on the boundary of a unique ball and
this ball does not contain any element of V' \ F.

5.6 O Show that the vectors u§,uf,...,uj_; as defined in (5.1.7) form a
lattice basis of Z? for any ¢ € &4. In particular, A, is a unimodular
simplex.

5.7 Let § = §¥(V) be a regular subdivision of the polytope P = conv (V).
Use Theorem 3.5.1 and the fact that

S = OMIEY(V)) U{E*(V)} C B(E¥(V))

to give an independent proof of Theorem 5.2.1 for regular subdivisions.
(Hint: The tricky case is G = P and F C OP; here first show that there
is a bijection between the bounded and unbounded faces of E¥(V') that
contain the face of E¥(V') that projects to F.)

5.8 Compute the Ehrhart polynomial of the pyramid with vertices (0,0, 0),
(2,0,0), (0,2,0), (2,2,0), and (1,1,1).

5.9 Compute the Ehrhart polynomial of the octahedron with vertices
(£1,0,0), (0,4£1,0), and (0,0,%1). Generalize to the d-dimensional
cross polytope, the convex hull of the unit vectors in R? and their
negatives, which made its debut in (3.1.13).

5.10 © Show that if P is a d-dimensional lattice polytope in R?, then the
degree of its Ehrhart polynomial ehrp(n) is d and the leading coefficient
is the volume of P. What can you say if P is not full dimensional?
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5.11

5.12

5.13

5.14

5.15

Find and prove an interpretation of the second leading coefficient of
ehrp(n) for a full-dimensional lattice polytope P. (Hint: Start by
computing the Ehrhart polynomial of the boundary of P.)

For a lattice d-polytope P C RY, consider its Ehrhart series
Ehrp(z Z ehrp(n
n>0

By Proposition 4.5.1 and Theorem 5.1.7, we can write

h*zd—i—hd 12 + -+ hg
Ehrp(z) = (1_z)d+1
for some hg, h7, ..., h}. Prove:
(a) hy=1.
(b) :\szcq_ 1
(©) 1y =[P 2],

(d) hO—I-h* -+ hj = d!vol(P).
(This extends Exercise 4.42 from lattice simplices to arbitrary lattice
polytopes.)
A reflexive polytope is a lattice polytope P such that the origin is
the unique interior lattice point of P and®

ehrpo(n) = ehrp(n —1) for all n € Z~o . (5.7.6)
Prove that if P is a lattice d-polytope that contains the origin in its
interior and that has the Ehrhart series

Rzt + by 2 b R 2+ R
EhrP(Z) = (1 — Z)d+1 y

then P is reflexive if and only if hj, = h);_, for all 0 < k < %.

O Prove Theorem 5.2.4: If P is a rational polytope in R¢, then for
positive integers n, the counting function ehrp(n) is a quasipolynomial in
n whose period divides the least common multiple of the denominators
of the vertex coordinates of P. Furthermore, for all integers n > 0,

(=1)4mP ehrp(—n) = ‘n PoﬂZd}.

O Generalize Theorem 5.1.8 to rational polytopes, as follows: Let P
be a rational polytope and ehrp(n) its Ehrhart quasipolynomial. Then
ehrp(0) = 1. (Hint: This is the constant term for one of the constituents
of ehrp(n).)

6More generally, if the 1 on the right-hand side of (5.7.6) is replaced by an arbitrary fixed
positive integer, we call P Gorenstein. You may think about how Exercise 5.13 can be extended
to Gorenstein polytopes.
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5.16

5.17

5.18

5.19

5.20

5.21

5.22

5.23

5.24

O Let v, ...,vq € R? be affinely independent, and so conv(vy,...,vq)
is a d-simplex. Describe how to find the facet-defining hyperplane H;
for the facet F; := conv(vo,..., Vi1, Vit1,...,vq) for i =0,...,d.

O In the setting of Theorem 5.3.3, prove that F = v * F/ is a cell of S
that was not present in 8’ if and only if F’ is the facet of some cell in
&’ such that v is beyond F'. (Hint: Exercise 3.69.)

O Consider a d-simplex with facet-defining hyperplanes
Hi = {X € Rd : <az~,x) = bl}

for 2 = 0,...,d, and let v be a point that is beyond Fy, the facet
corresponding to Hy. Show that v * Fg is given by all x € R such that

(—ag,x) < bo,
(ai+5ia0,x> < b;+9; b,

where §; ::?;0_&%‘;}3J fori=1,...,d.

O Let P be a d-polytope with ordered vertices vy, ..., v,. Show that for
h > 0 sufficiently large, the subdivision S¥(v1,...,v,) with w(v;) = A’
is exactly the pushing triangulation of P with the given order.

Let P be a polytope with dissection P =P UPyU---UP,,, and let H
be a hyperplane. Show that H is facet-defining for P if and only if all
P; are contained in the same halfspace of H, and H is facet-defining for
at least one P;.

O Prove (5.3.4): Let P C R? be a full-dimensional polyhedron with
dissection P =P UPoU---UP,,. If q € RY is generic relative to all Py,
then
HIP = HIPy W HIP, W - - - W HIP,, .

0O Let P C R? be a full-dimensional polytope. Show that there is no
q € R? such that H9P = P.
O Finish the first half of our proof of Proposition 5.3.6 by showing
(using the notation from our proof) that

h(z)
(1 — z)d—f-l
for some polynomial h(z) of degree < d + 1. Deduce from (5.3.7) and
Proposition 4.1.4 that ehrg_a (n) is a polynomial in n of degree d. (Hint:
You might have to use long division to write oz (0, .. .,0, z) as a constant
plus a proper rational function.)

0z(0,...,0,2) =

O Using the notation of Section 4.8 and our proof of Proposition 5.3.6,
show that C = hom(H9A) and (using Theorem 4.8.1)

(—1)d+1 EhquA(l) = EhquA(Z).

z
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5.25

5.26

5.27

5.28

5.29

5.30

O Fix linearly independent vectors vi,Va,...,vq € Z% and consider the
simplicial cone

C = Ryovi +Rxgva + -+ Rxgvy.
Prove that, for
C = R>ovi+ -+ R>ovin—1 + Roovi + - + Rsovy,
there exists q € R? (generic relative to C) such that
C = HyC.

Conversely, show that, for every generic q € R? relative to C, the
half-open cone HgC is of the form C for some reordering of the v;s and
some 1m.

Let P ¢ R? be a full-dimensional polytope and let q € R? be generic
relative to P. Prove that x(HqP) = 0 unless HqP = P.

O Prove the following generalization of Corollary 5.5.1: For a half-open
simplex HqA of dimension r, let
m = min{i : hi(HqA) # 0}
and
m° = max{i : hj(HqA) # 0}.

Then m and m® are the smallest dilation factors such that ehrg, A (m) >
0 and ehrgaa (r + 1 —m°) > 0, respectively. Note that if HGA = A,
then m = 0.

O Give a proof of Lemma 5.5.4: Let A C R? be a unimodular d-simplex
and q a point generic relative to A. Then

higgn(2) = 27,
where 7 is the number of facets that are missing in HqA.
A generalized half-open decomposition of a polytope P is a collection of
polytopes P1,...,P, C P and points qi, ..., qm € P° such that
P = Hg,P1wHg,Pow---wHg,,Pn .

The ordinary half-open decompositions in Section 5.3 are thus the
special case q; = q for all 7. Find a generalized half-open decomposition
of a polytope that is not ordinary.

O Let Q be a pyramid over P with apex v. Show that a dissection of
P = A1U---UAy into simplices induces a dissection of Q = AjU- - -UA],
where Al = v x A;.
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5.31

5.32

5.33

5.34

5.35

5.36
5.37

5.38

5.39

5.40

O Following the setup of the last part of our proof of Theorem 5.5.2,
let P C RY be a lattice polytope and v € Z4 \ aff(P). Given a dissection
of P = A;U---UAy into lattice simplices, let A := v « A;. For a
point q generic relative to AY,..., A}, let §; and ﬁ; be the funda-
mental parallelepiped of the half-open simplicial cones hom(HqA ;) and
hom(HqAY), respectively. Show that 0, C ﬁ; for all 5.

Come up with and prove a generalization of Theorem 5.5.2 for rational
polytopes.

Let A be the convex hull of j + 1 unit vectors in R%, and consider
cone(A), the conical hull of the same j 4+ 1 unit vectors.

(a) Show that ehra(n) = (";.“j) and ehrpo(n) = ("]_1)

(b) Show that

1\
Ehra(z) = Gcone(n)(2,2,---,2) = (1-—Z>

and

Py Jj+1
Ehrpe(2) = Ocone(n)e(2,2,...,2) = <1—z> )
Find a lattice polytope P that has a unimodular dissection but no
unimodular triangulation.

O Let A be a d-simplex, F < A a facet, and v the unique vertex not
contained in F. Show that for any face G < A, we have G°  F if and
only if v € G.

O Use Theorem 5.5.6 to prove Corollary 5.5.7 and (5.5.4).

O Define a partial order on the collection of subsets of [d] by setting
A < B if and only if min(A \ B) > min(B \ 4). (Set min(@) := co.)
Show that this is a total order that satisfies A C B implies A < B.
Every simple graph G = (V, E) can be thought of as a 1-dimensional
simplicial complex I' = {@} UV U E. Characterize which graphs have
nonnegative h-vector.

Let I' be the (d — 1)-dimensional abstract simplex. That is, I' is the
complex of all subsets of [d]. Show that

chrg.(n) = n?.
O Find a 3-dimensional lattice polytope that has a unimodular dissection
that is not a unimodular triangulation. Can you find a 3-dimensional
lattice polytope that has a unimodular dissection but no unimodular
triangulation? (Hint: A suitable construction to do this can be found
in [148].)
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5.41 O Verify that for a d-dimensional complex KC of lattice polytopes,
i (K) = (=)™ (1 = x(K)).

5.42 O Show that a 0-dimensional complex is Eulerian if and only if it has
at most two vertices.

5.43 ¢ Carry out a proof for Lemma 5.7.1: Let P be a polytope and v a
vertex. Then Ast,(G) C Asty(P) is a subcomplex for any face G < P
with v € G.

5.44 O Prove (5.7.3):
A(d7k) = {XG [0,1]d : $1+x2+...+$d:k}_

5.45 O Let P be the octahedron from Exercise 5.9, with vertices (£1,0,0),
(0,£1,0), and (0,0,+1). Show that there is an injective affine map
L :R3 — R?* such that L(P) = A(4,2).

5.46 O Verify the claim made in the proof of Proposition 5.7.6 that, if F has
a unimodular triangulation, then v % F has a unimodular triangulation.

5.47 Let P ¢ R? be a full-dimensional lattice polytope. Suppose that for
any facet-defining hyperplane H = {x € R? : (a,x) = b} there is some
r € R such that

(a,p) € {b,b+7} forall pePNZ

(a) Show that every facet of P, when considered as a lattice polytope,
has the same property.

(b) Show that any such P is a compressed polytope.

(¢) Show the converse: If P is compressed, then it satisfies the above
property.

5.48 Let P C R? be a full-dimensional polytope, not necessarily a lattice
polytope. Assume that P satisfies the condition of Exercise 5.47 for
every vertex p € vert(P); such a polytope is called 2-level.

(a) Show that there is a linear transformation 7 : RY — R% such that
vert(T(P)) C {0,1}%. Such a polytope is called a 0/1-polytope.
(Hint: Pick d facets that intersect in a vertex and whose normals
are linearly independent.)

(b) Conclude that up to linear transformation there are only finitely
many 2-level (and hence compressed) polytopes.

(c) Can you count them in dimensions 1,2,3,4,...7

5.49 O This exercise completes our proof of Theorem 5.7.7. We first observe
that every position ¢ except for ¢ = d is either a descent or an ascent.
Now come up, and prove, a recurrence relation for s(d, k); it will involve
the quantities s(d—1,k) and s(d—1,k—1). (Hint: Write a permutation
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in 64_1 in one-line notation; this way it is easier to go from G4 1 to

G4 by inserting a number at some position.)

5.50 Let A = conv(ug,...,uy) C R? A’ = conv(vy,...,v.) C R® be two
unimodular simplices and let P = A x A’ be their Cartesian product.
(a) Show that any (d + e)-simplex spanned by the vertices of P is

unimodular.

(b) We can identify the vertices of P with the nodes of the square grid
{0,...,d} x {0,...,e}. A lattice path from (0,0) to (d,e) is a
path on the grid that uses only unit steps — and 1. Show that any
such path encodes a unique (d + e)-simplex of P.

(c¢) Show that the collection of all such simplices yields a triangulation
of P.

(d) Compute the h*-vector of P.



Chapter 6

Partially Ordered Sets,
Geometrically

Order is not sufficient. What is required, is something much more complex. It is
order entering upon novelty; so that the massiveness of order does not degenerate
into mere repetition; and so that the novelty is always reflected upon a background
of system.

Alfred North Whitehead

Now we return to the combinatorics of posets of Chapter 2. We will employ
the machinery of the previous chapters to study posets and their combi-
natorics from a geometric point of view. To do so, we will follow a sound
approach of modern mathematics: objects can be understood by studying
their relations to other objects through structure-preserving maps. The ob-
jects that we want to study in this chapter are posets and, as we pinpointed in
Section 1.3, the structure preserving maps are the (strictly) order-preserving
maps. We will consider the collection of all order-preserving maps from II to
a particular poset which, at the same time, gives II a geometric incarnation.
The order cone of a finite poset II is the set

K = {¢:II - R : ¢ order preserving} .

The order cone lives in the finite-dimensional vector space R = R and,
as the name suggests, is a polyhedral cone:

0<Mm)ﬁwﬂm€ﬂ}_ (6.0.1)

Kn = {¢ eR™: d(a) < ¢(b) foralla=<pb

Our investigations of its geometric aspects will shed a different light on
several results from Chapters 2 and 4.

199
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Since we will exclusively be dealing with finite posets (I, <), we decree
in this chapter that II = [d]. That is, we will view < as a partial order on
the elements 1,2, ...,d; in particular, we might write 10 < 3 even though
this looks unnatural. We call II naturally labelled if i < j implies ¢ < j
for all 4,75 € [d]. As we will see, it will be at times convenient to assume that
II is naturally labelled.

With the convention IT = [d], we have a canonical isomorphism R = R9
and we will interchangeably write ¢; and ¢(i) when considering ¢ € R!L.

6.1. The Geometry of Order Cones

As we can see already from their definition, order cones inevitably live in
high dimensions. It is thus all the more important to have some natural
families and examples at hand to develop our geometric intuition.

We recall that the d-antichain Ay is the poset with elements 1,2,...,d
and the trivial order relation =<, i.e., ¢ < j implies ¢ = j for all i,j € Ay.
Thus, in (6.0.1) there are no linear inequalities other than nonnegativity, and
we conclude

Ky, = RZ,.
Diametrically to antichains are the chains. It turns out that here a slight
variation is helpful. For a permutation 7 € &4, we define a partial order <,
on [d] through

d

i % j = ) < T0)
for all i,j € [d]. This is a total order on [d] with minimal element 7(1) and

maximal element 7(d), and a little bit of thinking reveals that the order cone
of ([d], <) is given by

K = {¢> ERY: 0 < drp) S grpy <+ < ¢7—(d)}' (6.1.1)

Notice that this representation uses far less, namely d, of the (dgl) inequalities

of (6.0.1). A similar reduction can be observed for general order cones. We
recall that a < b is a cover relation in II if there are no elements “between”
a and b, i.e., there is no p € II with a < p < b. In this case we use the
notation a < b.

Proposition 6.1.1. An irredundant representation of Ky is given by
_ o, 0 < ¢(m) if mellis a minimum
= {“R " gla) < ob)  fa<b ‘

Proof. We show that the stated inequalities imply the ones in (6.0.1). For
an order relation a < b, there are elements ag,aq,...,a; € II such that
a=ay—=<a < -+ =<a,=>b. Hence

¢(b) — ¢(a) = (#(ar) — dplar-1)) + -+ + (#(a1) — ¢(ag)) = 0.
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Moreover, for any a € II there is a minimum m € II such that m < a and

repeating our argument yields 0 < ¢(a). O
1
2 3
4

Figure 6.1. The poset <.

Our next sample is the diamond poset < pictured in Figure 6.1, whose
order cone

¢(1) > ¢(2)
Ko = {6 €RS v v
P(3) > ¢(4)

made an appearance in Section 4.7, where we painted a geometric picture of
plane partitions. Whereas the order cones Ky, and K; are simplicial (even
unimodular), this is not true for Ke.

The dimension of K¢ is 4: the strictly order-preserving map

(1(4),1(3),1(2),[(1)) = (1,2,3,4)

satisfies all defining inequalities strictly and hence lies in the interior of Ke.
We can expand this argument to prove:

Proposition 6.1.2. For a finite poset 11, the order cone Ky is of dimen-
sion |IIJ.

Proof. Guided by the diamond-poset example, we will construct a strictly
order-preserving map [ : IT — [d] that strictly satisfies all defining inequalities
of Kir and hence lies in the interior of Kp. This shows that Ky ¢ RY is full
dimensional.

We construct ¢ by induction on d = [II|. For the base case d = 1, say,
IT = {1}, we simply set [(1) := 1. For d > 1, let M € II be a maximum. By
induction, there is a strictly order preserving map [: II\ {M} — [d —1]. We
can complete [ to a map II — [d] by setting (M) = d. O

Working from the bottom up, we could have also employed the strategy
of picking the low-hanging fruits: setting [(a;) := 1 for a minimum a; € II,
then [(ag) := 2 for a minimum ay € 1T\ {a1}, and so on, we can construct a
point in the interior of K.
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Any map [ constructed in this way is a linear extension, that is, a
strictly order-preserving bijection

[ (IL <) — ([d,<).
Since we assume II = {1,...,d}, we may view [ as a permutation of [d]. We

denote the set of linear extensions of IT by Lin(II). That is, Lin(II) is the
collection of all permutations [ € &, for which

i <nj = (i) < l(j) (6.1.2)

for all 4,5 € [d].
A poset 1T is connected if II # I1y W1ls for some posets Iy, [Ty, where W
means that there are no relations between an element of II; and an element
of ITo. That is, II is connected if its Hasse diagram is connected as a graph.

The following lemma implies that we lose nothing by restricting our study
to connected posets. You are asked to supply a proof in Exercise 6.1.

Lemma 6.1.3. Let 111,11y be posets. Then
KH1L‘HH2 = KH1 X KH2 .

To study the facial structure of Ky, we start by forcing equality in one
of the irredundant inequalities of Proposition 6.1.1. If m € II is a minimum,
then

KnNn{g(m) =0} = Kmpmy-
Figure 6.2 shows an example for the diamond poset.

Koviay
1
e o
4
o(2)

Figure 6.2. A facet of Ko stemming from removing a minimum from <.

The facet stemming from a cover relation a < b is slightly more subtle to
describe:
Knn{¢(a) = ¢(0)} = K,
where II' is the poset obtained from II by identifying the elements a and
b. Hence, the Hasse diagram of II’ is the result of contracting the edge
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corresponding to the cover relation a <-b. This is plausible: every order-
preserving map ¢ : II — R>( that assigns a and b the same value is genuinely
an element of Kyr. As we hinted at already, there is a subtlety here, and
so for a poset II, we define IT as the poset obtained from II by adding an
element 0 that is smaller than every element in II.

Theorem 6.1.4. Let II be a connected poset. For every surjective order-
preserving map ¥ : II — I’ there is a face of Kp isomorphic to Kyp.
Conversely, for every face F < Ky there is a poset II' and a surjective
order-preserving map ¥ : II — I’ such that F = K.

Proof. Let U : II — IT' be a surjective order-preserving map. Every order-
preserving map ¢ : II' — R>( naturally extends to IT" by setting ¢(0) := 0.
Hence we obtain a linear map 71" : Kipp — Kyp that maps ¢ to ¢ o ¥, and Ky
is isomorphic to T'(Kp). An order-preserving map ¢ : I — R> is in the
image of T if and only if

p(a) = ¢(b) if V(a) = V(D) and P(a) =0 if W(a)=0.

It follows from (6.0.1) that these conditions define a nonempty face F.

For the converse statement, for a given face F < Kp we define an
equivalence relation ~ on II by setting a ~ b if ¢(a) = ¢(b) for all ¢ € F. We
use the usual notation @ for the equivalence class of a and I .= I/~ for the
set of all equivalence classes. In Exercise 6.2 you are asked to show that I

is a poset with partial order @ <’ b if there are elements ag, a1, ..., a; € 11
such that a ~ag < a1 ~as < --- = ag ~b. The map II — II' that takes a
to a is surjective and order preserving and thus finishes the proof. ([l

Proposition 6.1.2 now immediately implies:

Corollary 6.1.5. Let F be a face of K with corresponding surjective order
preserving map 11 — 1. Then dim F = |IT'|.

Theorem 6.1.4 and Corollary 6.1.5 tell us the generators of Ky. Namely,
if cone(u) is a ray of Ky with corresponding surjective order-preserving map
1 — IT, then 1T’ is a chain on two elements.

We recall from Chapter 2 that a subset F' C Il is a filter if a € F' and
b > a imply b € F. For instance, Figure 6.3 shows the five nonempty filters
of &. We also recall that F' C IT is a filter if and only if IT\ F' is an order
ideal, and so filters and order ideals of II are in one-to-one correspondence.
Thus filters are in bijection with order-preserving maps ¢ : II — [2], and so
filters get us on the trail started in the last paragraph. For a filter F' C 11
we write ep : IT — {0, 1} for the order-preserving map
{1 ifaeF,

er(a) =
r(a) 0 otherwise.
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SZeogvlieole

Figure 6.3. The five nonempty filters of <.

Every subset of the antichain Ay is a filter. But not every ep spans a
generator of the corresponding order cone Ky, = R?, which has exactly d
generators; so some care is needed.

Theorem 6.1.6. Let IT be a poset. A minimal set of generators for Kpy is
given by {ep : @ # F C1II connected filter}.

For example, K¢ is a 4-dimensional polyhedral cone with five facets and
five generators given by the filters corresponding to

{1}, {12} {13} {1,2,3}, {1,2,3,4}.
Since K¢ is a pointed cone, we may intersect it with a hyperplane meeting
all its generators to get a 3-dimensional picture of it; see Figure 6.4.

{1,2,3,4}

{173} {1,2,3}
{1} {1,2}

Figure 6.4. A 3-dimensional representation of Ke.

Proof. We first show that the er for nonempty connected filters F' generate
K. In fact, it suffices to show that the er for all filters—connected or not—
generate Kpp: if F' = F} W Fy is a disconnected filter, then er = er, + ep,.

Let ¢ € Ky We will prove that ¢ is a nonnegative linear combination of
er for some nonempty filters F' by induction on

s(¢) = [{aell: ¢(a) >0},
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the size of the support of ¢. If s(¢) = 0, then ¢(a) = 0 for all a € IT and
there is nothing to prove. For s(¢) > 0, the key observation is that

F = {aell: ¢(a) >0}

is a filter: if b = a and a € F, then ¢(b) > ¢(a) > 0 and b € F. Let
w:=min{¢(a) : a € F} and define ¢ := ¢ — pep. By construction,

pla)>p if a€e F and ¢(a) =0 otherwise.

Consequently, ¢'(a) > 0 for all a € II. Moreover, for b = a, we have
&' (b) —¢'(a) = ¢(b) —¢p(a) > 0 whenevera € ForbZ F. Ifa g Fbutbe F,
then ¢(a) = 0 and

¢'(b) — ¢'(a) = ¢(b) —p = 0.

This shows that ¢’ € Kpy. There is at least one element a € F with ¢(a) = p.
This yields s(¢') < s(¢) and so we are done by induction and the fact that
¢=¢ +per.

To show that we cannot forgo any single connected filter F' # &, suppose
that

erp = Aiep +Xeep + -+ Arep,,

where F1, ..., F,. are nonempty connected filters and A\i,..., A, > 0. We
may further assume that r is minimal. If ¢ € F; for some 1 < ¢ < r, then
er(a) > Njep(a) > 0 and hence F; C F. From the minimality of r it
follows that there is a minimal element m € F} that is not contained in
any F; with j > 1. From 1 = ep(m) = A\ er, (m) we deduce that A; = 1.
Since we assume that F' is connected, there is an element a € F; such that
a € Fj for some 1 < j < r—otherwise we would have F = F; & F’ with
F'=F,U---UF,. But then

1 = eF(a) > /\1eF1(a)+)\jeFj(a) = 1+/\j,

which implies A\; = 0. Since this contradicts our assumption that r is minimal,
it can only be that r = 1. ([

6.2. Subdivisions, Linear Extensions, and Permutations
We now turn to the question of how to subdivide an order cone. We have
already seen a subdivision (in fact, a triangulation) of K¢ in (4.7.1):
Ke = {XGRéO : x4§x3§aj2§x1}u{x€]}§§0 : x4§aj2§x3§z1}.
The two cones on the right-hand side are order cones themselves, namely,
those for the permutations 7,7’ € &4 given by

T(1)=4, 7(2)=3, 7(3)=2, T(4)=1,

() =4, 72)=2, 7(3)=3, T(4)=1.

In this example we can witness that the original order cone is subdivided

into order cones. This suggests studying the relationship between pairs of
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posets and their respective order cones. For two partial orders <, <9 on the
same ground set II we say that <5 refines < if for all a,b € II

a =1 b — a <o b. (6.2.1)

Informally speaking, <5 possibly puts more relations on II than <;. We can
say the following on the geometric side; since the ground set II is fixed for
now, we simply write K< for the order cone of the poset (II, <).

Proposition 6.2.1. Let <1 and =9 be partial orders on II. Then <o refines
=1 if and only if K<, C K<, .

Proof. For i =1,2, let
R; = {(a,b) eI x1II : a =<;b}.

Then = is refined by <o if and only if R; C Ry. By construction (6.0.1),
(a,b) € R; if and only if K<, is contained in the halfspace

{0 eR": 6(a) <o)}
Hence, Ry C Ry if and only if K<, C K, . g

From the definition (or, geometrically, from Proposition 6.2.1) it becomes
apparent that refinement is actually a partial order on posets with the same
ground set. To make use of this, we define for a given poset (II, <), the
partially ordered set

N, =) = {=': < refines <} .

By construction, =< is the maximum in N(II, <). What are the minimal
elements? If <5 strictly refines <1, then there are elements a,b € II that are
incomparable, i.e., a A1 b and b A1 a, but comparable with respect to <.
Thus, <’ cannot be refined if and only if for any a,b € II, either a <’ b or
b =" a. That is, <’ is a minimal element of N (II, <) if and only if (II, =<’) is
a linear or total order.

Since we assume that IT = {1,2,...,d}, any total order is of the form
=, for some 7 € &,4. Now, if <, refines <, then (6.2.1) together with the
definition of < yields

i<nj = 7)) < 7))
for all 4,5 € [d]. That is, <, refines < if and only if 7=! € Lin(IT). We define
the Jordan—Hodlder set of 11 as
JH(II) = {r e &y : 7! €Lin(l)}
= {1 € &4 : =, refines <}.

A linear extension [ € Lin(II) tells us the position [(a) of an element a € II
in a linear order that respects the partial order <. Dually, each 7 € JH(II)
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gives the elements of II labels: the element 7(1) € II is the minimal element
in the refined order <.

The Jordan-Hélder set JH(II) is exactly the set of minimal elements of
N(II, <). In Exercise 6.3 you will explore some further properties of N (II, <).
Now, for each <'€ N(II, <), we have K</ C Ky by Proposition 6.2.1. This
gives plenty of supply of nice cones to subdivide K. A crosscut in a poset
N is an antichain {c1,...,cs} € N\ {0} such that for every maximal chain
C C N, there is a unique ¢; € C.

Theorem 6.2.2. Let (II, <) be a poset and N = N(II, =) its poset of
refinements. Let <1,=9,...,=s€ N be a collection of refinements of II.
Then

Ko = Kjl UKjQU"'UKjS
is a dissection of Ky if and only if <1,=9,...,=s is a crosscut in N such
that every minimal element is covered uniquely.

Proof. To ease notation, we set K; = K<, for i =1,...,s. We first assume
that <1, <9,..., =5 is a crosscut. Due to Proposition 6.2.1, we only need to
show that Kip € Ky U --- UK and that dim(K; NK;) < |II| for all i # j.

We may assume that II is naturally labelled, i.e., ¢ < j implies 7 < j for
all i, j € Il = [d]. For any ¢ € Ky, we define a refinement <, of < as follows.
For 4,5 € II, we set

i< if di<d; or (pi=¢; and i<j).

You are asked to check in Exercise 6.4 that =<, is a partial order relation
on II and, in fact, a linear order. Moreover, if ¢ < j, then ¢; < ¢; by
assumption and ¢ < j by the fact that our labeling is natural; hence ¢ <4 j.
Consequently, <4 is a minimal element in V' and ¢ € K<,. By definition of
a crosscut, any maximal chain in N that starts in =4 contains =; for some
unique 1 < ¢ <'s. That is, =<; is refined by <4 and therefore ¢ € K<, C K<,
using Proposition 6.2.1. Hence K C Ky U --- UK.

If dim K; N'K; = |II|, then pick a generic ¢ in K; N K;. Genericity implies
that ¢ is in the interior of K<, and hence K<, C K; N K;. Proposition 6.2.1
implies that <4 refines both =; and =; which contradicts the assumption
that every minimal element is uniquely covered.

For sufficiency, we can play the arguments backwards: if =<; refines =,
then K; C K;, which would contradict the assumption that Ky,..., K, form a
dissection. Every maximal chain C in N starts in a minimal element <, with
7 € JH(II). For any ¢ in the relative interior of K., there is a unique 7 with
¢ € K; and from Proposition 6.2.1, we deduce that <;€ C. Thus, <1,...,<s
form a crosscut such that every minimal element is uniquely covered. ([

A canonical crosscut of a poset that uniquely covers the minimal elements
is the set of minimal elements itself. Hence the elements in JH(II) yield a
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subdivision of Krr. Moreover, the cones K, for 7 € JH(II) are simplicial and
even unimodular. We record the result of applying Theorem 6.2.2 in the
following important corollary.

Corollary 6.2.3. Let Il be a finite poset. Then
Kn = |J K-
TeJH(II)

1s a dissection into unimodular cones.

In Exercise 6.5, you are asked to verify that this is actually a triangulation
of Ky, i.e., that the cones meet in faces.

Figure 6.5 illustrates the two linear extensions of &. Thinking back
to (4.7.1) we now realize that the two maximal simplicial cones in the
triangulation of K¢ in Section 4.7 are naturally indexed by the two linear
extensions of <.

1 1
— 2 3—»1

=~ N W

Figure 6.5. The two linear extensions of <.

For the antichain Ay, every permutation 7 € &, represents a linear
extension, and JH(A;) = &,4. Corollary 6.2.3 yields

Ry = Ka, = [J Kr,. (6.2.2)
TEG,
Figure 6.6 shows a picture for d = 3.
Our next goal is to understand all the half-open decompositions of the
triangulation of Ky furnished by Corollary 6.2.3. We recall that for 7 € &,
every point ¢ € K? satisfies

0 < dry < br2) < o0 < Dr(a)-

In particular, any such ¢ is generic relative to K,, for all ¢ € &4. The
key insight, formalized below, is that HyK, will depend only on the two
permutations 7 and o.

We recall that for a permutation p € G4, an index 1 <7< d—-11is a
descent if p(i) > p(i +1). We collect the descents of p in the set

Des(p) := {ie[d—1] : p(i) > p(i +1)}.
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Figure 6.6. The triangulation (6.2.2) for d = 3.

Lemma 6.2.4. Let 7,0 € G4 and let ¢ € K2. Then

K. = Jxeprd. 0STo() STo@) S S T
oo © Zo(i) < To(iy1) if i € Des (7*1 o J) '

Proof. We need to determine the indices ¢ for which ¢, ;) > ¢g(iy1)- By
construction,

¢s > ¢ ifandonlyif 771(s) > 77L(¢) (6.2.3)
for 1 <'s,t < d. Hence ¢, (;y > ¢5(i41) if and only if
T Ho(i) > 7N o(i+ 1)),

that is, if and only if i € Des(7 1o o). O

If 7 is not a descent of p, then it is an ascent: p(i) < p(i+1). We likewise
record the ascents of p in the set Asc(p). The half-open cone reciprocal to
HyKs excludes the complementary facets, that is, those corresponding to
ascents of 77! o ¢ and, additionally, the facet Ty(1) = 0

K. — Ixemrl: O < %) = To@) < < Tog)
7 ) T (i) < To(i+1) if7 € ASC(T*1 o U) ’

If IT is naturally labelled, then the identity permutation 7(i) = i for ¢ € [d]
is in JH(IT) and we can conveniently construct a half-open decomposition
with respect to ¢(i) := i for all i« € II. In anticipation of the following
sections, we exercise this on the antichain Ag4. Corollary 5.3.5 gives in this
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case
0<x <z < ... <z
o= & {X eRt: =T =Te@ = =0l } ., (6.2.4)
- agd To(i) < To(igr) if © € Des(o)
0<x <z <. o<y
a  _ d . o(1) = To(2) = < Tgy(d)
0cbd

6.3. Order Polytopes and Order Polynomials
For a given poset (II, <), let
I :=nu {i} ,

the poset obtained by adding an element 1 to IT that is larger than any
member of IT and keeping the remaining relations. By construction, every
order-preserving map ¢ € Kg satisfies ¢(a) < ¢(1) for all a € II. In particular,

all nonempty filters of II contain 1 and, using Theorem 6.1.6, we find that
every ray of Kg inevitably meets the hyperplane H = {¢ : ¢(1) = 1}. The
polytope H N Kg is called the order polytope of II and is given by

o S 0<¢(p) <1 foralpell
O = {ngRH' ¢(a) < @(b) foralla=<b }

Our two polyhedral constructions for posets Il are intimately connected:
the homogenization hom(Or) is canonically isomorphic to Kg; see Exer-
cise 6.7. The correspondence between polytopes and their homogenizations
allows us to deduce several properties of Oy from those of Kg. To start with

a simple implication,

dimOp = dimKg—1 = || -1 = [0].

(6.3.1)

More importantly, all nonempty filters of TI contain 1 and hence are connected.
Theorem 6.1.6 thus shows the following.

Corollary 6.3.1. Let II be a finite poset. The vertices of O are exactly
er, where F' C II ranges over all filters of 11.

Proof. The vertices of Oy correspond to the rays of Kg. Theorem 6.1.6
says that the rays are spanned by the nonempty connected filters of . Al
nonempty filters of Il are connected and the map F — F U {i} gives a
bijection between the filters of II and the nonempty filters of 1I. ([

We can verify this corollary for the sample posets we have seen so far: if
II = Ay, is an antichain, every subset is a filter, and so the vertices of Ory are
all possible vectors with 0/1 entries. This confirms that Op = [0, 1]%.

If IT = [d] is a (naturally labelled) chain, the filters are of the form
{j,j+1,...,d} for any 0 < j < d, and so Ory is a (unimodular) simplex with
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vertices 0, e4, €41 + €4, ..., €1 + €2+ -+ + e4. (Similar simplices surfaced
in Section 5.1.)

If IT = O, the filters are the ones shown in Figure 6.3 plus the empty
filter, and so Oy has vertices 0, e;, e; + ez, €1 + e3, €1 + es + e3, and
e1 +eyt+e3+ey.

Corollary 6.3.1 says, in particular, that any order polytope is a lattice
polytope. Stronger even, its vertices have coordinates in {0,1} and so an
order polytope is a 0/1-polytope (like those appearing in Exercise 5.48). By
Ehrhart’s Theorem (Corollary 5.1.2), ehrg,(n) is a polynomial in n. In fact,
we know this polynomial quite well.

Proposition 6.3.2. Let II be a finite poset. Then
Qn(n) = ehro,(n—1).

Proof. Let f € (n—1)OgNZM". Thus, by definition, f is an order-preserving
map with range f(II) C {0,1,...,n — 1}. So, if we define the map ¢ by
o(p) == f(p) + 1 for p € II, then ¢ is order preserving with ¢(II) C [n]. This
argument works also in the other direction and proves that the lattice points
in (n—1)Oqy are in bijection with order-preserving maps into the n-chain. [

Proposition 6.3.2, with assistance from Corollaries 5.1.2 and 6.3.1, gives
an alternative, geometric proof that Qr(n) agrees with a polynomial of
degree |II| (Proposition 1.3.1). This geometric point of view also yields an
alternative proof for the reciprocity theorem for order polynomials.

Second proof of Theorem 1.3.2. Essentially by the same argument as in
our proof of Proposition 6.3.2, we realize that the lattice points in (n +1)Op
are in bijection with strictly order-preserving maps into the n-chain and
hence
Qri(n) = ehrog (n+1). (6.3.2)
Thus, by Ehrhart—Macdonald reciprocity (Theorem 5.2.3),
Qp(—n) = ehrog(-n+1) = (—1)"ehrg (n—1) = (=1)MQyx). O

Much more can be said about the facial structure of Oy, and we defer this
to Exercises 6.8 and 6.12. In the remainder of this section, we will focus on
a canonical subdivision of Op. Of course, Theorem 6.2.2 and, in particular,
Corollary 6.2.3 apply to Or. We choose, however, to use the combinatorial
triangulation of Section 5.7. To start, we need to fix an ordering on the
vertices of Ory, that is, the filters of II. We already used a partial order on
filters: we recall from Section 2.1 that the collection of filters J(II) of II
ordered by inclusion is the Birkhoff lattice. Now choose any refinement to a
total order, i.e., pick any linear extension of 7 (II). In Exercise 6.13, you will
show that this choice will not affect the resulting triangulation.
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Following the procedure outlined in (5.7.1), we pick the first vertex in
our chosen order, which is the unique minimum F = & of J(II). Next, we
need to determine the faces of Oy that do not contain er = 0. Actually, we
need to know only the facets of O, and from Proposition 6.1.1 applied to
Kg, we infer that these are exactly

Fuy = Onn{peR™: ¢p(M) =1}
for a maximum M € II.

Theorem 6.3.3. Let 11 be a finite poset. The simplices of a pulling triangu-
lation of Orr for an ordering that refines that of J(I1) are given by

Z(F) = conv(ep,,€r,...,€F,),

where F = {Fy C F} C --- C Fy;} is a chain of filters in IL. In particular, as
a partially ordered set, Pull(Ory) is isomorphic to the order complex A(J (I1)).

Proof. We prove the claim by induction on d = |II|. For d =1 and Il = {a},
Orr is already a simplex with vertices ez = 0 and ey = 1.

For d > 2, according to (5.7.1), the pulling triangulation of Oy is obtained
by adding the vertex ey to all simplices of Pull(Fy/) for a maximum M € II.
Now, Fyy is linearly isomorphic to Om fasy by projecting onto RIMM} The
vertex to pull in Fpy is ey which, under the linear isomorphism, corresponds
to the empty filter in I\ {M }. Hence, by induction, the simplices in Pull(Fy/)
are given by chains of filters of the form

{M} CFpL C F, C -+ C F,
and adding Fy = @ to these chains completes the proof. O
We will denote the triangulation of Theorem 6.3.3 by 711 and refer to it as
the canonical triangulation of Or;. To be honest, the pulling triangulation

of Theorem 6.3.3 is actually the triangulation of K5 given in Corollary 6.2.3
restricted to the hyperplane

{¢6RH : ¢(i):1}.
To make this more concrete, we need to relate linear extensions of II to

saturated chains in J(II). We saw this connection already a couple of times.
If [ € Lin(II) is a linear extension of II, then

F; == {a€ll : l(a) > |II| — i}, (6.3.3)

for i = 0,...,|II|, yields a maximal chain of filters. Conversely, if Fy C
W C .-+ C F} is a saturated chain of filters, then Fy = @, F), = II, and
|F; \ Fi—1| =1 for all 1 < i < k; see Exercise 6.14. In particular, k = |II]. If
we define a map [ : IT — [k] by

l(a) == min(i:a € F) (6.3.4)
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for a € II, then you may verify that [ is a linear extension. This shows the
following.

Lemma 6.3.4. Saturated chains in J(II) are in bijection with linear exten-
sions of 11.

Every linear extension of II yields a linear extension of II and vice versa.

Proposition 6.3.5. Let F be a saturated chain of filters in II and let | be
the corresponding linear extension. The simplex Z(F) of T satisfies

Z(F) = {¢:0<o(17'(1) <o (17'(2)) <--- <o (1) <1}

Proof. Let ay,...,aq be the elements of II such that F; \ F;_1 = {ag+1-i}
and [(a;) = i for ¢ = 1,...,d. In particular, F; = {aq41—j,...,aq} for
Jj = 0,...,d. Therefore, er;(a1) > 0 for all j and = 0 only if j = d.
Likewise, ef;(ag) < 1 for all j and < 1 only if j = 0. By the same token,
er;_,(a;) < ep;(a;) for all j, and the inequality is strict only if j +i=d + 1.
Thus, the d + 1 linear inequalities given in the proposition are facet defining
for Z(F). O

If we assume that IT = {1,2,...,d} carries a natural labeling, then the
Jordan-Holder set JH(II) is comprised of all permutations 7 € &4 such that
771 is a linear extension of II. The inequality description featured in Propo-
sition 6.3.5 then says that the maximal cells in the canonical triangulation

are exactly the simplices
Dr = {x€RT 0wy Sapp <o Sy <1}
from Section 5.1. By Exercise 5.6, these are unimodular simplices.

Corollary 6.3.6. The canonical triangulation Tn of On is reqular and
untmodular.

In Exercise 6.15 you will show that all pulling triangulations of Op are
unimodular. In particular, if IT = A4, then O = [0,1]¢ and the canonical
triangulation is exactly the one from Proposition 5.1.9.

Next, we zoom in on the faces triangulating the interior of Ory.

Proposition 6.3.7. Let F = {Fy C --- C Fy} be a chain of filters of II.
The corresponding simplex Z(F) in Tr is contained in the boundary of O if
and only if Fy # @, Fy, # 11, or there are a,b € F; \ Fj_1 for some 1 < j <k
such that a < b.

Proof. If Fy # &, then there is some p € ﬂf:o F;. Consequently, er, (p) =1
for all 4 and by (6.3.1), Z(F) lies in the supporting hyperplane {¢ : ¢(p) = 1}.
Similarly, if there is some p € I\ F}, then Z(F) C {¢ : ¢(p) = 0}. The
last condition implies that there is no i with b € F; and a ¢ F;. Thus, the
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defining property of filters forces er,(a) = ep, (b) for all i, and so Z(F) lies in
the boundary of Or;. Conversely, if Z(F) lies in the boundary of Oy, then all
points in Z(F) satisfy one of the defining inequalities of Oy, and reversing
the arguments yields the claim. O

Since the triangulation 77 is unimodular, we know from Corollary 5.6.6
that the Ehrhart polynomial of O depends only on the combinatorics of
A(J(I1)). We write fi™ = fin*(7r) for the number of k-dimensional faces
that are contained in the interior of Op. Recalling that (";1) is the Ehrhart
polynomial for the interior of a unimodular k-simplex, we deduce that

o ing [ TV in n ing [T
OQni(n) = ehrog (n+1) = fy ¢ <d> + £ <d B 1> e <1> . (6.3.5)
From the proof of Proposition 1.3.1, we can interpret the numbers f,icnt,
and Exercise 6.16 asks for bijective proof.

Corollary 6.3.8. Let II be a finite poset. The number of interior k-faces in
the canonical triangulation T of O equals the number of surjective strictly
order-preserving maps from 11 to the k-chain.

Corollary 6.3.8 also gives a clear geometric reason for Corollary 2.2.3.
All full-dimensional cells in 717 are contained in the interior. This yields the
following beautiful fact that we will revisit in the next chapter.

Corollary 6.3.9. Let II be a poset on d elements. The leading coefficient
of d!'- Qmi(n) equals the number of linear extensions of II.

Proof. The leading coefficient of Qpi(n) = (—1)? Qg (—n) is 3 (7). The
claim then follows with help from Lemma 6.3.4 or Exercise 6.16. (]

The existence of a unimodular triangulation of O brings forward the
question of what the h*-vector of Ehrg,(2) might tell us about II. This is
what we will look into next. As a first step, we observe that the simplices
triangulating Oy are restrictions of the simplicial cones of Section 6.2. By a
slight abuse of notation, we set 7(d+ 1) = d + 1 for any permutation 7 € S .

Corollary 6.3.10. The canonical triangulation Ty is the restriction of the
triangulation of Kg given in Corollary 6.2.3 by

A = KTm{gb : ¢d+1:1}
for T € JH(II).

Theorem 5.5.3 states that h!(Om) equals the number of simplices in
a half-open decomposition of the canonical triangulation 7T, from which
i facets were removed. Since we assume that IT = {1,...,d} is naturally

labelled, we can use ¢ € R? with ¢(i) = #'1 for ¢ € II as the point from
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which we construct a half-open decomposition. Lemma 6.2.4 together with
Corollary 6.3.10 then yields

< < <...<
HyA, = {x eR?: ST ST S S i) } (6.3.6)
Tr(iy < Tr(is1) if © € Des (1)
We write des(7) := | Des(7)| for the number of descents of 7 € &,.

Theorem 6.3.11. Let II = {1,...,d} be a naturally labelled poset with
Jordan—Hélder set JH(IT) C &4. Then

h*On (z) _ Z zdes(T) _
TEJH(II)
That is, h}(Om) equals the number of permutations T € JH(II) with i descents.

Proof. Equation (6.3.6) together with Lemma 5.5.4 gives

h]}k-]lq;A,- (Z) _ Zdes(T)

for 7 € JH(IT). By the additivity (5.5.2) of h*-vectors of half-open polytopes
in a half-open decomposition, we then conclude

ou(2) = D higa(z) = D 20 O
TeJH(II) T€JH(II)

With Proposition 6.3.2, we can rephrase Theorem 6.3.11 in terms of order
polynomials.

Corollary 6.3.12. Let II = {1,...,d} be a naturally labelled poset with
Jordan—Hélder set JH(IT) C &4. Then

z
EZQH(H) o ZTGJH(H)
z

_ S\d+1
= (1—-2)

des(7)

To see Theorem 6.3.11 in action, we consider our favorite two families of
posets. First, if I is a (naturally labelled) chain, we already know that O
is unimodular simplex, and consequently hgn(z) = 1. This is confirmed by
the fact that, in this case, JH(II) consists only of the identity permutation.

For the special case that II = Ay is the antichain on d elements and hence
Or = [0,1]¢ is the unit cube, Theorem 6.3.11 recovers the famous Eulerian
polynomial

sa(z) == s(d,0) +s(d,1)z+---+s(d,d—1) 2971,

The Eulerian numbers s(d, k) count permutations 7 € &4 with k descents
and were introduced in Theorem 5.7.7.

Corollary 6.3.13. Ford > 1,
Hoap(®) = Moy () = 3 2950 = 5y(2).

T€EG,
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6.4. The Arithmetic of Order Cones and P-Partitions

We now bring in the machinery of Chapter 4. We start by translating (6.2.4)
into an identity of rational generating functions (and leave the analogous
integer-point transform version of (6.2.5) to Exercise 6.19). The integer-point
transform of the left-hand side of (6.2.4) is easy:
@ 1
opd (z2) = .
Ko (I—21)(1—22)-(1—za)

And from our experience gained in Section 4.8, we effortlessly compute for
the half-open cones of Lemma 6.2.4 with ¢ = (1,2,...,d)

HyKe = > Rsouf + 3 Rsouf, (6.4.1)
j€Des(o) j€{0,1,...,d—1}\Des(c)

which comes with the integer-point transform

~ Iljepes@ 2V Iljeves(o) Zati+1) =~ Zo(a)
OHyK, (z) = 1 N = a1 (6.4.2)
s (1-2%)  TE% (L= g 2o0)

(Exercise 6.6). So the integer-point transform version of (6.2.4) is as follows.

Theorem 6.4.1.

1 . Z HjEDes(J)Z J

(A=z)(d-2)(1-z) S 1% (1—z“§’)'

Thinking back to Section 4.7, at this point we cannot help specializing
the identity in Theorem 6.4.1 to 21 = 29 = - -+ = 24 = ¢, which gives
1 _ ZUEGd HjEDes(cr) q _ Zoeed HjeAsc(a) q
l-9?  (Q-9l-¢)(1-¢) Q-1 —¢*) - (1-q%)
_ Zaeed Hd—jEASC(U) ¢ (6.4.3)
Q-q(l-¢) - (1-q%)" h
Here the second equation follows from the observation

{Des(o) : 0 € 64} = {Asc(o) : 0 € S4}.

d—j d—j

We can make (6.4.3) look even nicer by defining, for each o € Sy, the
complementary permutation

oP(j) == o(d+1—j).

Complementing a permutation switches the roles of ascents and descents in
the sense that

d—j € Asc(o) if and only if J € Des(aP). (6.4.4)
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This allows us to rewrite (6.4.3) as

1 _ ZUEGd HjEDes(crOP) ¢
1-9?  (1-91-¢) - (1—q9)
_ ZUEGd HjeDes(a) ¢ (6.4.5)
-9l —¢?) (1 —¢Y)’ o
where the last equation follows from the fact that {o°P? : 0 € &4} = S,.
The right-hand side of (6.4.5) motivates the definition

maj(o) == Y J,

j€Des(o)

the major index of 0. Now the summands in the numerator on the right-
hand side of (6.4.5) are simply ¢™#(?) and in fact (6.4.5) gives a distribution
of this statistic:

> g™ = 1+l +q+¢) - (L+g+--+q").  (64.6)
geGy
The factors on the right are g-integers, commonly abbreviated through
n], == 1+q+---+¢" " (6.4.7)
We can thus rewrite (6.4.6) compactly as
Z qmaj(g) = [q[2lg---[dlg,
eSSy

and the right-hand side is, in turn, (naturally!) often abbreviated as [d],!,
an example of a g-factorial.

With a small modification, we can see the permutation statistic from
Section 6.3 appearing. Namely, the order cone of an antichain appended by
a maximal element is

Kﬁd = {XGR‘HI : OS:Ul,xQ,.--,ﬂ?ded—i-l}-

The contemplations of the previous two pages apply almost verbatim to this
modified situation. The analogues of (6.2.4) and (6.2.5) are the half-open
unimodular triangulations

0<zx <z <...<gz <z
Ke — |4l dxeritt . 0S%0) ST S < o) < Tdn }7
Ad Ugd{ To(j) < To(j41) if J € Des(o)
(6.4.8)
0 < Zp1) < Tyiz) < -+ < Tp(ag) < @
S o= d+1 . o(1) > To(2) = = To(d) d+1
Ad H-J {X E R . ﬂ’}a_(j) < $O.(j+1) lf] 6 ASC(U) } 9

€S,
(6.4.9)
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and the analogue of (6.4.2), i.e., the integer-point transforms of one of the
cones on the right-hand side of (6.4.8), is

ul+eqi1 . e
HjeDes(a) z HjeDes(a) 2o (j+1) Fo(d)*d+1

H;‘l:() (1 _ Zu;+ed+1) N H?:o (1 — Zo(j41) za(d)szrl)

(6.4.10)

On the other hand, the integer-point transform of Kgd is, practically by
definition,

oKy, (@) = D (+ar+eta) (T zat+27) 2
n>0
and so (6.4.8) implies
Szt 420 (Ltzat-+2]) 2

n>0

u?+eqq1

_ Z HjEDes(a) Z

d u?+e ’
ce6y Hj:o (1 -z d+1>

It is evident, already from the definition of ;‘:d, that the role of z441 is
different from that of the other variables, and so we now specialize (6.4.11)
tozgr1 =zand 21 =20 = =2z =q

(6.4.11)

ZGGGd HjEDes(a) qd_jz
(1—2)(1—gq2)(L—¢*2) - (L —q%)
ZGGGd HjGDes(a) ¢’z
= . (6.4.12)
(1—2)(1—qz)(1—¢?*2)--- (1 —q2)

Here the last equation follows with the same change of variables as in (6.4.3)
and (6.4.5); you ought to check this in Exercise 6.22. In the numerator of the
right-hand side of (6.4.12) we again see the major index of the permutation
o appearing, alongside its descent number des(¢) = |Des(c)|, which made
its first appearance in Section 6.3. With the abbreviation (6.4.7), we can
thus write (6.4.12) compactly in the following form.

ZO’EGd qmaj(o)zdes(a')
(1-2)1-qz)(1-¢%)--(1-q%2)

Sttt -
n>0

Theorem 6.4.2. Z[n + l]gz” —
n>0

Specializing this identity for ¢ = 1 recovers the special case II = Ay of
Theorem 6.3.11:

des(o
Z(nJr D = 206, (@)

— _\d+1
= (1—2)
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29¢5(?) is an Eulerian polynomial. The

and the numerator polynomial ¢
joint distribution for (maj,des) given by Theorem 6.4.2 is known as an
Euler—Mahonian statistic.

The computations for order cones of an antichain, leading up to The-
orem 6.4.1 and (6.4.11), are surprisingly close to those for a general finite
poset II, even though an antichain seems to be a rather special poset. The
reason for this similarity is geometric: in the general case, the unimodular
triangulation (6.2.2)—which resulted in (6.2.4) and thus ultimately in the
integer-point transform identities above—gets replaced by the more general
Corollary 6.2.3. The “only” difference is that the unions and sums on the
right-hand sides of the various decomposition formulas of the previous section
will now be taken not over the full set &4 of permutations of [d], but rather
only over those 7 € G, that are in the Jordan—Holder set of 11.

The next step is to make the triangulation

= J K-

TeJH(II)

of Corollary 6.2.3 disjoint, analogous to (6.2.4). For the rest of this section,
except for Theorem 6.4.9 at the very end, we will assume that II = [d] is nat-
urally labelled. This has the convenient consequence that ¢ = (1,2,...,d) €
K{;, which means, in turn, that ascents and descents play exactly the same
role in our decomposition formulas as in the previous section, and we can
literally repeat their proofs to arrive at the following results.

Theorem 6.4.3. Let IT = [d] be a naturally labelled poset. Then

0<zz <z <...<z
Kn = W qxeRr!: —"TO=7@) = T(d)}7
' TGJLHJ(H { Tr(j) < Tr(j+1) if j € Des(1)

xeRY - 0 <) < Tr2) <0 < Tr(a) }

Tr(5) < Tr(j+1) ifje ASC(T)

TeJH(II {
{X crd . VSTr() STr2) S0 S Tr(g) S Td }

X
=)
I
mC

Ty < Tr(j41) if J € Des(7)

xeRd: VSTr) STre) S0 S Tria) < Tdn }

Tr(j) < Tr(j+1) ifje ASC(T)

=
=ho

Il
mC

Corollary 6.4.4. Let II = [d] be a naturally labelled poset. Then

u’

H'GDes(T)Z J
ok (2) = ’
S A T (1)
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and .
uji+eqy1

HjEDes(T) Z
JKﬁ(Z) - Z d 1— uiteqi; )
reJH(T) H]:O Z

The analogous integer-point transforms for Kf; and K‘ril are the subject of
Exercise 6.23. Stanley reciprocity (Theorem 5.4.2) gives an identity between
the rational functions ok (z) and oK (z). In the case of order cones, Stanley
reciprocity is equivalent to the following interplay of ascents and descents.

Corollary 6.4.5. Let II = [d] be naturally labelled. Then

. z_u;’ . quT‘
Z H]GDes(T) _ (_1)d Dz 2y Z H]GASC(T) ‘
d—1 1— —uf d—1 1_— u?
TEJH(IT) [ |j:o ( z ) TEJH(II) | |]:0 z

A natural next step, parallel to the beginning of this section, is to
specialize the variables in the integer-point transforms of order cones. This
yields two applications of the theorems in the previous section; the first
concerns order polynomials and parallels part of our treatment of order
polytopes in Section 6.3. Given a poset II = [d], we consider

D 0<z;<wgy foralll <j<d
T j2Rk = xj<ay '

Kei
Integer points in this order cone with a fixed x4, 1-coordinate are precisely
order-preserving maps II — [0, z441] N Z. Thus

oks(1,1,...,1,2) = Z #(order-preserving maps II — [0,n] N Z) 2"
n>0

= Z # (order-preserving maps IT — [0,n — 1] N Z) 2"~
n>1

1
= - E #(order-preserving maps Il — [1,n] NZ) z"
z
n>1

1
= =) Qu(n)z", (6.4.13)
o n>1
and so the second identity in Corollary 6.4.4 gives another derivation of
Corollary 6.3.12. This line of reasoning allows us to give yet another proof
of the reciprocity theorem for order polynomials.

Third proof of Theorem 1.3.2. One object of Exercise 6.23 is the integer-
point transform of K, whose specialization involves the number asc(t) of
ascents of a permutation 7:

> reguqm 22

(1 —z)d+1

UK%(l,l,...,l,z) =
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On the other hand, a computation exactly parallel to (6.4.13) gives (Exer-
cise 6.25)

oke (1,1,...,1,2) = 2> Qf(n)2", (6.4.14)
" n>0
and so we obtain
Zl—l—asc(T)
Z Q9 (n) " = ETGJH(H)
(1 _ Z)d—i-l

n>0

Now Asc(7) & Des(7) = [d — 1] for every T € &4, and so by Theorem 4.1.6,

. . ZTEJH(H) Z—l—asc(T)

n>1 z

d+1 des(7)—d
i ZTGJH(H) Zdes(r)

= (=1) (1 — z)d+1
des(7)+1

ZTEJH(H) z
(1 _ Z)d+1

= (=) Qnu(n) 2", 0

n>1

= (-1

An important special evaluation at the beginning of this section was
z=(q,q,...,q) in the integer-point transform of R, the order cone of the
antichain A4. For a general order cone, this gives, with the first identity of
Corollary 6.4.4,

o ) = > regnm [Lepes(ry 4477
kKp\d,4,---,49) = (1_q)(1_q2)(1—qd)

_ ZTGJH(H) HjeAsc(TOP) ¢ . (6 4 15)

(-1 -¢?) - (1—g?) h
here the second equation follows from (6.4.4). With the definition of the
comajor index

comaj(r) = Z J,

j€Asc(T)
the denominator on the right-hand side of (6.4.15) can be compactly written

as ZTGJH(H) qcomaj(TOP)'
This brings back memories of Chapter 4, and in fact the generating
function on the left-hand side of (6.4.15) enumerates certain compositions:

where the sum is over all (aj,as, ..., aq) € Z%, such that

i<k = aj < ay. (6.4.16)
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In this case we say that the composition (a1, as, ..., aq) respects the poset II.
In this language, a partition is a composition that respects a chain,' a general
composition (in the sense of Section 4.2) is a composition that respects an
antichain (yes, that’s as close to an oxymoron as we will get in this book), and
the plane partitions of Section 4.3 are situated between these two extremes:
in their simplest instance (4.3.1), they are compositions that respect the
diamond poset <.

Furthermore, if we interpret the composition (aq,as, ..., ay) as a function
I — Z<,, then (6.4.16) says that this function is order preserving. The
rational functions in (6.4.15) represent the generating function of the counting
function for compositions satisfying (6.4.16). Here is what we have proved.

Theorem 6.4.6. Let 11 = [d] be naturally labelled, and let cri(n) be the
number of compositions of n that respect II. Then

DETOF e LI

2 00— (1)

For example, when II = < is the diamond poset, the two permutations
in &4 that respect < are the identity [1234] and the permutation [1324]
switching 2 and 3. Here

comaj ([1234]°?) =0 and comaj ([1324]°P) = 2

comaj(7°P)

and so Theorem 6.4.6 gives

no_ 1+¢°
2o = T a0
1

1-g(1-¢)?1-¢)"

confirming once more (4.3.2).

By now you might expect a reciprocity theorem for crr(n), and the natural
candidate for a counting function that is reciprocal to crr(n) is the number
of compositions of n whose parts satisfy

j=<k — a; < ag .

(As above, we allow 0 as a part, i.e., such a composition might have less than
d positive parts.) We say that such a composition strictly respects II, and
we count them with the function cf;(n). We define the two accompanying
generating functions as

Cu(g) = Y en(n)q"  and  Cila) == Y chln)q"

n>0 n>0

1 More generally, as long as II is connected and naturally labelled, compositions that respect
II are partitions.
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Theorem 6.4.7. The rational generating functions Cri(q) and C5(q) are

related via
1
an () = oG,
Proof. A composition that strictly respects II, viewed as an integer point

(a1,as,...,aq) € Z%, satisfies
(a1 +1,a2+1,...,a0+1) € Kf,

which directly translates to

¢ cin) " = ok (¢,0,---.q)- (6.4.17)
n>0
Stanley reciprocity (Theorem 5.4.2) applied to the order cone Ky specializes
v 11 1
d
OKyy <q’q"”’q> (=D%okg (9,4,---,9) -
Now use (6.4.17) and the fact that ok, (q,q,...,q) = Cnu(q). O
While our composition counting function crp(n) appears most naturally
from the viewpoint of posets and order preserving maps, the right-hand side
of the formula in Theorem 6.4.6 is not quite as aesthetic as, say, that of
Theorem 6.4.2. The remedy is to instead consider order reversing maps,
which gives rise to the theory of P-partitions.? On the one hand, this point
of view is philosophically no different from our treatment of compositions
respecting a given poset; on the other hand, its history is older and, again,
the ensuing formulas are prettier.

Given a poset IT = [d], we call (a1, as, ..., aq) € Z¢, a [I-partition® of n
if
n = a +ay+---+aq
and
Jj=k — aj = ag,
that is, the map II — Z>( given by (a1, a2, ...,aq) is order reversing. The

reciprocal concept is that of a strict II-partition of n, for which the last
condition is replaced by

j=<k - a; > ag .

We count all II-partitions of n with the function pr(n) and the strict II-
partitions of n with pf;(n), with accompanying generating functions P(q)
and P(q), respectively. The easiest way to state and prove the II-partition
analogues of Theorems 6.4.6 and 6.4.7 is to change our convention that II is

2 Here P stands for a specific poset—for which we tend to use Greek letters such as IT to
avoid confusions with polyhedra.
3 Despite the name, a II-partition might not be a partition when II is not connected.
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naturally labelled to II being dual naturally labelled, namely, when ¢ < j
implies ¢ > j for all i,5 € [d]. In other words, the elements of IT are now
labelled with order-reversing indices. We can now safely leave the proof of
the following two theorems to you (Exercise 6.31).

Theorem 6.4.8. Let IT = [d] be a dual naturally labelled poset. Then

ZT qmaj(T)
1-q)(1-¢*)---(1-¢9)’
where the sum is over all T € &4 that satisfy 7(j) <n 7(k) = j > k.

Pu(q) =

Theorem 6.4.9. The rational generating functions Pr(q) and Pg(q) are
related by

e (1) = (—g" Pi(g).

q

Notes

The order polytope was first studied by Ladnor Geissinger [69] but its full
potential was uncovered by Richard Stanley in his seminal Two poset polytopes
paper [166] in 1986. The order cone systematically studied here not only
captures the order polytopes but also many variations of it; see [9,95,171].
We will see order polytopes in a more general context in Section 7.4.

The canonical triangulation of Theorem 6.3.3 has important computa-
tional consequences: given a rational polytope in terms of inequalities, is
there a polynomial-time algorithm to compute its volume? If so, then we
could compute the number of linear extensions of a poset II in polynomial-
time. However, Graham Brightwell and Peter Winkler [39] showed that this
is not possible.

The Eulerian numbers go back to (surprise!) Leonard Euler. For a bit
of history on how Euler got interested in these numbers, see [86]. Descent
statistics of permutations go back to at least Percy MacMahon, who proved
Theorem 6.4.2 and numerous variations of it [117]. Back then maj(o) was
called the greater index of o; in the 1970’s Dominique Foata suggested to
rename it major index in honor of MacMahon, who was a major in the
British army (and usually published his papers including this title) [65]. The
geometric treatment of Eulerian polynomials stemming from integer-point
transforms of suitable cones was spearheaded in [20], which also contains
analogous results when &, is replaced by other reflection groups.

Permutation statistics, g-integers, and g¢-factorials are indispensable in
combinatorial number theory, in particular, the theory of partitions; see,
e.g., [4,5].

MacMahon’s study [116] of plane partitions (which we introduced in
Section 4.3) can be viewed as a first step towards P-partitions, including his
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insight that the major index of a permutation is useful here. Much later,
Knuth [101] used MacMahon’s approach to enumerate solid partitions (a
3-dimensional variant of plane partitions) by recognizing there is a poset
structure underlying MacMahon’s computations. The full glory and power
of P-partitions—in fact, their generalization treated in Exercise 6.34—were
introduced in Richard Stanley’s Ph.D. thesis [160]; a modern treatment,
from a more algebraic perspective than ours, can be found in [170]. The main
decomposition and reciprocity theorems (Theorems 6.4.8 and 6.4.9) are due
to Stanley. An application to the enumeration of Young tableaux is hinted
at in Exercise 6.35. For a sampler of other applications and generalizations
of P-partitions, see [3,10,47,64,67,85,118,128,132,135,177]. A nice
survey about (the history of) P-partitions is [72].

Exercises

Throughout the exercises, II is a finite poset.

6.1 O Prove Lemma 6.1.3: Kmwi, = Ko, x K, .

6.2 O Verify the claims in the proof of Theorem 6.1.4: The set I = ﬁ/rv
equipped with =<’ is naturally a partially ordered set and the map
IT — IT' is order preserving.

6.3 O Let (II, <) be a poset and N' = N (IL, <) the poset of refinements of
(L, =).
(a) Show that any two elements in N have a join.
(b) Denote by N the poset N extended by a minimal element 0. Is N

a distributive lattice?

6.4 O Show that the binary relation =4 constructed in the proof of Theo-
rem 6.2.2 is a total order on II.

6.5 O Show that the dissection given in Corollary 6.2.3 describes the max-
imal cells in a triangulation of Ky;. Conversely, show that not every
dissection from Theorem 6.2.2 is a subdivision.

6.6 O Prove (6.4.1): For ¢ = (1,2,...,d),
HoK, = >, Rsouf + > R>ouj,
j€Des(o) j€{0,1,...,d—1}\Des(o)

and conclude from this (6.4.2):

[jepes(o) 2™ [l ees(o) Zoi+1) "+~ Zo(a)

oK, (z) = ~ = . .
’ | (1 - Z“f) I1520 (1= 20(41) "~ Zo(a)
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6.7
6.8

6.9
6.10

6.11
6.12

6.13

6.14

6.15

6.16

6.17
6.18
6.19

6.20

O Verify that hom(Op) = Kg.

O Let F, F' C1I be two distinct filters. Show that [ep, eps] is an edge
of Oy if and only if FF C F" and F’\ F is a connected poset.

What is the maximal number of vertices that a 2-face of O can have?
Let F,F’ C II be two distinct filters. Let F C Op be the join of
er and eps, that is, the inclusion-minimal face that contains both
vertices. Show that F is combinatorially isomorphic to [0, 1]", where
r = |max(F \ F')| + | max(F"\ F)|.

Let IT be a poset and II := ITU{1}. Show that Og is a pyramid over Ory.

Let J be a lattice. A subset J' C J is an induced sublattice if J’

is a lattice and meets/joins in J' agree with the meets/joins in 7. An

embedded sublattice is an induced sublattice J’ C J if
aAb,avbeJ = abeJ .

(a) Let @ : IT — II' be a surjective order preserving map. Show that
the induced map ®* : J(II') — J(II) that sends F C II' to ®~1(F)
is injective.

(b) Show that the image of ®* is an embedded sublattice of J(II) and
that every embedded sublattice arises this way.

(c) Show that the face lattice of O is isomorphic to the poset of
embedded sublattices of J(II) ordered by inclusion.

O Show that the pulling triangulation of O in Theorem 6.3.3 is inde-
pendent of the chosen linear extension of 7 (II).

O Show that if F/ C F CII are two filters such that |F'\ F'| > 2, then
there is a filter F” with F' C F” C F.

O Show that any pulling triangulation of Oy is unimodular. Are they
always isomorphic to the canonical triangulation 7r1?

Prove that the number of strictly order-preserving maps of II into a
k-chain are in bijection with chains of filters in II of length k — 1.

Revisiting Exercise 1.19, compute 23, (n) via linear extensions.

O Prove (6.3.2): Qp(n) = ehrog (n+1).

O Theorem 6.4.1 is the generating-function analogue of (6.2.4). Derive
the generating-function analogue of (6.2.5).

Let inv(o) := [{(j, k) : j < k and o(j) > o(k)}|, the number of inver-
sions of o € G,4. Show that

@™ = A+ +q+¢) - (I+qg+-+¢").

ceSy
(Looking back at (6.4.6), this implies > g qmailo) = > cs, qm(o)
i.e., the statistics maj and inv are equidistributed.)
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6.21 Explain how (6.2.4) and (6.2.5), and subsequently Theorem 6.4.3, would
change if we had chosen ¢ in Sections 6.2 and 6.4 differently—still with
entries 1,2,...,d, but now in some other order.

6.22 O Verify (6.4.10), (6.4.11), and (6.4.12).

6.23 O Prove the following open analogues of Corollary 6.4.4: Let IT = [d]
be naturally labelled. Then

T

Z le2.'.dejEASC(T) z%
comm 11 (1 —z% )

Z Z(2)Z122 T Ad HjGAsC(T) z
FEJH(IT) H;‘lzo (1 — quT‘JredJrl)

Deduce Corollary 6.4.5.

6.24 Give a direct proof of Corollary 6.4.5 (i.e., one that does not use
Theorem 5.4.2).

6.25 O Show (6.4.14): JK%(l,l,...,l,z) = 2 50 (n) 2"

6.26 Recompute the generating function for plane partition diamonds from
Exercise 4.20 by way of the theorems in this chapter.

)

oKe, (z) =

u]T» +eqi1

oK (z) =

6.27 Show that the generating function

ZQH(n)Zn_l _ hH(Z)

_ S)d+1
= (1—2)

has a palindromic numerator polynomial hyy (i.e., its coefficients form a
symmetric sequence) if and only if IT is a graded poset.

6.28 Show that every Eulerian polynomial is palindromic.

6.29 Compute the order polynomial of Ay, an antichain appended by a
maximal element. (Hint: The Bernoulli polynomials from (4.9.6) will
make an appearance.)

6.30 Revisiting Exercise 2.8, let II be the poset on 2d elements ay, as, ..., aq,
b1,ba,...,bq, defined by the relations

a; <ag <X -+ <aq and aj>bjf0r1§j§d.
Compute >, < Qm(n)z". (Hint: Consider permutations of the multiset
(1,1,2,2,....d,d}.)

6.31 O Prove Theorems 6.4.8 and 6.4.9: Let II = [d] be dual naturally
labelled. Then

ZT qmaj(T)

e (s e e
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6.32

6.33

6.34

6.35

where the sum is over all 7 € &4 that satisfy 7(j) < 7(k) = j >r k.
Furthermore, the rational generating functions Pr(¢) and Pf(g) are
related by
1 (o)
() = CoM .
Derive from Theorem 6.4.9 a reciprocity theorem that relates the
quasipolynomials pri(t) and pg(t).

Let IT = [d] be dual naturally labelled. Prove that

ZT ZcomajT
(1—2)(1—22)---(1—2%)"

where the sum is over all 7 € &4 that satisfy 7(j) <pg 7(k) = j >r k.

P(z) =

Given a poset II on [d], fix a bijection w : [d] — [d] which we call a
labeling of II. We say (a1, a2,...,aq) € Z%o is a (I, w)-partition of
n if
n = a+ax+---+aq,
j = k - a; > ag ,
and
Jj <k and w(j) > w(k) = a; > ay.

Thus if w is natural, then a (II,w)-partition is simply a II-partition.
Generalize Theorems 6.4.8 and 6.4.9 to (II, w)-partitions. (Hint: Exer-
cise 6.21.)

A Young diagram associated to a partition A = (Ay > Ag > -+ >
A > 1) is a collection of rows of left-justified boxes with A\; boxes in
the i-th row for i = 1,..., k. Figure 6.7 shows a Young diagram for the
partition A = (5,3,3,1).

12

Figure 6.7. Young diagram and a Young tableau for A = (5,3,3,1).

(a) Putting natural numbers in the boxes of a Young diagram is called
a filling if
- the numbers weakly increase along each row, and
- the numbers strictly increase down each column.
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Find a suitable poset and use Exercise 6.34 to give them a geometric
incarnation.

(b) Let n = A\ + --- 4+ Ag. A filling with numbers in [n] yields a
(standard) Young tableau if the numbers also strictly increase
along rows. Show that standard Young tableaux for A\ are in
bijection to linear extensions of certain posets.

6.36 Recompute the order polynomials of an antichain, a chain, and the
diamond poset < via (6.3.5) and Exercise 6.16.






Chapter 7

Hyperplane
Arrangements

The purely formal language of geometry describes adequately the reality of space. We
might say, in this sense, that geometry is successful magic. I should like to state a

converse: is not all magic, to the extent that it is successful, geometry?
René Thom

We begin the final chapter of this book with a look back to its first. Our
very first family of polynomials in Chapter 1 came from proper colorings of
graphs, but chromatic polynomials made no real appearance beyond that first
chapter—though they have been waiting backstage all along: Corollary 1.3.4
gave an intimate connection between chromatic and order polynomials. The
latter have played a prominent (geometric) role in several chapters since, and
one of our goals in this chapter is to illustrate how chromatic polynomials
exhibit a parallel geometric existence. The second family of polynomials in
Chapter 1, related to flows on graphs, have been all but orphaned; they will
make a well-deserved comeback here.

In this chapter we will develop a general framework that gives a coherent
picture for polynomial counting functions such as chromatic or flow poly-
nomials. The evolving theory will gently force us to revitalize hyperplane
arrangements, which we briefly introduced in Section 3.6. These, in turn, will
naturally lead us to study two special classes of polytopes: alcoved polytopes
and zonotopes.

231
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7.1. Chromatic, Order Polynomials, and Subdivisions
Revisited

Our geometric intuition behind order polynomials guided us in Chapter 6 to
realize them as Ehrhart polynomials (of order polytopes). While a chromatic
polynomial cannot be the Ehrhart polynomial of some lattice polytope (e.g.,
the constant term of a chromatic polynomial is 0, not 1), the geometric
picture implicitly painted by Corollary 1.3.4 is attractive: rewritten in the
language of Chapter 6, it says that a chromatic polynomial is the sum of
Ehrhart polynomials of open (order) polytopes, all of the same dimension
and without overlap. We will now continue this painting.

We start by recalling the construction underlying Corollary 1.3.4: an
acyclic orientation p of a graph G = (V, E) can be viewed as a poset II(,G)
by starting with the binary relations given by ,G' and adding the necessary
transitive and reflexive relations. Corollary 1.3.4 states that the chromatic
polynomial can be expressed as

xa(n) = D o), (7.1.1)
P

where the sum is over all acyclic orientations p of G, which we can rewrite
with (6.3.2) as

xa(n) = Zehro%(pc)(n+1). (7.1.2)

The case G = K3 is depicted in Figure 7.1. The geometric expression (7.1.2)

X2

n+1

(n+1)02

(n+1)0g,

€1

n+1

Figure 7.1. The geometry behind (7.1.2) for G = K.

for the chromatic polynomial, in a sense, actually goes back to basics: what
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we are counting on the right-hand side are integer lattice points in the open
cube

0,n+1)V = {CGRV :0<c(v)<n+1lforveV}

minus those points for which ¢(j) = ¢(k) for some edge jk € E; the resulting
set naturally represents precisely the proper n-colorings ¢ of G. The param-
eter n acts like a dilation factor, and the underlying polytope is the unit
cube in RV, which gets dissected by the hyperplanes {c(j) = c(k)}, one for
each edge jk € E. This gives a subdivision that we already know—at least
a refinement of it: Proposition 5.1.9 gives a regular triangulation of [0, 1]V
into unimodular simplices, indexed by permutations of V. If G is a complete
graph (i.e., E consists of all possible pairs from V'), the above dissection is
precisely the triangulation from Proposition 5.1.9. In the general case (7.1.2),
we essentially use the triangulation from Proposition 5.1.9 but glue some
of the (open) simplices along faces; we note that the resulting subdivision
consists of lattice polytopes.

This motivates the following general geometric construct: for a polyhedral
complex S of dimension d, we write S (=1 for the codimension-1 skeleton,
that is, the subcomplex of faces F € § of dimension < dimS — 1. We define

ehrg} (n) to count lattice points in the n-th dilate of |S|\ |S=V)|. That is,

ehrl(n) = ehrs(n) —ehrgen(n) = Y. ehrpo(n).  (7.1.3)

FeS
dim F=dim &

Figure 7.2 shows an example.

S S\ SY

Figure 7.2. Removing the codimension-1 skeleton of a polyhedral complex.

If S is a complex of lattice polytopes, then ehrg] (n) agrees with a

polynomial of degree dim S for all integers n > 0.
Proposition 7.1.1. Let S be a pure complex of lattice polytopes. Then
(—1)8m S ehrll (<)

is the number of lattice points in n|S|, each counted with multiplicity equal
to the number of maximal cells containing the point.
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Proof. By (7.1.3) and Ehrhart-Macdonald reciprocity (Theorem 5.2.3),

(~D)ImSenrld(—n) = 3T ehrp(n),

FeS
dim F=dim §

and the right-hand side counts lattice points in | Jg F = |S|, each weighted
by the number of facets F containing it. O

Our first concrete goal in this chapter is to adapt the above setup to
give a geometric proof of the reciprocity theorem for chromatic polynomials
(Theorem 1.1.5). We recall its statement: (—1)IVI yg(—n) equals the number
of compatible pairs (p,c), where ¢ is an n-coloring and p is an acyclic
orientation.

We start by drawing a picture of (7.1.2) (the case G = K3 is depicted in
Figure 7.1): the order polynomials Q%(pG) (n) on the right-hand side of (7.1.2)
are, by (6.3.2), the Ehrhart polynomials of the interiors of the respective
order polytopes, evaluated at n + 1. Since every proper coloring gives rise
to a compatible acyclic orientation, these dilated order polytopes combined
must contain all proper n-colorings of GG as lattice points. In other words,

U ®+10% (7.1.4)
p acyclic
equals (0,n + 1)V minus any point x with x; = y, for jk € E.
Proof of Theorem 1.1.5. We consider the subdivision
S = {On(pg) : pacyclic} (7.1.5)
of the cube [0,1]V; Exercise 7.1 asks you to verify that this is indeed a
subdivision. With (7.1.2), we can now rewrite
xG(n) = ehrg(n+1),
and so Proposition 7.1.1 says that
(—)"xa(=n) = (=)Vehrld (—=n +1)

counts the number of lattice points in (n — 1)[0,1]" = [0,n — 1]V, each
weighted by the number of order polytopes O,y containing the point.
This count equals the number of n-colorings (where we shifted the color
set to {0,1,...,n — 1}), each weighted by the number of compatible acyclic
orientations. U

There is a picture reciprocal to Figure 7.1 that underlies our proof of
Theorem 1.1.5. Namely, with Proposition 6.3.2, we may think of

> Q) (7.1.6)

p acyclic
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as a sum of the Ehrhart polynomials of the order polytopes Or,q) evaluated
at n — 1. As in our geometric interpretation of Corollary 1.3.4, we can think
of a lattice point in (n — 1)Ory(,¢) as an n-coloring of G that is compatible
with p. Contrary to the picture behind Corollary 1.3.4, here the dilated order
polytopes overlap, and so each n-coloring gets counted with multiplicity
equal to the number of its compatible acyclic orientations (see Figure 7.3).

X2

€1

n—1

Figure 7.3. The geometry behind our proof of Theorem 1.1.5 for G = K.

There is an alternative, and more general, way of looking at the above
setup and the combinatorial reciprocity exhibited by (our geometric proof
of) Theorem 1.1.5. Before we can introduce it, we need to take another look
at the combinatorics of hyperplane arrangements.

7.2. Flats and Regions of Hyperplane Arrangements

We recall from Section 3.4 that a hyperplane arrangement is a collection
H = {Hy,...,H;} of affine hyperplanes in R?. For I C [k], we write H; for
the affine subspace obtained by intersecting {H; : i € I'}. In Section 3.4 we
also defined the intersection poset L(H) of H as

L(H) = {H; : H #@, I C [k]},

ordered by reverse inclusion, with minimum (0 = R?%. This poset has a maxi-
mum precisely when all hyperplanes have a common point or, equivalently,
‘H is the translate of a central arrangement.

Our motivating and governing example in this section is an arrangement
stemming from a given simple graph G = (V, E). To an edge ij € E we
associate the hyperplane H;; = {x € RY : x; = z;}. The graphical
arrangement of G is then

HG = {H’LJ : ’L] S E} (721)
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This is a central but not essential arrangement in R in Exercise 7.2 you will
investigate the lineality spaces of graphical arrangements, and your findings
will imply the following.

Proposition 7.2.1. Let G = (V, E) be a simple and connected graph. The
lineality space of Hg is
lineal(Hg) = R1.

Here 1 € RV denotes a vector all of whose entries are 1.

Our main motivation for considering this special class of hyperplane
arrangements is that they geometrically carry quite a trove of information
about the underlying graph. Let’s take a closer look at the flats of a graphical
arrangement. The flat corresponding to S C FE is

Hs = [ Hy = {xeRY : ;= forall ij € S}.
ijes

There are potentially many different sets S’ C F with Hg = Hg/. Indeed,
let G[S] := (V. S), the graph with the same node set V' as G but with the
(smaller) edge set S. If ij € E '\ S is an edge such that the nodes i and j are
in the same connected component of G[S], then z; = z; for all x € Hg and
hence Hgyg5y = Hs.

In general, there is always a unique inclusion-maximal S C E with
Hg = Hg. What does S look like? For any edge ij € E \ S, the endpoints i
and j should be in different connected components of G[S]; that is, G[SU{ij}]
has strictly fewer connected components than G[S]. We already came across
this back in Section 2.4 where we showed that S = S if and only if S C F is
a flat of G. This way, we can extend (2.4.5) from colorings to all p € RV,
We define

Sa(p) = {ij € E : pi =p;}.
Then Hg,, p) is the maximal element in £(Hg) (i-e., the inclusion-minimal
affine subspace of H¢) that contains p. Our way of describing the elements

of L(H¢g) will lead you (in Exercise 7.5) to realize that flats of H¢ can be
naturally identified with flats of G defined in Section 2.4.

Proposition 7.2.2. Let G = (V, E) be a graph. Then L(G) and L(Hg) are
canonically isomorphic as posets.

The description of flats is reminiscent of a construction on graphs that we
introduced, somewhat informally, in Section 1.1, namely, the contraction of
an edge. To reintroduce this construct thoroughly, for e = ¢5 € E we define
G/e to be the graph (V, E), where V := V' \ {j} and E consists of E \ {¢}
plus all edges {ik : jk € E, k # i}. We chose to define G/e so that no new
loops are created; all edges between i and j disappear in G/e.
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It is a short step to extend contraction from one to several edges: for S C
E, we define G/S to be the graph resulting from consecutively contracting
all edges in S; Exercise 7.3 makes sure that this definition is independent
on the order with which we contract. In particular, G/S = G/S, where S is
the smallest flat of G that contains S. Figure 7.4 shows a contraction at an
edge. Of course, G/S also comes with a graphical hyperplane arrangement
and we can actually find it within Hg.

w w

Figure 7.4. Contracting the edge uwv.

Let F' € L(H) be a flat of an arrangement H. We define the restriction
of H to F' as

Hlp = {HNF:HeH, o CHNF CF}.

Since FNH# F and FNH # @, we know that /"N H is an affine subspace
of F' of dimension dim F' — 1. Hence H|p is an arrangement of hyperplanes
in F = RYI™F and we invite you to establish the following in Exercise 7.6.

Proposition 7.2.3. Let G = (V,E) be a graph, S C E a flat of G, and
F € L(Hg) the corresponding flat of Ha. Then

Helr = Has  and  L(Helr) = L(Hays),

in the sense that there is a bijection between Hg|r and Hays that induces
an order-preserving bijection between L(Hg|r) and L(Hg)s)-

Any hyperplane arrangement H dissects R¢ into regions, and we studied
the number of regions () and the number of relative bounded regions b(H)
in Section 3.6. The arrangement Hq is central and hence has no relatively
bounded regions. The number of all regions of Hg turns out to be a familiar
face.

We study the regions of Hg based on the methodology developed in
Section 3.6. If p € RY is not contained in any of the hyperplanes of Hc, then
for each edge ij € E, we have p; > p; or p; < p;. Each of these inequalities,
in turn, can be thought of as orienting the edge: if p; > p;, then orient ¢j
from i to j, and if p; < p; then orient ij from j to i. That is, we orient
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3 Ty = X3

1 2
1 = T3
1 = T2

Figure 7.5. The regions of Hx, (projected to the plane z14+zo+xz3 = 0)
and their corresponding acyclic orientations.

an edge so that the edge ¢j € E is oriented towards the node having the
larger of the two distinct values p; and p;. In this way, each region of Hq
gives rise to an orientation of Gj; see Figure 7.5 for an illustration in the
case G = Kj, the complete graph on three nodes. The orientations that
we can associate with the regions of Hg are precisely the acyclic ones—a
directed circle would correspond to a sequence of the nonsensical inequalities
Tiy > Tjy > -0 > X, > T We summarize:

Lemma 7.2.4. Let G = (V, E) be a graph. The regions of Hg are in one-to-
one correspondence with the acyclic orientations of G. Moreover, for any flat
S C E of G with corresponding flat F' € L(Hq), the region count r(Ha|r)
equals the number of acyclic orientations of G/S.

Proof. We still need to argue that every acyclic orientation actually deter-
mines a region of Hg. Let p be an acyclic orientation of G. A source of ,G
is a node v with no oriented edges entering v. Pick M > 1 and define p € RV
iteratively as follows. Set p, = M if v is a source of ,G. As the next step,
we remove all sources from G, which leaves us with a subgraph G’ = (V', E')
with V' € V, and G’ still carries an induced acyclic orientation. We now
repeat the procedure with M? instead of M, etc. At some point, when we
removed the last node, we are left with a well-defined point p € RY. If p
orients an edge ij € F from ¢ to j, then ¢ was removed before j and hence
pj > M - p; > p;, which proves the first claim.

For the second claim, we simply appeal to Proposition 7.2.3. ([
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The intersection poset £(H) of any arrangement in R? is graded with
rank function
rkp)(F) = d— dimlineal(H) — dim F,
and the characteristic polynomial of H, as defined in Section 3.6, is
xun) = > ppay(0, F)nt™E,
FeLl(H)

Our central result in Section 3.6 was Zaslavsky’s Theorem 3.6.4: if H is an
arrangement in R? with e-dimensional lineality space lineal(#), then
r(H) = (=D)%xu(=1)  and  b(H) = (1) xu(1).

This connects geometric and combinatorial quantities. Next we show how
we can use region counts to determine the Mobius function of £(H).

Complementary to the restriction, we define the localization of H at a
flat F' € L(H) by

HIF == {HeH : FCH}.

So H|F is the largest subarrangement of A that contains F. The upshot
is that, if S <,y T are two flats, then T' C S and the interval [S, T] )
is canonically isomorphic to £(#|%). This brings us closer to the Mbius
function of intersection posets of central hyperplane arrangements.

Let X = {Hi,...,H,,} be a central hyperplane arrangement in RY.

An affine hyperplane H C R¢ is in general position relative to # if
lineal(H) "H = @ and

dmFNH = dimF -1 forevery F € L(H))\ {lineal(H)}.

Proposition 7.2.5. Let ‘H be a central hyperplane arrangement and Hy a
hyperplane in general position relative to H. Then

L(H|n,) = L(H)\ {lineal(H)}
via F' — F N Hyg.

With this result in hand (whose proof we leave to Exercise 7.7), we can
give an interpretation of the values of the Mobius function of £(H).

Theorem 7.2.6. Let H be a central hyperplane arrangement and Ho a
hyperplane in general position relative to H. Then Hy meets all but

(_Ud_dimlineal(?{) L () (0, i)
many regions of H.

Proof. We observe that the regions of H that meet Hy are in bijection to
the regions of H|n, in Hy = R?~! under the map that takes a region R to
RN Hp . Hence the number of regions of H missed by Hy is

r(H) = r(Hln,) = (=1)%xn(=1) = (=) xag, (1), (7.2.2)
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by Zaslavsky’s Theorem 3.6.4. Using the definition of the characteristic
polynomial together with Proposition 7.2.5, the right-hand side in (7.2.2)
can be rewritten as

D teap0, F) (=) — N (0, F)(—1) @D dm D
0=F=1 0<F<i

All terms cancel except for (—1)d-dimlineal(3) , L(H) (0,1). O

We outsource the interpretation of the full Mobius function of £(H) to
Exercise 7.12.

Theorem 7.2.6 gives a pleasing interpretation of |z (3 (0,1)| but the quite
fascinating implication is that the number of regions missed by a hyperplane
in relative general position is always the same! For graphs this has the
following interpretation, which is not so easy to prove without appealing to
Theorem 7.2.6; do try in Exercise 7.13.

Theorem 7.2.7. Let G = (V, E) be a connected graph and let L = L(G)
be its lattice of flats. Let uw € V be an arbitrary but fixred node. Then
(=D)WVlpe(0,1) is the number of acyclic orientations for which u is the
UNIGUE SOUTCE.

Proof. Using Proposition 7.2.1, we may restrict H¢g to the hyperplane
U = {XGRV : a:u:()}.

This makes H central and essential restricted to U = RIVI=1, Exercise 7.14
verifies that the hyperplane

Ho := {er:va:—1}

veV
is in general position relative to Hg.

Proposition 7.2.2 and Theorem 7.2.6 now say that (—1)IV!uz(0,1) is the
number of regions missed by Hg. By Lemma 7.2.4, the regions R of Hq
correspond exactly to the acyclic orientations of G. Pick a region R such
that the corresponding acyclic orientation p has u as its unique source. Thus,
for any v € V, there is a directed path v = vgvy - - - v = v, and so

0 = zy = Tyy < Ty, < o0 < Ty, = Ty

for every x € R. It follows that z, > 0 for all w € V' and hence

R C {XEU:Z%ZO}.

veV
So R cannot meet Hy.
Conversely, let R be a region such that the corresponding orientation has
a source w # u. Then p,, < p, for all uw € E and all p € R. In particular,
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for p € R, the point q := p — Aey, € R for any A > 0. For sufficiently large

A >0,
Z @ < 0,
veV
and scaling q by a positive scalar shows that R N\ Hg # @. U

7.3. Inside-out Polytopes

Now we pick up the thread from the end of Section 7.1. We already remarked
that (7.1.4) can be interpreted as the open cube (0,7 4 1) minus any point
x with x; = x;, for jk € F; these latter points form precisely the hyperplanes
in the graphic arrangement of G.

Our next goal is to study an analogue of this setup for a general rational
d-polytope P € R? and a general rational' hyperplane arrangement H in R
(The case that P is not full dimensional is a little subtle; for a flavor, see
Exercises 7.40 and 7.43.) Let

Ipu(n) = ‘n(P\UH)ﬂZd’ - ‘(P\UH)ﬁiZd

in words: Ip 3(n) counts those points in %Zd that are in the polytope P but
off the hyperplanes in H. For example, the chromatic polynomial xg(n) of a
given graph G can thus be written as

XG(TL) = I(O,I)V,Hc(n+1)’ (732)

that is, the polytope in question is the open unit cube in RY and the
hyperplane arrangement is the one associated with G.

In the absence of H, our definition (7.3.1) matches (4.6.1) giving the
Ehrhart quasipolynomial of P counting lattice points as we dilate P or,
equivalently, shrink the integer lattice Z¢. We refer to (P,H) as an inside-
out polytope because we think of the hyperplanes in H as additional
boundary inside P.

. (7.3.)

The counting function Ip 3(n) can be computed through the Mobius
function p(R%, F) of £(H) if we know the Ehrhart quasipolynomial of P N F
for each flat F'.

Theorem 7.3.1. Suppose P C R? is a rational d-polytope and H is a rational
hyperplane arrangement in R with Mébius function p = pcey- Then

Iow(n) = > u(®RYF)ehrpp(n).
Fel(H)

La hyperplane arrangement is rational if all of its hyperplanes can be described by linear
equalities with rational (or, equivalently, integer) coefficients.
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Proof. Given a flat F' € L(H), we can compute ehrpnp(n) by counting the
lattice points in the faces of H|r in the following way: each lattice point is
in the interior of a unique minimal face Q of H|p, and Q is a region of H|g
for some flat G C F (more precisely, G is the affine span of Q). Thus our
lattice point is one of the points counted by Ipng, (1), and grouping the
lattice points in P N F' according to this scheme yields

ehrprp(n) = Y Tpng, o (n) -
GCF
By Mobius inversion (Theorem 2.4.2),
Ipnrwip(n) = Z p(F, G) ehrpag(n),
GCF
and so in particular for F' = R%,

Ipy(n) = Y u(@®G) ehrpag(n). O
GeL(H)

With Theorem 5.2.4 we conclude effortlessly:

Corollary 7.3.2. If P C R? is a rational polytope and H is a rational
hyperplane arrangement in R%, then I p,1(n) is a quasipolynomial in n.

You have undoubtedly noticed the similarities shared by the definition
of the characteristic polynomial x7/(n) and the formula for Ip 3(n) given in
Theorem 7.3.1. In fact, the two functions are intimately connected, as the
following first application shows.

Corollary 7.3.3. Let (P,H) be an inside-out polytope for which there exists
a function ¢(n) such that ehrprp(n) = ¢(n)I™F for any flat F € L(H).
Then

Ip n(n) = xu(o(n)).

Proof. If (P,H) is an inside-out polytope satisfying the conditions of Corol-
lary 7.3.3 then, by Theorem 7.3.1,

Ipu(n) = Y u@®LF)ehiprp(n) = Y u(RYF)p(n)t™F
FeLl(H) FeL(H)

= x#((n)). 0

Corollary 7.3.3 allows us to compute the characteristic polynomial of
certain arrangements by counting lattice points. Here is a sample.

Corollary 7.3.4. Let H = {{z; =0} : 1 < j <d}, the Boolean arrange-
ment in RY. Then yu(n) = (n — 1)<
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Proof. Let P be the d-dimensional unit cube [0,1]%. Then Ip 3,(n) = n¢,
since (nP \ |JH) N Z? contains precisely those lattice points in nP that have
nonzero coordinates. On the other hand, a k-dimensional flat F' € L(H) is
defined by d — k equations of the form z; = 0, and so

ehrme(n) = (n+ 1)k.
Thus ¢(n) =n + 1 in Corollary 7.3.3 gives xyx(n+ 1) = Ip 44(n) =n. O

Note that, with Zaslavsky’s Theorem 3.6.4, Corollary 7.3.4 implies Exer-
cise 3.65, namely, that the Boolean arrangement in R? has 2¢ regions.

Corollary 7.3.5. Let H = {{z; = a1} : 1 <j <k <d}, the real braid ar-
rangement in R®. Then

xx(n) = nn=1)(n—-2)---(n—d+1).

Proof. Again let P be the d-dimensional unit cube [0,1]¢. We can pick a
point (z1,29,...,24) € (nP\ |JH)NZ? by first choosing z; (for which there
are n + 1 choices), then choosing xo # x1 (for which there are n choices),
etc., down to choosing x4 # 1,2, ...,x4—1 (for which there are n — d + 2
choices), and so

Ipy(n) = m+1)nn—-1)---(n—d+2).

On the other hand, a k-dimensional flat F' € L(H) is defined by d — k
equations of the form x; = z;, and so again

ehrme(n) = (n+ 1)k.
Thus we take ¢(n) =n + 1 in Corollary 7.3.3, whence
xu(n+1) = Ipyn) = (n+)nn—-1)---(n—d+2). O

Again we can use Zaslavsky’s Theorem 3.6.4, with which Corollary 7.3.5
implies Exercise 3.66.

Corollary 7.3.6. Let H = {{z; = £ai}, {z; =0} : 1 <j <k <d}. Then
u(n) = (= 1)(n—3)(n—2d+1).

Proof. Let P be the cube [~1,1]%. We can pick a point (z1,x2,...,2q) €
(nP\ UH) N Z¢ by first choosing z1 # 0 (for which there are 2n choices),
then choosing zo # +x1,0 (for which there are 2n — 2 choices), etc., down
to choosing x4 # +x1,+x9,...,+241,0 (for which there are 2n — 2d + 2
choices), and so

Ip y(n) = 2n(2n—2)---(2n —2d +2).
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On the other hand, a k-dimensional flat F' € L(H) is defined by d — k
equations of the form z; = +z; or z; = 0, and so ehrprr(n) = (2n + 1)*.
Thus we take ¢(n) = 2n + 1 in Corollary 7.3.3, whence

xu(2n+1) = Ipy(n) = 2n(2n—2)---(2n —2d +2). O

It’s time to return to proper colorings of a graph G = (V, E). Let P =
[0,1], the unit cube in RY. Just like in the case of real braid arrangements—
i.e., our proof of Corollary 7.3.5—, any k-dimensional flat F' of the graphical
arrangement H will give rise to the Ehrhart polynomial ehrprp(n) = (n+1),
and with Corollary 7.3.3 we obtain

Ip 5o (n) = xue(n+1).

We can play the same game with the open unit cube P° = (0, 1)V: if Flis a
k-dimensional flat of Hg, then ehrpoqp(n) = (n — 1), and so

Ipo 35 (n) = xug(n—1). (7.3.3)

The left-hand side already appeared in (7.3.2) in connection with the chro-
matic polynomial of G, and so combining (7.3.2) and (7.3.3) yields something
you might have suspected by now.

Corollary 7.3.7. For any graph G we have xg(n) = xug(n) .

In particular, this reconfirms that yg(n) is a polynomial, as we have
known since Section 1.1. There are a few more immediate consequences,
reproving parts of Theorem 1.1.5.

Corollary 7.3.8. The chromatic polynomial xg(n) of G is monic, has degree
\V|, and constant term 0. Its evaluation (—1)V1xg(—1) equals the number
of acyclic orientations of G.

Proof. Since the unit cube P = [0,1]" has volume one, the polynomial
xc(n) = Ipo 3,(n + 1) is monic, of degree |V|, and has constant term
Xc(0) = Ipo (1) = 0. The final statement in Corollary 7.3.8 follows from
Lemma 7.2.4 whose last part can now be restated as: (—1)IVl yg(—1) equals
the number of acyclic orientations of G. U

We recall that Lemma 7.2.4 seemingly effortlessly gave us an instance of
the reciprocity theorem for chromatic polynomials (Theorem 1.1.5). In fact,
we can give a second proof of this reciprocity theorem with the machinery
developed in this chapter. We’ll do so for the more general class of inside-
out Ehrhart quasipolynomials and specialize to chromatic polynomials soon
thereafter.

Let P ¢ R? be a rational polytope, and let H be a rational hyperplane
arrangement in R%. Then P°\ |J# is the union of the (relative) interiors of
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some rational polytopes, each of dimension dim(P):
PPAUH = QQuQsu---UQ;.

(In the graphic case, this leads to (7.1.2).) In the language of Chapter 5,
the Q;s and their faces form a subdivision of P—one that is induced by H.
Thus Ipo y(n) = Z?Zl ehrqe (n), and Ehrhart-Macdonald reciprocity (Theo-
rem 5.2.4) gives

k
Ipo 3(—n) = (=1)"™P)Y “ehrq (n). (7.3.4)
j=1
The sum on the right can be interpreted purely in terms of the inside-out
polytope (P, H). Namely, each point in %Zd that is counted by Z§:1 ehrq, (n)
lies in P, and it gets counted with multiplicity equal to the number of closed
regions of (P, ) that contain it. Here, by analogy with our hyperplane
arrangement terminology from Section 3.6, a (closed) region of (P, H) is
(the closure of) a connected component of P\ | H.
These observations motivate the following definitions. The multiplicity
of p € R? with respect to (P,#) is’

multp 7(p) := # closed regions of (P, H) that contain p.
Note that this definition implies multp 7,(p) = 0 if p ¢ P. Thus

Op y(n) = Z multp, #(p)

17d
pEnZ

equals the sum 2?21 ehrq; (n) in (7.3.4), which gives the following reciprocity
theorem.

Theorem 7.3.9. Suppose P C R? is a rational d-polytope, and H is a
rational hyperplane arrangement in RY. Then Op 3(n) and Ipo 3,(n) are
quasipolynomaals that satisfy
Ipo y(—n) = (=1)Op n(n).

There is a version of this theorem when P is not full dimensional, but
one has to be a bit careful; see Exercise 7.40.

We can say more: first, the periods of the quasipolynomials Op 3 (n) and
Ipo 34(n) divide the least common multiple of the denominators of the vertex
coordinates of all of the regions of (P,#), by Theorem 5.2.4. Second, the
leading coefficient of both Op 7/(n) and Ipo 3(n) equals the volume of P, by

Exercise 5.10. Finally, since ehrq,(0) = 1 (Exercise 5.15), we conclude the
following.

2 In the definition of multp 4/(p), we can replace the phrase closed regions of (P,H) by
closed regions of H if P and H are transversal, i.e., if every flat of £(?{) that intersects P also
intersects P°.
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Corollary 7.3.10. The constant term Op 4(0) equals the number of regions
of (P,H).

Now we apply the inside-out machinery to graph coloring.
Second proof of Theorem 1.1.5. We recall that (7.3.2) said

xa(n) = Ipo y,(n+1),
where P = [0,1]Y. With Theorem 7.3.9 we thus obtain

(=) xa(=n) = Op ug(n—1).
In the absence of the graphical arrangement Hg, the function on the right
counts the integer lattice points in the cube [0,n — 1}‘/; each such lattice point
can naturally be interpreted as an n-coloring. Now taking H into account,
Op 14, (n — 1) counts each such lattice point with multiplicity equal to the
number of closed regions the point lies in. But Lemma 7.2.4 asserts that
these regions correspond exactly to the acyclic orientations of G. So if we
think of a lattice point in [0, — 1]V as an n-coloring, the region multiplicity
gives the number of compatible acyclic orientations. Because Op 3, (n — 1)
takes these multiplicities into account, the theorem follows. O

7.4. Alcoved Polytopes

Many of the combinatorially-rich polytopes that we encountered throughout
can be put on common ground. One way to construct inside-out polytopes
is from hyperplane arrangements: given a hyperplane arrangement H, its
regions are convex polyhedra and, similar to what we did in Section 3.4, we
can form polyhedra from unions of regions. An H-polytope is a convex
polytope that is a union of closed (and bounded) regions of . Such polytopes
automatically come with a dissection by an arrangement of hyperplanes, that
is, H-polytopes are inside-out polytopes.

The focus here will be on one particularly interesting class of hyper-
plane arrangements. For fixed d > 1, we label the coordinates of R4+ by
o, T1,...,2q4. For 0 <i < j <d and a € Z, we define

R = {XERd+1 : a:j—xi:a},

giving rise to an infinite hyperplane arrangement in R, (We should not
worry that this is an infinite arrangement; at any moment we will only work
with a finite subarrangement.) Note that each hyperplane is parallel to the
line R1. So, this arrangement is not essential but we can make it essential by
restricting it to the hyperplane {x € R : zy = 0}. We define Ay to be the
essential (but still infinite) arrangement of hyperplanes H; for 1 <i <j <d
and a € Z as well as the hyperplanes

HY = {XERd : a:i:a}

)
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for 1 < i < d and a € Z; see Figure 7.6 for the two-dimensional picture.
Note that we will keep in mind that here R? corresponds to the hyperplane
{zo = 0} in R¥!, and hence for every point p € R%, we will conveniently
add pg = 0.

Figure 7.6. The alcoved arrangement in dimension 2 and an alcoved hexagon.

What are the regions of A4? We pick an arbitrary point p € R? that is
not contained in any of the hyperplanes of Ay. Hence, p; € Z fori=1,...,d
and we can write p = q +r with q € Z¢ and r € (0,1)?. Since p also misses
all of the hyperplanes Hf;, we note that r; # r; for all ¢ # j. We have seen
this before: as in Section 5.1, there is a unique permutation 7 € &, such
that

0 < Tr—1(1) < Tr=1(2) < -0 < Tr-1(d) < 1.
The hyperplanes bounding the simplex

AT = {X eR¥:0< Tr-1(1) S Tr-1(2) S -0 < Tr-1(g) < 1}

are contained in Ay and the unique closed (and bounded) region of 4,
that contains p is given by q + AT Of course, A7 is exactly the simplex
A, -1 defined in Section 5.1, but you will soon see that it is nicer to work
with 77! instead of 7, and our new notation reflects that. Since all points
p € R? \ U Ay are of the form p = q + r as above, our reasoning proves the
following fact.

Proposition 7.4.1. The closed regions of Ay, called alcoves, are given by
q+ A7 forq € Z% and T € S4. In particular all regions of Aq are bounded.

An alcoved polytope is a polytope P C R? that is the union of alcoves.
In particular, P is of the form

< B forl<i<d

a <z <
aij < xj —x; < Bij f0r1§i<j§d}7 (7.4.1)

P = {XeRd:
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for some «y, B;, ij, Bij € Z. Since alcoves are lattice polytopes and the
vertices of P are among the vertices of the alcoves it contains, we put the
following on record.

Corollary 7.4.2. Alcoved polytopes are lattice polytopes.

From their very definition (6.3.1) we remark that order polytopes Or
and thus cubes [0, 1]d are alcoved polytopes. What is less obvious is that
the hypersimplices that we considered in Section 5.7 are up to a change of
coordinates alcoved polytopes as well. For 0 < k < d — 1, we recall that the
(d+ 1,k + 1)-hypersimplex A(d + 1,k + 1) is the d-dimensional polytope
given by all points s € [0,1]! with sy + --- + sq41 = k + 1. The linear
equation says that if we know any d coordinates of s, then we can infer
the last one. Hence, we might as well project A(d + 1, k) onto the first d
coordinates (s1,...,Sq) to get a full-dimensional embedding. In the following
we will identify

E<wyi+ 4y <k+1

To unmask A(d + 1,k + 1) as an alcoved polytope, we define the linear
transformation T : R — R? by

T(y); = y1+y2+- -4y fori=1,...,d. (7.4.2)

Following Exercise 7.41, the map T is invertible, lattice-preserving (i.e.,
T(Z%) = 74), and

A(d+1 k+1) — {yGRd: OSyiglforizl,...,d}‘

Ad+1,k+1) = T(Ad+1,k+ 1))
OS D1 SL
={dpeR?: k< p; <k+1, and
0<p;—pi1 <1 for 1 <i<d

(7.4.3)

This is an alcoved polytope par excellence.

An attractive feature of alcoved polytopes is that they automatically
come equipped with a (regular) unimodular triangulation—the alcoved
triangulation—with maximal cells corresponding exactly to the alcoves
they contain. The combinatorics of these triangulations is intimately related
to that of permutations. To illustrate, we give a more combinatorially-flavored
proof of Theorem 5.7.7.

Theorem 7.4.3. For 1 < k < d, the number of unimodular simplices (i.e.,
alcoves) in the alcoved triangulation of A(d+ 1,k + 1) equals the number of
permutations T € G4 with k descents.

To set the stage for the proof, let P € R? be a general full-dimensional
alcoved polytope. Since P is by definition a union of alcoves, we note that
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an alcove q + A7 is part of the alcoved triangulation of P if and only if
q+ A" C P. By definition, no two alcoves intersect in their interiors and
hence g+ A" C P if and only if g+ b € P for some b € (A7)° in the interior.
A canonical choice for such a point b is the barycenter of AT,

b™ — diJlrl(VO FviFo-- +Vd) = d—}rl (7’(1),7’(2),... ,T(d)),
where vert(A7) = {vy,...,vq}. This, at least in principle, leads to a counting
formula for the number of alcoves in a given alcoved polytope P.

Corollary 7.4.4. Let P C R? be an alcoved polytope. For T € &y, let
L(P) == 24N (=b" + P), (7.4.4)

the lattice points in the rational polytope —b™ + P. Then the number of
full-dimensional unimodular simplices in the alcoved triangulation of P is

given by 3 ce, - (P)].
Proof. We have
q+A\"TCP <— q+b"eP <= qe-b"+P. O

The question, of course, is how to determine I.(P). At least for hyper-
simplices this can be done explicitly.
Proof of Theorem 7.4.3. Let 7 € &4 and q € Z¢. As argued above,

a+ A" CAd+1,k+1) < q+b eAld+1,k+1).

So we need to check when the defining inequalities (7.4.3) are satisfied. The
first inequality in (7.4.3) yields

0 < (g+b"); = q1+$ < 1.

But q is an integer vector, and so the inequality is satisfied if and only if
q1 = 0. For 1 <17 < d, we compute

T(i+1)—7(2
0 < (@+b g1 —(@+b7); = g1 — g+ T <1
With §; := ﬁ(r(i +1) — 7(4)), we rewrite this as
¢ —0i < g1 < ¢+1—0;,
and again because q is an integer vector, this set of inequalities is satisfied if
and only if
q +1 if 9; < 0,
qdi+1 = .
qi otherwise.

Now (d+1)§; =7(i+ 1) —7(i) < 01if ¢ is a descent of 7. Thus, ¢; is the
number of descents j € Des(7) with j <.

The final inequality for A(d, k) in (7.4.3) now states that

7(d)
kE < — < k41
_Qd+d+1_ +1,
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which holds if and only if 7 has exactly k descents. Thus the number of
alcoves in A(d + 1,k + 1) equals the number of permutations 7 € &4 with k
descents. O

Let’s see one more alcoved polytope in action. Let II be a finite poset.
We will assume that IT is naturally labelled, that is, IT = {1,...,d} and
1 <5 j implies i < j. Much of what we have done in this book is centered
around the notion of order-preserving maps ¢ : Il — Z>g. Looking back at
Chapter 6, we counted those by bounding

max{¢(a) : a € I1},
which led us to order polynomials and order polytopes, or we fixed

(1) +(2) +---+¢(d),

which gave us the notion of Il-partitions. In both cases, this led to a plethora
of combinatorial results, most of which related to permutations. We now
explore one more variation. To motivate this, we appeal to analysis: a
function f:R? — R is k-Lipschitz continuous in a given metric D on R?
if
|f(y) - f(x)| < k-D(x,y)
for all x,y € R%. If we set Dri(a,b) to be the length of a shortest saturated
chain a = ag < -+ <-as = b, then this defines not a metric on II but a
quasimetric, i.e., Di(a,b) satisfies all requirements of a metric except for
symmetry. Quasimetrics are fine, as long as we measure distance in the right
way. This perfectly fits with order-preserving functions.
An order-preserving function f : II — R>¢ is k-Lipschitz if

f(b) = f(a) < k-Du(a,b)

for all a,b € II. We simply say that f is Lipschitz if £ = 1. Since we
assume II to be finite, the collection of k-Lipschitz functions is a polyhedron
in R but it is not bounded. Indeed, if g : II — R>¢ is any constant (and
thus order-preserving!) function, then f + g is again k-Lipschitz. We take
the following measures. We recall that 1T := ITU {0} is the poset obtained
from II by adjoining a minimal element, irrespective of whether II already
had a unique minimal element. We define Lipy; to be the collection of all
order-preserving Lipschitz functions f : I — R>¢ such that f (@) =0. A
little thinking (to be done in Exercise 7.17) reveals that

0< =z <1 foriemin(H)} (7.4.5)

. _ d .
LIpH{XER " 0<zj—x; <1 fori=j
Thus k- Lipyy captures exactly the k-Lipschitz functions up to adding constant
functions supported on connected components of II. We call Lipy the
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Lipschitz polytope of II. In particular, looking at (7.4.5), it is crystal clear
that Lipy is an alcoved polytope.

If T is the antichain A4 on d elements, then Dy = [0, 1]¢, the standard
cube. On the other hand, if IT = [d] is the d-chain, then you should verify
that Dy = 7'([0,1]%) and hence is linearly isomorphic to a cube. This is
illustrated in Figure 7.7. In fact, in Exercise 7.18 you will learn about a class
of posets all of whose Lipschitz polytopes are cubes.

T2 T2

Figure 7.7. Applying T'(x) to the unit cube.

Exercise 7.19 says that the inequalities given in (7.4.5) are facet defining.
What we do not yet know are the vertices of Lipyy. Note that if IT = II; W11,
then Lipy; = Lipy, X Lipy,. Thus, we need to only worry about connected
posets and, henceforth, we assume that II is connected. Let F' C II be a
filter. We denote by

N(F) := {aeﬁ\F : a%-bforsomebEF}

the neighborhood of F' in II. A chain of filters @ #F,C---CF Cllis
neighbor closed if F;;1 U N(F;;+1) C F;; that is, there is no cover relation
a < b in II such that b € F; and a & F;_o.

By Corollary 7.4.2, Lipy is a lattice polytope and we only have to
determine which lattice points are vertices.

Theorem 7.4.5. Let II be a finite poset and v € Z. Then v is a vertex
of Lipry if and only if there is a neighbor-closed chain of nonempty filters
F,, C--- C Fy CII such that

v = efp, +--+ep.
Proof. We first observe that if p € Lipy N Z%, then
Ppy—Pa = 0 or pp—pa = 1
for every a < b in 11. Hence, every lattice point can be recovered from the

knowledge of which linear inequalities of (7.4.5) are satisfied with equality.
It follows that the only lattice points in Lipy are its vertices. Since points
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in Lipy are, in particular, order-preserving maps, by Theorem 6.1.6 every
vertex is of the form

v = ep,t+--+ep
for some chain of nonempty filters F,,, C --- C F; C II. Now, for a,b € I
with a < b, observe that v, — v, < 1 if and only if there is at most one i such
that b € F; and a ¢ F;. But since F; C F;_1, this is the case if and only if
the chain is neighbor closed. ([

To determine the alcoves that comprise Lipyy, we can reuse the arguments
in our proof of Theorem 7.4.3. This yields an amalgamation of posets and
permutations not unlike those of Section 6.4. To make the description more
palpable, we need some definitions. As a reminder, I is a poset whose
elements we identified with 0 = 0,1, ...,d using a linear extension. For a

permutation 7 € &4, we use the convention 7(0) = 7(0) := 0. Any chain
C={c1 <ca < <¢r} CIIyields a subword of 7 via
Tle = 1(c1)T(c2) - 7(ex) -

As before, a descent of 7|¢ is an index 1 < ¢ < k—1 such that 7(¢;) > 7(¢i11),
and we write des(7|¢) for the number of descents. A permutation 7 € &,
is descent compatible with II if for each a € Il the number of descents
des(7|c) for C ={0=1¢; < g < -+ < ¢ = a} is independent of C. In this
case, we write desy -(a) := des(7|¢) for any such chain C. The collection of
descent-compatible permutations of II is denoted by DC(II) C &,.

Theorem 7.4.6. Let I = ([d], X) be a partially ordered set. An alcove q+ /A"
with q € Z% and T € &4 is contained in Lipy if and only if 7 € DC(IT) and
¢o = desty;(a) for all a € I

Proof. Looking back at our proof of Theorem 7.4.3, we now realize that the
methodology can, in fact, handle Lipr;. We can follow the arguments to infer
that if q + b” € Lipy, then q is uniquely determined by

 Jaa if a < band 7(a) < 7(b),
= go+1 ifa<band 7(a) > 7(b).

Together with g = 0, this shows that q+b” € Lipy if and only if ¢, = des(7|¢)
for any saturated chain ending in b. ([l

Lipschitz polytopes are particularly nice when II is a poset for which
1T is ranked, that is, for a,b € I with a < b, any two maximal chains
in [a, bl have the same length. Graded posets are ranked but not vice
versa. If 11 is ranked, then there is a unique function p : Il — Z>, called
the rank function, such that p(0) = 0 and p(b) = p(a) + 1 for a <-b. A
polytope P C R? is centrally symmetric if there is a point q € R? such
that P=q — P.
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Proposition 7.4.7. If 11 is a poset for which I s ranked, then Lipy is
centrally symmetric.

Proof. If I is ranked, we define r € R? by r; = p(i), where p is the rank
function of II. We claim that

LipH = Knﬂ(r— KH),

where Kip is the order cone of II. A point q € R? is contained in r — Ky if
and only if r — q € Kyy. This is the case if and only if for a,b € Il with a < b

Ta—qa < Th—qQ < G—qo < Tp—Tq = 1.

Since g5 = ry = 0, this also implies that ¢, < 1 for all b € min(II). Thus
a point q € Ky is contained in Lipp if and only if g € r — K. With
this representation, central symmetry with respect to the point p = %r is
apparent. [l

It follows from our proof of Proposition 7.4.7 that 2 Lipy is centrally-
symmetric with respect to the point r = p and r is the only lattice point in
2 Lipf.

Proposition 7.4.8. Let I1 be a poset on d elements for which I is ranked.
Then for any k > 0,

(k+2)Lipy NZ% = (r+ kLipy) N 24
and, consequently,

(1) ehriip, (—(k +2)) = ehriip, ().

Proof. Let r = p be the point representing the rank function of . A point
q € Z¢ is contained in (k + 2) Lip}; if and only if

0 < @p—qa < k+2
= 1< qg-q < k+1
= 0< @p—qG—-1<k
—= 0< @gp—qu—(rp—ra) <k

for all a,b € IT with a < b, that is, if and only if 9 — r € k Lipy;. The second
claim follows from Theorem 5.2.3. U

In the language of Exercise 5.13, this means that if T is ranked, then
Lippy is a Gorenstein polytope and

hi(Lipn) = hg_;—1(Lipm) (7.4.6)

for all 0 < ¢ < L%J If IT = A4, an antichain, and so Lipy = [0,1]¢,
then A*(Lipy) is an Eulerian polynomial, and Proposition 7.4.8 together
with (7.4.6) yields an alternative solution to Exercise 6.28: the number of
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permutations of [d] with i descents is equal to the number of permutations
of [d] with d — 1 — i descents.

This brings us to the question of how to compute A*-polynomials of
alcoved polytopes. The most elegant way to do this is to determine a half-open
decomposition of the infinite subdivision of R? by alcoves. We will compute
the half-open decomposition with respect to the point w = ﬁ(l, 2,...,d)
and the next lemma states that this point is good enough.

Lemma 7.4.9. Let P C R be a full-dimensional alcoved polytope. Then
there are a lattice translation and a relabeling of coordinates such that

AYC P c RY.

Proof. For p,q € P define the point r € R? by r; = min(p;, ¢;) for 1 <i < d.
We claim that r € P as well. Indeed, assume that z,2’,y,9" € R are real
numbers such that o« <z — 2’ < S and a <y — 3y < 3 for some «, 8 € R;
then
a < min(z,y) — min(2’,y) < B.
Hence, if p and q satisfy the inequalities given in (7.4.1), then so does r.
This implies that there is a point b € P such that b; < ¢; for all q € P and
1 <1 <d. Thus,
PP = P-b C R%,

differs from P by a lattice translation. The origin is contained in P’ and any
alcove in P’ that contains 0 is of the form A" for some 7 € &,. Relabeling
coordinates turns A7 into Al and finishes the proof. U

The benefit of using w = T}-l(l’ 2,...,d) for the half-open decomposition

is captured by the following slightly technical lemma. We recall that the
h*-polynomial of a (half-open) polytope Q C R? is given by

ho(2) = h§(Q) +hi(Q)z + -+ + hy(Q)=".
Also note that by our convention, 0 € Asc(7) for all 7 € &,.
Lemma 7.4.10. For 7 € &4 and q € Z%m let

a(t,q) = Hz € Asc(t71) : qr-1(i) < qT_1(i+1)} ,
d(r,q) = |{i € Des(r™") : G100y < G131y 1 -
Then hﬁw(q+Af)(z) = pe(na)tdra)

One proof consists of checking which inequalities of q + A" are violated
for the point w = d%rl(l, 2,...,d); we leave it for Exercise 7.22.

If IT is a finite poset and 7 € DC(II) is a descent-compatible permutation,
we define Idesy;(7) to be number of pairs (a,b) € II x II such that 7(a) =

7(b) — 1 and
desirr(a) < desi-(b) or (desm,(a) = desp,(b) and a > D).
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Theorem 7.4.11. Let IT = ([d], %) be a naturally labelled poset. Then
iiipn (z) _ Z ZldesH(T) )

TeDC(II)

Proof. Using the additivity of h*-polynomials stated in (5.5.2),

htipn(z) = Z hﬁw(q”rw)(z) = Z La(raT)+d(rq7)
TeDC(I) T€DC(IT)

To complete the proof, let 0 < i < d and (a,b) € II x II such that 7(a) =i
and 7(b) =i+ 1. Then ¢ is counted by a(7,q") + d(7,q") if and only if

Qo = Gr1) < dr1) = @ 5
orqf =qf anda=71"1()>71(i+1)=b. O

For the case that II = [d] is a chain, this gives quite a nice result. For a
permutation 7 € &4, we call an index 0 < ¢ < d a big ascent or 2-ascent if
7(i + 1) — 7(i) > 2. In particular, i = 0 is a big ascent if 7(1) > 1. We write
asc® (1) for the number of big ascents of 7.

Theorem 7.4.12. Let Il = [d] be the d-chain. Then DC(II) = &, and
* asc(@ (7
Lip[d](z) = Z z ™.

TEGy

Proof. What we will actually prove is that ldesiy(7) = asc® (7). But
since DC([d]) = &4 and we are thus summing over all permutations of d to
compute the h*-polynomial of Lipg), that’s fine.

For the case of the chain, we note that ¢ = des[d]77(2‘) is the number
of descents in the sequence 7(0)7(1)7(2)---7(i). In particular, ¢} < ¢f for
a < b and ¢} = ¢j if there is no descent in 7(a)7(a + 1) ---7(b). Now pick
(a,b) € {0,1,...,d}? such that 7(a) = i and 7(b) = i + 1. If a > b, then the
sequence i +1 =7(b)7(b+ 1)---7(a) = ¢ inevitably contains a descent and
thus will not be counted by ldes| (7). If a < b, then the pair is counted if
and only if i = 7(a)T(a + 1) ---7(b) =i+ 1 contains a descent. For that to
be even possible, we need at least

2 <b-—a=71Y+1)-—77104),

that is, i is a 2-ascent of 771. This is also sufficient: in every sequence

of length > 3 that starts with ¢ and ends with ¢ 4+ 1, there has to be a
descent. O

Big ascents might seem to be less natural to consider than ordinary
ascents but they are not that outlandish.
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Corollary 7.4.13. Letd > 1. Then

Z Zdes(T) _ Z zasc(2>(7') )
TEGy TEGy
Proof. As part of Exercise 7.18, you verified that 7'([0, 1]¢) = Lipjg- Since

the linear transformation T satisfies that T'(q) € Z¢ if and only if q € Z9,
we conclude that ehryg (n) = ehryip . (n) for all n > 0. In particular

es(T * * asc(2) T
Z 2450) = h[o,ud(z) = Lip[d](z) = Z z ),

TEGy TEGy

where the first equality stems from Corollary 6.3.13 and the last equality is
Theorem 7.4.12. 0

This again looks very much like what we did at the beginning of the
section when dealing with hypersimplices. In fact, we can define a version
of hypersimplices for all sorts of posets. Let II be a poset with 1. For a
descent-compatible permutation 7 € DC(II), the number of descents along
any maximal chain, which necessarily has to end in 1, is the same and
we define the number of II-descents of 7 as desyi(7) := desy,(1). The
height ht(II) of IT is the number of elements in a maximal chain of II. For
1 < k < ht(II), we define the (I, k)-hypersimplex as

A(Lk) = {f€lipy:k—1<f(1)<k}.
You might want to check that A([d],k) = A(d+ 1,k) and that
A(I,1) = Oq
is the order polytope of II. Note that we get a dissection
Lipg = A(II,1) U A(IL,2) U --- U A(IL, ht(II))
and, assuming that II still adheres to our labeling convention,
Lipg = Ho AL 1) W HyA(IL,2) W --- & HyA(IL ht(II)) .

For k = 1, we have w € A(II,1) and HyA(II,1) = A(IL,1). For 1 < k <
he(ID),

HywA(IL k) = {f€lipy: k—1< f(1) <k}.
Using this half-open decomposition into hypersimplices, we can get a more
refined picture of descent-compatible permutations. For the d-chain we
record the following.

Corollary 7.4.14. For 0 <k < d,

* _ @) (1)
thﬁ(dH,kH)(z) = Z 2 '

TEGy
des(7)=k
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7.5. Zonotopes and Tilings
The line segment between two points a, b € R? is the set
[a,b] == {(I1-Na+Ab:0<A<1}.
We recall from Section 3.1 that the Minkowski sum of two convex sets
Ki, Ko C R? is
Ki+Ky == {p+q:peKi qeKy}.

This section is devoted to the class of polytopes we obtain from Minkowski
sums of line segments. As we will see, these polytopes are quite sympathetic
to combinatorics. A zonotope Z C R is a polytope of the form

/Z = Z(a17...,am;b1,...,bm) = [al,b1]+~-+[am,bm} (7.5.1)

for some ai, byq,...,a;,, b, € R% Figure 7.8 shows an example.

Figure 7.8. A hexagon is a zonotope generated by three line segments.

If by — ay,...,b,, — a,, are linearly independent (and hence m < d),
then Z is simply a parallelepiped. In Exercise 7.23 you will show that in this
case Z is affinely isomorphic to the cube [0, 1]™, and hence parallelepipeds
are the simplest examples of zonotopes, akin to simplices in relation to
general polytopes. The analogy is not at all far-fetched: we will soon see
that parallelepipeds indeed play the role of building blocks for zonotopes.

To ease notation, we abbreviate

Z(z1,. .. Zm) = Z(0,...,0;2Z1,...,%Zp)

for a collection z1, . .., 2z, € R% Since [a,b] = a+ [0,b — a], every zonotope
is of the form t + Z(zy,...,2,,) for some t,zi,...,2, € R% As a running
example, let G = ([d], E') be a graph, possibly with parallel edges and loops.
We define the graphical zonotope of G as

ZG = Z[ei,ej]

ijEE
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where, as usual, e; denotes the j-th unit vector in R?. We note that loops
only contribute translations to the above sum and hence do not change the
combinatorics or geometry of Zg.

As a first step to getting a feel for the class of zonotopes, we consider the
faces of a zonotope. To this end, we note the following general fact about
Minkowski sums of polytopes. For w € R% and a polyhedron Q C R?, let

FwQ == {y € Q: (w,y) > (w,x) for all x € Q},
the face of Q that maximizes the linear function x — (w,x) over Q.
Lemma 7.5.1. Let Qi,Qa C R be polytopes and w € R:. Then
Fw(Q1+Q2) = FwQi+FwQ2.

Proof. Let p € Fw(Q1 + Q2). Then p = p; + p2 for some p; € Q and ps €
Q2. If, say, p1 € FwQi, then there is some p} € Q; with (w,p}) > (w, p1).
But then

pPi+p2 € Q1 +Q and (w,p] +p2) > (W,p1+Pp2),

a contradiction. O

For this section, the upshot of Lemma 7.5.1 is that zonotopes are closed
under taking faces.

Corollary 7.5.2. Every face of a zonotope is a zonotope.

Proof. Let Z = Z(ay,...,am,;b1,...,b,) be a zonotope and w € R, By
Lemma 7.5.1,

m

FWZ = ZFW[aivbi]
i=1

and since Fy[a;, b;] is either {a;}, {b;}, or [a;, b;], it follows that FyZ is a
zonotope. O

Our proof of Corollary 7.5.2 suggests a natural encoding for the faces of
a zonotope Z = Z(ay, ..., a,;by,...,b,,). For w € R? we define a vector
o € {<,=,>}" by setting, for example, o; to < if (w,b;) < (w,a;). To get
the most of our notation, we write

o7 = {i : (w,b;) > (w,a;)}

analogously. Thus, if ¢ is defined with respect to w,
then our proof of Corollary 7.5.2 yields

FwZ = Z, == > ai+ » bi+ Y [aibi]. (7.5.2)

i€o< i€ i€o™
For example, for a graph G = ([d], E) and w € R%, let G’ = ([d], E) be the
subgraph with E' := {ij € E : w; = w;}. Then (7.5.2) says that Fz_,w is a
translate of Zgs. Does that look familiar when you think back to the graphical

and define 0= and o<
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hyperplane arrangements of Section 7.27 Let’s determine the vertices of a
graphical zonotope.

Proposition 7.5.3. Let G = ([d],E) be a graph, possibly with parallel
edges but without loops. The vertices of Zg are in bijection with the acyclic
orientations of G.

Proof. Let w € R? such that FyZg is a vertex. From (7.5.2), we infer that

(w,ei) # (w,e))

for any edge ij € E. We orient ij from ¢ to j if w; > w; and from j to
i otherwise. As in our proof of Lemma 7.2.4, the resulting orientation is
acyclic, and every acyclic orientation arises this way. O

The similarity of our treatment of zonotopes and hyperplane arrange-
ments is uncanny. To get the full picture, we start afresh with a collection
ap,...,am,by,...,b, € R? such that a; # b; for all . In addition to
the zonotope Z = Z(ay,...,an;b1,...,by,), we associate to Z a central
hyperplane arrangement #(Z) := {Hy,...,Hp,} with

H, = {XGRd : <bi*ai’x>:0}

for i = 1,...,m. As introduced in (3.4.3), every central arrangement of
hyperplanes H = {Hi,...,H;,} decomposes R into relatively open cones.
For any such relatively open cone C°, there is a unique o € {<,=,>}" with

C°=Hy = [VHFn [(JH n []H.
1€0< 1€0= i€0>

Proposition 7.5.4. Let Z = Z(ay,...,a,;b1,...,by) C RY with associated
hyperplane arrangement H(Z). For o € {<,=,>}", Z, is a face of Z of
dimension k if and only if H, is a face of H of dimension d — k.

The correspondence mentioned in this proposition is illustrated in Fig-
ure 7.9.

Figure 7.9. The correspondence of Proposition 7.5.4.
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Proof. If Z, is a face, then there is some w € R¢ such that Z, = FwZ. That
is,

>0 ifieo”,

(w,bi—ai> =0 ifieo™,

<0 ifieo<,
for all 1 <¢ < m. This is the case if and only if w € H7* for all ¢ € [m] or,
in compact notation, w € H,. This shows that Z, is a face if and only if H,
is a face.

For the statements about dimensions, we note that the linear span
of H, is given by {x : (b; — a;,x) = 0fori € o~} whereas the affine
hull of Z, is a translate of the span of {b; —a; : i € 0= }. These define
complementary and even orthogonal subspaces, and a dimension count
completes the argument. O

We can considerably strengthen Proposition 7.5.4. For a hyperplane
arrangement H, let ®(H) be the set of closed faces H, for o € {<,=,>}™
ordered by inclusion, which we call the face poset of H. We call two posets
I1, IT" anti-isomorphic if there is a bijection ¢ : IT — II' such that a <y b if
and only if ¢(a) =1 ¢(b). We leave the following result as Exercise 7.28.

Theorem 7.5.5. Let Z by a zonotope with associated central hyperplane
arrangement H = H(Z). Then ®(Z) and ®(H) are anti-isomorphic.

In particular, Proposition 7.2.2 gives the complete face lattice of the
graphical zonotope Zg.

We can associate a zonotope to any central arrangement H by picking
a nonzero normal vector zy for every hyperplane H € H, and then Z =
> Henl—2ZH, 23] recovers H by way of Proposition 7.5.4. But this already
shows that Z is not unique, even up to translation.

We can also see the lattice of flats of H by looking at Z.

Proposition 7.5.6. Let Z be a zonotope. For two faces F,F' of Z the
following are equivalent:

(a) The affine hulls aff(F) and aff (F") are translates of each other.
(b) The faces F and F' are translates of each other.

Proof. Let 0,0’ € {<,=,>}" such that F = Z, and F' = Z,:. In the proof
of Proposition 7.5.4 we saw that the affine hull of F' is uniquely determined
by 0=. Hence, aff(F) = t +aff (F') for some t € R if and only if 0= = (¢o/)~.
On the other hand, it follows from (7.5.2) that this happens if and only if F’
and F’ are translates of each other. ([l

Proposition 7.5.6 prompts an equivalence relation on ®(Z): two faces F
and I’ of Z are equivalent if and only if they are translates of each other. In



7.5. Zonotopes and Tilings 261

Exercise 7.29 you will show that the collection of equivalence classes of faces
yields a poset that is anti-isomorphic to £(H).

For now we have exhausted the combinatorics of zonotopes and turn
to ways to subdivide them. We could use the methods of Chapter 5 to
triangulate zonotopes but, as we shall see in a second, it is more appropriate
to subdivide zonotopes into zonotopes. A zonotopal tiling of a zonotope

Z = Z(z1,...,2m,) is a subdivision® P of Z such that the maximal cells
(and hence all faces) of P are translates of zonotopes defined from subsets
of z1,...,2,. Figure 7.10 shows a sample tiling. The finest among such

tilings decompose Z into parallelepipeds, and we call them fine or cubical
zonotopal tilings for that reason.

N
DA

Figure 7.10. Tiling of a zonotope.

The trick in obtaining zonotopal tilings lies in the simple observation
that projections of line segments are line segments. Together with the fact
that linear maps distribute over Minkowski sums, this proves the following.

Corollary 7.5.7. Projections of zonotopes are zonotopes.

Given z1,...,2, € R and § = (01,...,0,) € R™, let 2; := (z;,0;) for
i =1,...,m and define the zonotope

Z = Z(Z1,...,7y) C ROt

Borrowing from Section 5.1, we write 7 : R¥1 — R? for the linear projection
that forgets the (d + 1)-st coordinate, and we reuse Tr:= {0} x Rso C RI+1.
Thus

W<2+TR> = TF(/Z\) = Z(21,--+,2m),

and using Lemma 7.5.1, we infer that every bounded face of Z+ TR is a face
of Z and hence a zonotope. Revisiting the arguments used in our proof of
Theorem 5.1.5, which we invite you to do in Exercise 7.31, gives the following
result.

3As the letter T is taken up by triangulations, we use P as in Pflasterung, the German word
for tiling.
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Theorem 7.5.8. Let Z = Z(z1,...,2,) C R and § € R™ with associated
zonotope Z C R¥1. Then

P(Z,0) = {W(F) . F bounded face of Z+ TR}
s a zonotopal tiling of Z.

For reasons pertaining to Section 5.1, we call P a regular tiling of Z if
P =P(Z,6) for some §. For a counterpart to Corollary 5.1.6 we first need
the following. We call a collection of vectors z1,...,z, € R? in general
position if no subset of k + 1 of them is contained in a linear subspace of
dimension k for any 1 < k < d.

Proposition 7.5.9. Letzi,..., 2z, € R? be vectors in general position. Then
all proper faces of Z(z1,...,2y) are parallelepipeds.
Proof. Without loss of generality, we may assume that Z = Z(z1,...,2n)

is full dimensional. As faces of parallelepipeds are parallelepipeds, we only
need to show that all facets of Z are parallelepipeds.

Let w € R? such that F = FyZ is a facet. Following the proof of
Corollary 7.5.2, we observe that F is a translate of the zonotope generated by
those z; with (w,z;) = 0. There are at least d — 1 such vectors, as otherwise
dimF < d — 1. On the other hand, there are exactly d — 1 vectors, as our
general position assumption forbids the hyperplane {x € R? : (w,x) = 0}
to contain more than d — 1 vectors among z1, ..., Zy,. O

Corollary 7.5.10. Every zonotope has a fine zonotopal tiling.

Proof. For a generic choice of &, the vectors zi,...,z,, are in general
position, and Proposition 7.5.9 finishes the proof. O

As with our construction of regular subdivisions of polytopes in Chapter 5,
the above construction of regular zonotopal tilings is elegant but hard to
analyze. However, there is a quite charming way to view regular zonotopal
tilings. Let H be a central hyperplane arrangement with hyperplanes

Hi = {x: (z:,x) =0}
fori=1,...,m. For § € R™, we define the affinization of H with respect
to & as the affine hyperplane arrangement H® with hyperplanes

HY = {x:(z4,x) = &}

for i = 1,...,m. Note that H = H° is an affinization and if 6; = (z;,t) for
some t € R?, then H? is simply a translation of 7. Nothing exciting so far.
In particular, if you look at H® from far, far away (by formally replacing
x with vx for some large number v), then there is hardly any difference
between H; and Hf" and we basically see H, as illustrated in Figure 7.11.
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//\

H HI

Figure 7.11. A sample affinization.

On the other hand, 7% has an interesting local structure. A minimal face
F € ®(H?) with corresponding o € {<,=,>}" is of the form t + lineal(#).
The subarrangement of H

H = {Hfi—t : t—i—lineal(H)QH?i, izl,...,m} ={H;:ieo}

is the central arrangement of the zonotope Z' := Z(z; : i € 0~). Moreover,
setting s := ), > 2;, the collection of zonotopes s + Z’ for all o magically
fit together to a zonotopal tiling of Z; see Figure 7.12.

AN
N

Figure 7.12. Tiling of a zonotope and the corresponding affinization.

The rigorous statement behind these musings is as follows.

Theorem 7.5.11. Let Z = Z(z1,. .., 2y) with associated central hyperplane
arrangement H = {Hi,...,Hy}. For § € R™, let P = P(Z,68) be the
zonotopal tiling corresponding to H®. Then P is anti-isomorphic to @(’H‘S).

Proof. Let W = (W, was1) € R4 be such that Fg(Z+ 1g) is a bounded
face of Z. As in Proposition 5.1.4, we notice that w11 < 0 and hence we
can assume that wgyq = —1. In particular,

~

FVAV(/Z\—I— TR) = FgZ = /Z\U
for some o € {<,=,>}". For 1 <i<m,

</Z\Z,\/7\\/'> = <Zi,W>—(Si.
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This translates into the fact that w is contained in the face of %% uniquely
determined by o. Playing this argument backwards by starting with a face
of H% shows that there is a canonical bijection between P(Z,8) and H?°.
To see that this bijection is inclusion reversing, let 7 € {<,=,>}" be
such that 27 is a face of Z,. Then necessarily 7= C o=, which implies that
the inclusion for the corresponding faces of H? is exactly the other way. [

To reap some of the benefits of the correspondence given in Theorem 7.5.11
with affinizations of H, let Z = Z(z1,...,2y) C R? be a full-dimensional
zonotope, i.e., z1, ..., 2y, are spanning R? and hence # is essential.

Proposition 7.5.12. Let P be a fine regular tiling of the full-dimensional
zonotope Z(z1,. .., 2Zm) C R?. Then the number of parallelepipeds equals the
number of bases of R among z1, ..., Zm.

Proof. Let H be the central hyperplane arrangement corresponding to
Z(z1,...,2y), and let H% be the affinization of H corresponding to P,
courtesy of Theorem 7.5.11. Since Z(z1,...,2%y) is full dimensional, H
is essential and the cells of P correspond to the vertices of H%. Since the
maximal cells of P are parallelepipeds, each vertex of 79 is the intersection
of exactly d hyperplanes of H®. In linear algebra terms, these correspond
exactly to the sets I = {i; < ip < --- <ig} C [m] such that there is a unique
x € R with

<Zi1>X> = 51'1, <Z,L'2,X> = 51'27 ceey <Zid7X> = 6id .
This, however, happens if and only if z;,, ..., 2;, are linearly independent. In
particular, the linear independence of the vectors indexed by I is independent
of the choice of a generic 9. O

The situation for graphical zonotopes is particularly appealing: in Exer-
cise 7.27, you will show that for a graph G = ([d], E') and a subset E' C E,
the set {€; —e; : ij € E'} is linearly independent if and only if the induced
graph G[E'] := ([d], E’) has no cycle. A forest is a graph that has no cycles.
A tree is a connected forest. Given a connected graph G, a spanning tree
is an inclusion-maximal cycle-free subgraph of G. We have thus proved the
following.

Corollary 7.5.13. Let G = ([d], E) be a connected graph and P a fine
reqular tiling of Zg into parallelepipeds. Then the number of parallelepipeds
in P equals the number of spanning trees of G.

If S ={z1,...,2m} C Z% then Z = Z(z1,...,2,) is a lattice polytope,
which we call a lattice zonotope. We can use Theorem 7.5.11 to deter-
mine the Ehrhart polynomial of Z. If S = {z;,,...,2;,} C S is a linearly
independent subset, let

G(S/) = {)\1Zil—|—-"+)\kzik ZOS)\l,...,)\k<1},
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the half-open parallelepiped spanned by z;,,...,z;,. For 8" = & we set
8(S’) = {0}. The following result is illustrated in Figure 7.13.

Figure 7.13. A fine zonotopal tiling of a hexagon.

Lemma 7.5.14. Let S C R be a collection of (lattice) vectors. Then for
every linearly independent subset S" C S, there is a (lattice) vector tg such
that

2(5) = |H (ts + B(5),

where the union is over all linearly independent S’ C S.

Proof. We adopt an optimization perspective. Let S = {z1,...,2zy,}. Then
every point p € Z is of the form

P = 21+ pzo+ -+ pmZ;  for some 0 < pq, ... pm < 1. (7.5.3)

The parameters 1 = (u1, ..., tm) are in general not unique. In fact, (7.5.3)
shows that for fixed p, the set of all possible 1 is a polytope Qp. We want
to construct a canonical choice of p. For € > 0 we define the linear function

le(x) = exy + 229 + -+ + My, .

The polytope Qp has finitely many vertices. Exercise 7.24 asserts that there
is an ep > 0 such that for all 0 < € < €p, the minimum of /. (x) is attained at
the same vertex pu* = (u},..., uy,) of Qp. Let I :={i : 0 < pf < 1}. Then

ZH?Z’L = p_ta
el
where t := 3, . ;z;. We claim that the set {z; : ¢ € I} is linearly

independent. If this was not true, then there is some n € R™ such that
n; = 0 for all ¢ ¢ I and ), 7;2z; = 0. But then for A > 0 sufficiently small,
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pw* £ An € Qp, and this would contradict the fact that p* is a vertex. Thus
for 8’ = {z; : i € I} and tg := t, we obtain p € tg + 0(5).

Exercise 7.25 shows that the choice of ©* is consistent for all points p € Z
provided we choose € > 0 sufficiently small. This means that for every point
p there is a unique linearly independent S’ C S and a point tg such that
pEtS/—i-ﬁ(Sl). O

If S ={z1,...,2} C Z% is linearly independent, then
ehrggy(n) = |[nO(z1,...,2x) N Zd‘ = ‘ﬁ(nzl, ..., nzE) N7,

a polynomial in n of degree k. We can write down this polynomial explicitly.
Consider S C Z% as a d x k-matrix, and let det(Sy) be the determinant of
the k x k-submatrix of S obtained by selecting the rows indexed by a given
k-subset J C [d]. We define gd(S) as the greatest common divisor of det(Sy),
where J ranges over all k-subsets of [d].

Proposition 7.5.15. Let S = {zy,...,z;} C Z% be linearly independent.
Then

ehrggs)(n) = n*[ad(S)].

Proof. We prove only the case k = d and leave the gory details for the
general case to you as Exercise 7.26. The same arguments as in our proof of
Lemma 7.5.14 show that

O(nzi,...,nza) = | (uzi+- 4 Aza) + Oz, ., 20) (7.5.4)
0<A1,...,Ag<n

and hence

d ﬁ(zl,...,zd)ﬁZd .

ehrggy(n) = n

Lemma 7.5.14 yields that the Ehrhart polynomial of Z(S) \ 8(S) has degree
< d and hence ehrz(g) (n) and ehrg(g) (n) have the same leading coefficient. By
Exercise 5.10, the leading coefficient equals the volume of the parallelepiped
Z(S), which is given by |det(S5)|. O

Combining Lemma 7.5.14 with Proposition 7.5.15 gives the Ehrhart
polynomial of any lattice zonotope.

Corollary 7.5.16. Let S C Z¢ be a finite collection of lattice vectors and
Z =Z(S) the corresponding zonotope. Then

chrz(n) = Y nl¥l[gd(s")].

S'CS

Proof. Note that gd(S’) = 0 whenever S’ C Z¢ is a finite collection of linearly
dependent vectors. Hence, the sum in the statement is actually over all
linearly independent subsets S’ C S. By Proposition 7.5.15 the corresponding



7.5. Zonotopes and Tilings 267

summand is the Ehrhart polynomial of £(S’), and Lemma 7.5.14 says that
the sum is the Ehrhart polynomial of Z. ([

Again, for graphical zonotopes, the identity in Corollary 7.5.16 is most
charming and also follows from Exercise 7.27.

Corollary 7.5.17. Let G = ([d], E) be a graph. Then

d—1
ehrz,(n) = Y bi(G)n',
=0

where b;(G) is the number of induced forests in G with i edges.

As a final thought on the relation between zonotopes and hyperplane
arrangements, we briefly discuss one more amazing connection that relies on
Theorem 7.5.11. An affine hyperplane arrangement in R is simple if every
vertex is contained in exactly d hyperplanes.

Theorem 7.5.18. Let H = {Hy,...,Hy,} be a central and essential arrange-
ment in R%. Then there is a central arrangement H in R™ whose regions are
in bijection with the simple affinizations of H.

With Theorem 7.5.11, this implies in particular:

Corollary 7.5.19. Let Z = Z(z1,...,2m) C R? be a full-dimensional zono-
tope. Then there is a hyperplane arrangement H C R™ such that the regions
of H are in bijection with the fine reqular tilings of Z.

Let H? be a given affinization of H and let v1,..., v, be the vertices
of #°. There are unique o7,...,0, € {<,=,>}" such that {v;} = HS. for
1 <7 <r. We claim that o1, ..., 0, together with H completely determines

the face poset of H%. Let’s explain this for the bounded regions.

If F € ®(H°) is a bounded region of H?, then it is determined by its
vertices, which are a subset of the vertices of H?. Hence, all we have to
do is to determine the inclusion-maximal subsets V' C {vy,...,v,} whose
convex hulls yield bounded regions of H?. The Minkowski-Weyl theorem
(Theorem 3.2.5) assures us that every F is the bounded intersection of
halfspaces and a moment’s thought reveals that these halfspaces are among
the halfspaces induced by the hyperplanes in #?. The bounded regions
are H%-polytopes in the language of Section 7.4. In particular, no two
clements in V are separated by a hyperplane in H®. This gives the following
combinatorial description of bounded regions: V is the set of vertices of
a bounded region F of #% if and only if it is inclusion maximal with the
property that for any v, v, € V, there is no 1 < ¢ < m such that i € o4~
and i € 0y”. However, there are also unbounded regions (and faces) of H?
and so this is not a rigorous proof. Hence, we have Exercise 7.32 to guide
you to a proof of the following result.
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Lemma 7.5.20. Let H® be an essential affine hyperplane arrangement
with vertices Vi, ...,v, given by o1,...,0, € {<,=,>}™. Then ®(H?) is
determined by H and o1,...,0,.

If #9 is simple, then its vertices are easy to determine. Each hyperplane
is of the form H; = {x : (z;,x) = 6;}. Let Z € R™*9 be the matrix whose
i-th row is z;. For J C [m] we again denote by Z; the submatrix with rows
indexed by J. If J C [m] such that Z; is a nonsingular d x d matrix, then

vV = Z;16J

is a vertex of H%, and every vertex is of that form. For each vertex v
identified with J C [m] and any i € [m] \ J,

( 6i)< ; ; 7=l 4
v e (H if and only if (zi,Z57°65) > 6. (7.5.5)

Proof of Theorem 7.5.18. Let Z be the collection of pairs (J,i) with
J C [m] such that Z; is a nonsingular d x d-matrix and i ¢ J. Define the
hyperplane

Huy = {8 €R™ : (2;,2;'6,) = 6}

and H = {H@ ¢ (J,4) € T}. Now any simple affinization HO® with § € R™

determines a partition Z = Z. WZs and a nonempty region
(N Hu)< 0 () Huy)
(J»i)€1-< (Jzi)€I>

It follows from Lemma 7.5.20 that ®(#%) = ®(#°") for each &’ in this region.
And since each é in general position determines a simple affinization, this
proves the claim. O

Much more can be done. Similar to our considerations about refinements
of dissections of order cones in Section 6.1, the collection of all regular tilings
of a zonotope Z is a poset T(Z) with respect to refinement: a tiling P is finer
than a tiling P’ if for every Q € P there is some Q' € P’ with Q C Q'. With
some more work, you can prove the following consequence.

Corollary 7.5.21. Let Z = Z(z1,...,2m) be a full-dimensional zonotope
in RY. Then there is an (m — d)-dimensional zonotope Z C R™ such that
O(2)=3%(2).

Exercise 7.33 gives a different construction of Z.
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7.6. Graph Flows and Totally Cyclic Orientations

We finally come to the second family of polynomials and combinatorial
reciprocities that we considered in Chapter 1: the nowhere-zero flow polyno-
mials pg(n) of Section 1.2. Since we learned about flows on graphs almost
a whole book ago, we recapitulate the setup and the statement of Theo-
rem 1.2.5, whose proof we still owe. Throughout, let G = (V| E) be a graph
with a fixed but arbitrary orientation, which we will refer to as the base
orientation. We write u — v if the edge uv € F is oriented from u to v. A
Zn-flow is a function f : E — Z, = Z/nZ such that for every node v € V

S o) = 3 fluw).

uU—v VU

This is an equality in the finite Abelian group Z,. In this wording, it seems
rather difficult to relate the functions f to the lattice points in some polytope
and, in fact, there is no single polytope whose Ehrhart polynomial counts
nowhere-zero flows, i.e., f(e) # 0 for all e € E for varying n.

To cut right to the chase, we identify Z, with {0,1,...,n — 1}. Then
nowhere-zero flows are those functions f : E — Z such that 0 < f(e) < n for
all e € E and

Z fluv) — Z f(uv) is divisible by n
uU—v vV—=U

for every node v € V. To see why this gets us what we want, we rewrite the
conditions one more time: we seek functions f € n(0,1)® N Z¥ such that for
every v € V

Y fluw) =) fluv) = nb, (7.6.1)

uU—v vV—=U

for some b, € Z. For b € ZV, let Fg(b) C RE be the affine subspace of all
f € RE satisfying (7.6.1) with n = 1. The number ¢ (n) of nowhere-zero
Zyn-flows of G is the number of lattice points in
n(0,)"n | J Fa(nb). (7.6.2)
beZV
We note that Fg(b) N Fg(b') = @ whenever b # b’. Since the cube [0, 1]¥
is compact, there are only finitely many b € ZY such that
(0,1)" N Fa(b) # @

and we denote the set of these b by C(G) C ZV. For b € ZV, let

Pa(b) = [0,1)F n Fg(b); (7.6.3)

as an intersection of halfspaces and hyperplanes, Ps(b) is a polytope. We
remark that our construction of both F¢(b) and Pg(b) depends on the base
orientation of G.
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Iterating Exercise 3.37 shows that
dim Pg(b) < dim Fg(b),

and equality is attained exactly for b € C(G). We note that Fg(b) =
t + F(0) for some t € R” and hence dim Fg(b) is independent of b.

The linear subspace F(0) C RE plays a prominent role. It is the linear
space of real-valued flows on G, i.e., the functions f € R¥ such that

Z fluv) = Z f(uv) (7.6.4)
uU—v v—Uu
for all v € V. The condition (7.6.4) is called conservation of flow at v: it
states that what flows into v also has to flow out of it.* We call F5(0) the
flow space of G and simply denote it by Fg := F(0). Again, the flow
space depends on the base orientation of G.
We recall from Section 1.2 that the cyclotomic number of G is £(G) =
|E| — |V| + ¢, where ¢ is the number of connected components of G.

Proposition 7.6.1. Let G = (V, E) be a graph with a fized base orientation.
Then dim Fg = £(G).

It is not difficult to produce nonzero elements in Fg provided G has
cycles. Let C be a cycle of G, i.e., C consists of distinct nodes v, ..., v; such
that v;_1v; € E for i = 1,...,k with vg := vg. We have implicitly given C
an orientation by labeling its nodes. The orientation from v;_1 to v; might or
might not agree with the base orientation. We define a function fo: EF — Z
through

1 if i—1 — Ui,
Blim e (7.6.5)

fo(vicivy) = {
and fo(e) := 0 for each edge e € E that is not part of the cycle. Actually, fo
depends on C' as well as the choice of orientation of C'. However, choosing
the other orientation around C would replace fo by —fc and does not
change the statement of the following lemma, whose verification we leave to
Exercise 7.34.

-1 if Vi—1 < Vi,

Lemma 7.6.2. The function fo is an integer-valued flow for any undirected
cycle C of G.

Proof of Proposition 7.6.1. We will construct a basis with {(G) elements.
We first observe that, if G is the disjoint union of G; and Gs, then Fg =
Fa, X Fa, and hence dim Fg = dim F¢, +dim Fg,. We will therefore assume
that G is connected.

Let T C G be a spanning tree, i.e., T = (V, E’) for some E' C E, that is
connected and without cycles. Let e = uv € E'\ E’ with orientation u — v.

4We are stretching this physical interpretation a bit since f(e) can be negative.
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Since T is connected, there is a path vq,...,v; in T that connects v to wu.
In particular, u =: vg,v1,...,v is a cycle C. in T'U {e} C G, called the
fundamental cycle with respect to 7" and e. The function fc, defined
by (7.6.5) is a nonzero element of F and we claim that {fc, : e€ E\ E'}
is a basis of Fg. Note that the elements in this collection are linearly
independent and hence we only need to show that they are spanning.

For a given f € Fg, we can add suitable scalar multiples of fc, to it
and can assume that f(e) =0 for all e € E\ E’. Arguing by contradiction,
let’s assume that f # 0. Then E; :={e € E : f(e) # 0} is a subset of E'.
However, for (7.6.4) to be satisfied at a node v, there have to be either zero
or at least two edges in Ey incident to w. Exercise 7.35 now shows that the
graph (V, E;) C T contains a cycle which contradicts our assumption on 7.

Since T is a spanning tree, |E'| = |V| — 1 and so Fg is of dimension
B\ E'| = £(G). 0

For a fixed spanning tree T" C G, the basis of Fg constructed in the
course of the above proof is called a cycle basis. Next, we show that all
polytopes of the form (7.6.3) are lattice polytopes.

Proposition 7.6.3. Let G = (V, E) be a graph with a fized base orientation.
Then Pg(b) is a lattice polytope for every b € ZV.

Proof. For most b € ZV, the polytope Pg(b) is empty and there is nothing
to prove. So let’s assume that Pg(b) # @. Since a vertex f € Pg(b) is
a face, there is a linear function ¢ such that f uniquely maximizes ¢ over
Pa(b). We will show that if £ has a unique maximizer f, then f has to be
integer valued. For this, we can reuse an idea that we already appealed to
in the proof of Proposition 7.6.1. Assume that f € Pg(b) maximizes ¢ and
set R:={e€ F : 0< f(e) <1}. We claim that if R # &, then the graph
Gy = (V, R) contains a cycle. Sure enough, for any v € V" and b, € Z, the
left-hand side of (7.6.1) has to feature either zero or at least two nonintegral
evaluations of f. The claim now follows from Exercise 7.35.

For a cycle C' in Gy, let fc be as in (7.6.5). Then fc is supported on
the edges in R and there is a A € R\ {0} with || sufficiently small such that
f £ Afc € Pg(b) and

U(f=XMe) < Uf) < Uf+XMfe).

Since we assumed that f is the unique maximizer, it follows that R = @ and
hence f € {0,1}F. O

To take stock of what we have achieved so far, we note that Proposi-
tions 7.6.1 and 7.6.3 imply that Pg(b) is a £(G)-dimensional lattice polytope
for any b € C(G). With a nod to Ehrhart-Macdonald reciprocity (Theo-
rem 5.2.3) it follows from (7.6.2) that the number of nowhere-zero Z,-flows



272 7. Hyperplane Arrangements

is

pa(n) = > ehrpepy(n) = (=159 3" ehrp, ) (—n).  (7.6.6)
beC(G) beC(G)

Since Pg(b) C [0,1]F, the lattice points of Pg(b) are exactly its vertices,
and so (—1)8%pg(—1) equals the total number of vertices of all Pg(b) for
b € C(G). Each vertex is of the form er € {0,1}F for a certain R C E.
Which sets R appear is our next concern; we take a scenic detour via
arrangements. We recall that an orientation of G is totally cyclic if every
edge e € FE is contained in a directed cycle.

Proposition 7.6.4. Let G = (V, E) be a graph with a fized base orientation.
This orientation is totally cyclic if and only if there is some f € Fg with
f(e) >0 foralle€ E.

Proof. Assume that the orientation of G is totally cyclic. If C' is a directed
cycle in G, then the corresponding flow fo given in (7.6.5) for this orientation
takes values in {0,1}. Let f = > . fc, where the sum is over all directed
cycles of G. Since every edge is contained in a directed cycle, f(e) > 0 for
alle € E.

For the converse implication, suppose that the orientation is not totally
cyclic. Then Exercise 7.36 says that there exists a coherently oriented edge
cut, that is, a minimal set of edges whose removal increases the number of
components of GG, depicted in Figure 7.14, and so there cannot be a flow
with all positive values. O

Figure 7.14. An illustration of an edge cut appearing in our proof of Proposition 7.6.4.

We defined F and C(G) with respect to a base orientation of G. Any
other orientation of G is given by a subset R C E of edges whose orientation
will be reversed. On the level of flow spaces, the map T : RF — R¥ mapping

fto f' = Tr(f) via

, o —f(e) ifeeR,
fle) = {f(e) ifec E\R
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defines a linear isomorphism between the flow spaces of G and its reorientation
by R.

In Exercise 7.37 you will show that if e € E is a bridge, then Fg is
contained in the coordinate hyperplane

H® == {geR” : g(e) =0} .
Hence, if G is bridgeless, then
HE = {H°NFg : ec E}

is an arrangement of hyperplanes in Fg = R8(S) | Tt is called the cographical
hyperplane arrangement associated to G. Exercise 7.38 gives the number of
distinct hyperplanes in HE.

The regions of the coordinate hyperplanes in R are in bijection with the
different signs that a function f: E — R\ {0} can have and this is inherited
by . Thinking back to Section 7.2, you might venture a guess as to what
the regions of H correspond to.

Theorem 7.6.5. Let G = (V, E) be a bridgeless graph and R C E. Then
the following are equivalent:

(a) The set of real-valued nowhere-zero flows f € Fg \ | JHE such that
{e: f(e) <0} = R is a region of HE.

(b) Reversing the orientation of the edges in R yields a totally cyclic orien-
tation.

(c) eg is a vertex of Pg(b) for some b € C(G).

Proof. Each region of HY is the set of all f € Fg with f(e) # 0 and
f(e) <0 for all edges e in some fixed R C E. For any such f, it follows that
' =Tg(f) is a strictly positive element in the cycle space corresponding to
the reorientation R. The first equivalence now follows from Proposition 7.6.4.

To show that (a) implies (c), let f € Fg, with f(e) # 0 for all e € E, be
a representative of a region. The region is uniquely determined by

R = {ecE: f(e) <0}.

Since H is a central arrangement of hyperplanes, we can scale f inside its
region such that 0 < [f(e)| < 1 for all e € E. We observe that f':=egr + f
satisfies 0 < f/(e) < 1 for all e € E and hence f’ € (0,1). In particular,
there is a unique b € ZY such that

f/ € f(;(b) = egp+ F¢o.

Hence f’ € Pg(b) and b € C(G). Since eg € Pg(b) as well and since er is a
vertex of the cube [0, 1]¥, it has to also be a vertex of Pg(b).
Conversely, for a given b € C(G), let f € Pg(b). For any vertex

eR € Pg(b),
fli=f—erc Fqg and flle)#0
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for all e € E. This determines a region of #, which is independent of the
choice of f. O

We are (finally!) ready to prove Theorem 1.2.5.

Proof of Theorem 1.2.5. It follows from (7.6.6) that (—1)§@pg(—n) is

the total number of lattice points in n Pg(b) for all b € C(G). The lattice

points in the relative interior of n Pg(b) are nowhere-zero Z,-flows and hence

correspond to pairs (f, @), i.e., f together with the original orientation. So

we need to only worry about the lattice points in the boundary of nPg(b).
For f € ndPg(b) NZE we set

Q = {e: f(e) =0} and R = {e: f(e)=n}.

Note that Q U R corresponds to the edges that get zero flow when we reduce
the values of f modulo n. Choose g € nPg(b) such that g(e) # f(e) for
all e € E. In particular, h := g — f is contained in the flow space Fg and
h(e) # 0 for all e € E. By Theorem 7.6.5, h determines a totally cyclic
reorientation of GG, and in Exercise 7.39, you will show that the orientation
yields a totally cyclic orientation on G/ supp(f).

Conversely, let f : E — {0,...,n—1} be a Z,-flow and let R C E\supp(f)
be a totally cyclic orientation for G/supp(f). Define f : E — Z by setting

fle) = {n ifee R,

fle) ifeec E\R.

Then f satisfies (7.6.1) for some unique b € ZY. To finish the proof, we
need to show that b € C(G). Again by Exercise 7.39, we can choose a totally
cyclic reorientation R’ C E of G such that R C R'. By Theorem 7.6.5, there
is some g € Fg with g(e) < 0 for e € R' and g(e) > 0 otherwise. Then

f+eg € n(0,1)F N Fg(nb)
for sufficiently small € > 0. This shows that Pg(b) # @ and b € C(G). O

The basis of Fg constructed in the course of our proof of Proposition 7.6.1
furnishes an inside-out view on nowhere-zero Z,-flows, in the sense of Sec-
tion 7.3. Our proof of Proposition 7.6.1 shows that cycle bases are actually
lattice bases. You are invited to convince yourself in Exercise 7.42.

Corollary 7.6.6. Let G be a connected graph and T o spanning tree of G.
If f € Fa NZE is an integral flow, then there is a unique y € ZE\ET) sych
that

f= > wefe. (7.6.7)

e€ E\E(T)
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Corollary 7.6.6 means that we can parametrize integral flows on G in
terms of a cycle basis. For each e € E'\ E(T), we can choose the orientation
of the fundamental cycle C, such that fc. (e) = 1. Moreover, fc. (€/) =0
for all ¢’ € E\ E(T) and €’ # e. Hence, if f € Fg is given by (7.6.7), then
f(e) = ye for each e € E\ E(T). For the remaining edges, the values are
more involved to determine. Luckily, we do not have to know the exact
values, just that they are not zero modulo n.

For e € E(T), let He be the set of y € RE\E(T) such that the corre-
sponding flow defined in (7.6.7) satisfies f(e) = 1. This is a hyperplane in
RPAE(T) = REE) | Defining the hyperplane H, o for f(e) = 0 accordingly, we
obtain a hyperplane arrangement

7G — —

H = {HQ(), He,l rec E(T)}
and the following result establishes the connection to inside-out polytopes;
for more see Exercise 7.43.

Proposition 7.6.7. Let y € ZE\ET) and let f : E — 7 be the corresponding
flow given by (7.6.7). Then f is a nowhere-zero Z,-flow if and only if

1 _ _
E Yy € (07 1)E\E(T) \ U (He,O U He,l) .
ecE(T)

Notes

Jakob Steiner [175] was probably among the first to consider the combina-
torics of arrangements of lines (in the plane) and planes (in 3-space); see
also [78, Ch. 18]. Studying arrangements of lines in the plane might sound
easy but this subject has many deep results and still unresolved problems as
can be found in Branko Griinbaum’s books [77,79]. Nowadays hyperplane
arrangements play important roles in many fields [129]. The lattice of flats
of an arrangement of hyperplanes was introduced by Henry Crapo and Gian-
Carlo Rota [48]. Our lattices of flats belong to the class of geometric lattices
which are cryptomorphisms for matroids; see, for example, [131,183]. We
already referenced in Chapter 3 the pioneering work of Thomas Zaslavsky
on hyperplane arrangements, starting with [187]. Much of this chapter
owes its existence to his work, including the geometric viewpoint initiated
in [25], which introduced inside-out polytopes. Lemma 7.2.4 is due to Curtis
Greene [74,75]. The proof of Theorem 1.1.5 via inside-out polytopes ap-
peared (together with Theorem 7.3.9) in [25]. A comprehensive introduction
to the combinatorics of arrangements is in [169].

Corollary 7.3.3 is the Euclidean analogue of the finite-field method [11,48]
(see Exercise 7.15 for details); in fact, the proof of Corollary 7.3.3 is essentially
that of [11].
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The hyperplane arrangements in Corollaries 7.3.5 and 7.3.6 are examples
of Coxeter arrangements or reflection arrangements: their hyperplanes cor-
respond to finite reflection groups. The real braid arrangements in Corollary
7.3.5 correspond to root systems of type A, the arrangements in Corollary
7.3.6 to root systems of types B and C, and the arrangements in Exercise
7.11 correspond to root systems of type D. These arrangements basically
correspond to the three infinite families of reflection groups, that is, finite
groups of linear transformations generated by reflection. Much more can be
said about the interplay between properties of a Coxeter arrangement and
the associated reflection group; see, for example, [34,91].

The infinite hyperplane arrangement that gave rise to alcoved polytopes
is the affine reflection arrangement of type A. Alcoved polytopes with their
triangulations into alcoves were studied by Thomas Lam and Alexander Post-
nikov in [109]. The alcoved triangulation of hypersimplices was described
by Stanley’s comment in [65] and in the context of Grébner bases by Sturm-
fels [178]. The Lipschitz polytopes were discovered in [149]. Theorem 7.4.12
is due to Nan Li [113], where the number of big ascents is called the cover
statistic. Alcoved polytopes for other types of affine reflection arrangements
are studied in [108].

Zonotopes naturally appear in many disciplines; see [36] for references
and the many ways to characterize zonotopes. The relation between zono-
topes and hyperplane arrangements marks only the beginning of the deep
theory of oriented matroids; see [190, Ch. 7] and [35]. Corollary 7.5.10
and Proposition 7.5.12 are due to Geoffrey Shephard [156]. Interestingly,
Proposition 7.5.12 also holds true if one considers all fine zonotopal tilings,
including the nonregular ones; see [142]. Corollary 7.5.16 was stated with-
out proof in [163] and with proof in [167]. The expression for the leading
coefficient of ehrz(n), the volume of Z, was obtained earlier by Peter Mc-
Mullen [156, p. 321].

The most famous graphical zonotope, namely that of a complete graph, is
the permutahedron (see Exercise 7.30) which goes back to at least 1911 [151].
More geometric combinatorics surrounding the permutahedron can be found
in [138]. General graphical zonotopes first surfaced in Michael Koren’s work
on degree sequences of graphs [104] and, independently, Zaslavsky’s inception
of colorings of signed graphs [188]—he calls graphical zonotopes acyclotopes.
The first systematic study of graphical zonotopes seems to be [167]; see
also [71].

The geometric perspective on nowhere-zero Z,-flows is from [37], and
that of nowhere-zero integral flows from [26], but describing real-valued
flows on graphs via polytopes has a long history. The polytopes Pg(b) are
called b-transshipments, and the value b, for v € V describes how much
flow is lost or gained. For much more on flows and transshipments, see,
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e.g.,

[153, Chs. 10 & 11]. Properties of the cographical arrangement and, in

particular, Theorem 7.6.5 were studied in [75].

7.1

7.2

7.3

7.4

7.5

7.6

7.7

7.8

7.9

7.10

Exercises

O Verify that the order polytopes given in (7.1.5) indeed are the maximal
cells of a subdivision (as compared to just a dissection).

O Let G = ([d], E) be a simple graph and [d] = V1 W --- WV} a partition
into connected components of G. Show that the lineality space of Hg
is spanned by the characteristic vectors ey, € {0,1}4 for i = 1,...,k.

O Let G = (V,E) be a graph and S C E. Show that G/S is well
defined, i.e., independent on the order with which we contract the edges
in S.

Prove that G/S; = G/Ss if and only if S; and Sy differ only in edges
that complete cycles in G.

O Prove Proposition 7.2.2: Let G = (V, E) be a graph. Then £(G) and
L(Hg) are canonically isomorphic as posets.

O Prove Proposition 7.2.3: Let G = (V, E) be a graph, S C F a flat of
G, and F € L(H¢) the corresponding flat of Hg. Then
Halp = Hg/s and L(Halrp) = E('Hg/g).

O Prove Proposition 7.2.5: Let H be a central hyperplane arrangement
and Hg a hyperplane in general position relative to H. Then

L(H|n,) = L(H)\ {lineal(H)}
via F'— F N Hp.
Given a graph G, let F' be a flat of the associated graphical arrangement
He. Show that, as a function of n,
|(n+1)(0,)V NnFNZY|
is a polynomial.

Show that every face of a hyperplane arrangement H is the face of a
region of H.

Let H be an arrangement in R? consisting of k£ hyperplanes in general
position. Prove that

i = (= () ().

(Note that this implies Exercise 3.67, by Zaslavsky’s Theorem 3.6.4.)
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711 Let H = {{x; = +a} : 1 < j < k < d}. Prove that’
xu(n) = n—1)(n—-3)---(n—2d+5)(n—2d+3)(n—d+1).

7.12 O Let H be a central hyperplane arrangement. For F,G € L(H), give
an interpretation of yu ) (F, G).

7.13 O Prove Theorem 7.2.7 without appealing to geometry.

7.14 O Show that the hyperplane Hy in the proof of Theorem 7.2.7 is in
general position.

7.15 This exercise gives an alternative to Corollary 7.3.3 for computing
characteristic polynomials. Given a rational hyperplane arrangement H
in R, let ¢ be a prime power such that H, when viewed in Fg, yields
the same semilattice of flats as H viewed in R%. Prove that

xn(q) = ’FS \ UH’ :
Use this to recompute some of the characteristic polynomials above.

7.16 Prove that all the coefficients of Op 3, (n—1) are nonnegative. Conclude
that, for any graph G, the coefficients of xg(n) alternate in sign.

7.17 © Let II be a connected poset and let Q C RY be the collection of
order-preserving Lipschitz functions. Show that the lineality space of Q
is given by the constant functions.

7.18 O A poset IT is a rooted tree if IT has a unique minimal element 0 and
for every a € II, the interval [0, a] is a chain. If IT is a rooted tree, then for
every ¢ € II, there is a unique saturated chain 0 = ig <41 < -+ <1 = 1.
Let Ti1 : R4 — R< be the linear transformation given by

Tu(y)i = Yio + ¥+ + iy, -
(a) Show that Ti is invertible and lattice-preserving.
(b) Show that 711([0,1]%) = Lipy.
(¢) Show that Lipy is linearly isomorphic to a cube if and only if IT is
the disjoint union of rooted trees.

7.19 O Show that the inequalities given in (7.4.5) are irredundant.

7.20 Show that Lipschitz polytopes are compressed.

7.21 Determine for which posets II on d elements it holds that DC(IT) = &,.
7.22 O Prove Lemma 7.4.10: For 7 € &4 and q € Zgo, let

a(t,q) = Hz € Asc(t71) : qr-1(5) < qT_l(iH)} ,
d(Ta q) = |{Z € DeS(T_l) C4r-1(3) < qT_l(iJrl)}‘ :
Then hjy (g an(2) = 220t

5The last factor of Xx# (n) is not a typographical error.
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7.23

7.24

7.25

7.26

7.27

7.28

7.29

7.30

o Let ai,bi,...,am, b, € R? such that b; — aj,...,b,, — a,, are
linearly independent. Show that Z(ay,...,am;b1,...,by,) is affinely
isomorphic to [0, 1]™.

O Let uq,...,u, € R™ be a collection of r distinct points. For £ > 0,
let

lo(x) = ex) +e2a0 4+ Mapy .

Show that there is an ¢g > 0 and 1 <4 < 7 such that £.(u;) < ¢-(u;)
for all j # ¢ and 0 < € < g¢. (Hint: For fixed j, interpret /.(u;) as a
polynomial in €.)

O The lexicographic ordering on R™ is given as follows. For u,v €
R™, we define u <jex v if u = v or if the smallest index 1 < i < m for
which u; # v; we have v; — u; > 0. Given a finite set uy,...,u,, € R™
of distinct points, show that there is a sufficiently small € > 0 such that

U Slex U = L(wy) < Le(uj),

forall 1 <i<j<m.

O Complete our proof of Proposition 7.5.15: Let S = {z1,...,z;} C Z¢
be a collection of k linearly independent lattice vectors. Then

chrgg)(n) = n*|gd(s)|.

0 Let G = ([d], E) be a graph (possibly with loops and parallel edges).
Show that for E C E, the vectors {e; —e; : ij € E'} are linearly
independent if and only if G[E’] = ([d], E’) has no cycles.

O Prove Theorem 7.5.5: Let Z be a zonotope with central hyperplane
arrangement H = H(Z). Then ®(Z) and ®(H) are anti-isomorphic.

O Let Z C R? be a zonotope with face lattice ® = ®(Z). For faces
F,F' € ®, we write F ~ F" if F = F/ + t for some t € R%. We write [F]
for the equivalence class of F and ®/~ for the collection of equivalence

classes.
(a) Show that

[F] 2 [G] = F CG forsome F' € [F] and G’ € [G]

defines a partial order on ®.

(b) Let H be the hyperplane arrangement H associated to Z. Use
Proposition 7.5.6 to infer that ®/~ and L£(H) are anti-isomorphic
as posets.

The permutahedron is defined as

Pqy = conv{(n(1), m(2),..., w(d)): m € Sq},
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7.31

7.32

7.33

7.34

that is, P4 is the convex hull of (1,2,...,d) and all points formed by
permuting its entries. Show that it is the zonotope

Pg = 1+ Z [ei,ej]

1<i<j<d
and compute its Ehrhart polynomial.

O Prove Theorem 7.5.8: Let Z = Z(z1,...,2,) C R and § € R™ with
associated zonotope Z C R4, Then

P(Z,8) = {W(F) . F bounded face of Z + TR}

is a zonotopal tiling of Z. (Hint: Revise the argumentation in our proof
of Theorem 5.1.5.)

0 Let H = {Hi,Hs,...,H;,} be a central and essential hyperplane
arrangement in R? and H a fixed affinization. Let vi,...,vs be the
vertices of H°®. For every 1-dimensional flat L in £(H), pick a nonzero
element r. This yields a set {r1,...,r;} of nonzero vectors in R%.

(a) Let F be a face of H®. Show that F is of the form

F = conv(V) + cone(R)

for unique subsets V' C {vy,...,vs} and R C {£r;, £ro,..., %1}

(b) Show that the regions of #° are in bijection to the inclusion-maximal
sets V. C {vy,...,vs} and R C {#£ry,+ro,...,£r;} such that

i) for any v, v’ € V, there isno i with v € (H?i)< and v’ € (H?i)>;

ii) for any v € V and t € R, there is no ¢ with v € (Hfi)< and

t e (Hz)>

(¢) Deduce from this Lemma 7.5.20: Let H® be an essential affine hy-

perplane arrangement with vertices vy, ..., v, given by o1,...,0, €
{<,=,>}™. Then ®(H?) is determined by H and oy,...,0,.

Let S ={z1,...,2m} € R? be a spanning collection of vectors. Let
L = {()\17;Am) ERm : )\1Z1++)\mzm:0}’

a linear subspace of dimension m — d.

(a) Let 8,8 € R™. Show that the affinizations H® and H? differ by a
translation if and only if § — &' € L.

(b) Assume that S\ {z;} is still spanning for all ¢ € [m]. Show that
{z; =0} N L is a hyperplane in L.

(c) Show that this arrangement of hyperplanes is associated to the
zonotope Z of Corollary 7.5.21.

O Verify the claim made by Lemma 7.6.2: The function fo is an
integer-valued flow for any undirected cycle C of G.
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7.35

7.36

7.37

7.38

7.39

7.40

7.41

7.42

7.43

O Let G = (V, E) be a graph such that every node w € V has either
no or at least two incident edges. Show that G contains a cycle.

O Show that, if an orientation of a given graph G is not totally cyclic,
then there exists a coherently oriented edge cut (as illustrated in Fig-
ure 7.14). Conclude that there cannot be a flow with all positive
values.

0 Let G = (V, E) be an oriented graph and e € E a bridge, i.e., G\ e
has strictly more connected components than G. Show that f(e) =0
for every f € Fg.

Can you determine the number of hyperplanes of the cographical ar-

rangement from G?

O Let G = (V, E) be a bridgeless graph and R C E.

(a) Show that a totally cyclic orientation of G induces a totally cyclic
orientation of the contraction G//R.

(b) Conversely, show that every totally cyclic orientation of G/ R induces
a totally cyclic orientation of G.

Extend Theorem 7.3.9 to the case that P is not full dimensional. (Hint:
The only subtle case is when the affine span of P contains no lattice
point; thus Ipe 3,(n) = Op 3(n) = 0 for certain n.)

O Show that the linear transformation T : R4t — R9"! defined in
(7.4.2) satisfies that T'(p) is a lattice point if and only if p is a lattice
point, and give an explicit inverse.

O Prove Corollary 7.6.6: Let G be a connected graph and 1" a spanning
tree of G. If f € Fg NZ¥ is an integral flow, then there is a unique
y € ZE\E(T) guch that

f = Z ye fCe :
e€ E\E(T)

Given a graph G = (V, E) together with an orientation p, an integral
flow is a map f : E — Z that assigns an integer f(e) to each edge
e € F such that there is conservation of flow at every node v:

> fle) =D fle).

If | f(e)] <n for all e € E, we called f an n-flow in Exercise 1.14. Let
Ya(n) = |{f nowhere-zero n-flow on ,G}|.

(a) Convince yourself that ¢c(n) = Ips #(n), where P = [-1,1]F N Fg
and H is the coordinate hyperplane arrangement in R¥, and use
this to show that ¢ (n) is a polynomial in n.
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(b) Now assume G is bridgeless. Prove that (—1)(@)g(—n) counts the
number of pairs (f, p), where f is an (n + 1)-flow and p is a totally-
cyclic reorientation of G/supp(f). (In particular, (—1)5(%yg(0)
equals the number of totally-cyclic orientations of G.)
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conv(V) convex hull of V' C R? 26
Des(o) {jeld—1]: o(j) >0c(j+ 1)}, the descent set of o | 208
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E“(V) convex epigraph of w 155
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Ehrpo(2) > =0 €hrpe (t) 2%, the Ehrhart series of P° 135
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wa(n) number of nowhere-zero Z,-flows on the graph G 11
fx(Q) number of faces of Q of dimension k 68
(Q) face lattice of the polyhedron Q 67
G = (V,E) | a graph with vertex set V' and edge set E 1
oG an orientation of the graph G )
G* dual graph of G 8
G\e graph G with edge e deleted 3
Gle graph G with edge e contracted 3
H an (oriented) hyperplane 53
HZ, HS halfspaces defined by the hyperplane H 53
H a hyperplane arrangement 73
Ha {z; = xj : ij € E}, the graphical arrangement of G | 235
hi(2) h*-polynomial of the polytope P 171
HqP P\ |Visq(P)|, a half-open polyhedron 166
HaP another half-open polyhedron 166
h(n) Hilbert function of the cone C with grading a 126
HE(n) Hilbert series of the cone C with grading a 127
hom(S5) homogenization of S C R% 56




Notation Index 295
Symbol | Meaning Page
J (1) lattice of order ideals of the poset II 30
(I f)(n) | f(n), the identity operator applied to f(n) 107
I(11) incidence algebra of the poset II 30
Ip3(t) | Ehrhart function of inside-out polytope (P,H) 241
JH(II) {r €6, : 77! € Lin(Il)}, Jordan-Hélder set of II 206
[k] set {1,2,...,k} xi
Ky complete graph on d nodes 23
Ko order cone of the poset II 199
Ki 4+ Ky | Minkowski sum of K;, Ky C R? 64
In(xz,y) | length of a maximal chain in [z,y] in the poset II 38
lineal(Q) | lineality space of the polyhedron Q 57
Lin(IT) | set of linear extensions of the poset II 202
Lipp Lipschitz polytope of the poset II 251
L(G) flats of the graph G partially ordered by inclusion 42
L(H) intersection poset of the hyperplane arrangement H 88
maj(o) | X iepesoJ, the major index of o 217
LTI Moébius function of the poset 11 33
) binomial coefficient xii
[n]q 14+qg+---+ ¢! a g-integer 217
N(II, <) | poset of refinements of the poset (II, <) 206
On order polytope of the poset 11 210
Qr(n) order polynomial of the poset II 14
Qf(n) strict order polynomial of the poset II 13
P,Q a polyhedron or polytope 15
pe relative interior of the polyhedron P 15
oP relative boundary of the polyhedron P 59
PCy collection of polyconvex sets in R¢ 72
PC(H) | collection of H-polyconvex sets 74
(P,H) an inside-out polytope 241
p,q] line segment with endpoints p and q 60
11 a poset 12
pr(n) number of II-partitions of the integer n 223
ph(n) number of strict II-partitions of the integer n 223
Pr(z) Do pu(t) 2 223
pa(n) restricted partition function for A 118
pl(n) number of plane partitions of n 115
Pull(P) | pulling triangulation of a polytope P 185




296 Notation Index
Symbol Meaning Page
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rkry(x) the rank of x € 11 48
rec(Q) recession cone of the polyhedron Q 55
[S] indicator function of the set S 90
|S| support of the polyhedral complex S 152
S(d,r) Stirling number of the second kind 14
c(d,r) Stirling number of the first kind 47
s(d, k) Eulerian number 188
(S f)(n) f(n+ 1), the shift operator applied to f(n) 107
supp(f) support of a flow (or vector) f 7
(%) {ACS : |Al=d} xii
os(z) integer-point transform of S 122
Sy set of bijections/permutations of [d] 48
T a triangulation 17
Tq(Q) tangent cone of the polyhedron Q at the point q 82
Tr(Q) tangent cone of the polyhedron Q at the face F 83
v x P pyramid with apex v and base P 70
vert(P) vertex set of the polytope P 60
vol(S) (relative) volume of S 150
Visp(P) complex of faces of P visible from p 91
Visp(S) subcomplex of cells of S visible from p 164
£(@Q) cyclotomic number of the graph G 11
& zeta function of the poset II 31
Zn(n) zeta polynomial of the poset II 36
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1 maximum of a poset 32
xVy join of elements in a poset 37
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O (half-open) parallelpiped 124
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alcove, 247
alcoved polytope, 247
alcoved triangulation, 248
Andrews, George, 141
antichain, 14, 30, 200
antistar, 183
Appel, Kenneth, 2, 21
Archimedes, 93
arrangement of hyperplanes, 73
ascent, 187, 209

2-ascent, 255

big, 255

number of, 220

Barlow, Peter, 142

Barvinok, Alexander, 190
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base orientation, 269

Batyrev, Victor, 189

Bell, Eric Temple, 45

beneath, 91
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Bernoulli polynomial, 145, 227

Betke, Ulrich, 190

beyond, 91, 164
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binomial theorem, 32, 45, 106
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Birkhoff’s theorem, 37

Birkhoff, Garrett, 45

Birkhoff, George, 2, 21
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characteristic polynomial of, 242
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boundary, 59

boundary complex, 178
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characteristic polynomial of, 243
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Brion’s theorem, 171

Brion, Michel, 190
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chromatic polynomial, 3, 15, 39, 232
reciprocity theorem, 6
reciprocity theorem for, 246
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coin-exchange problem, 141
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color gradient, 5
proper, 2
comajor index, 221
combinatorial reciprocity theorem, xii
for P-partitions, 224
for binomial coefficients, xii
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for chromatic polynomials, 6, 234, 246
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223
for flow polynomials, 11, 274
for half-open lattice polytopes, 169
for half-open lattice simplices, 168
for half-open rational cones, 170
for Hilbert series, 134, 170
for inside-out polytopes, 245
for integer-point transforms, 131, 170
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for lattice polytopes, 162
for order polynomials, 14, 36, 220
for plane partition diamonds, 146
for rational cones, 170
for rational polytopes, 163
for restricted partition functions, 119
for Stirling numbers, 47
for zeta polynomials of Eulerian
posets, 38, 84
for zeta polynomials of finite
distributive lattices, 38
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complete graph, 23
composition, 113, 221
part of, 113
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with parts > 2, 114

cone, 55, 60
finitely generated, 61
generators, 61
graded, 122
half-open, 131
order, 199
pointed, 57, 61, 78, 126
polar, 62, 98
polyhedral, 55
rational, 61, 126
simplicial, 63, 126
unimodular, 124
conical hull, 61
connected component, 7
conservation of flow, 7, 270
constituent, 120
contraction, 3, 236
convex, 15, 60
convex epigraph, 155
convex hull, 60
convolution, 119, 146
cover relation, 12, 200
Coxeter arrangements, 276
Cramer’s rule, 148
Crapo, Henry, 275
cross polytope, 59, 192
crosscut, 207
cube, 59, 233
face lattice of, 71
pulling triangulation of, 186
regular unimodular triangulation, 158
cycle, 23, 264
basis, 271
fundamental, 271
cyclotomic number, 11, 270

Dedekind, Richard, 45
Dehn, Max, 94
Dehn—Sommerville relations, 85, 145,
182
generalized, 150
Delaunay, Boris, 189
deletion, 3
delta function, 31
derangement number, 49
derivative, 108
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number of, 215
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difference operator, 84, 107
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dimension, 58, 63
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directed cycle, 5
directed path, 5
disjoint union, 69, 130
displacement, 53
dissection, 152
unimodular, 174
distributive lattice, 37, 72
divisor, 47
dual graph, 8
dual order ideal, 30

edge, 66

contraction of, 3

deletion of, 3

interior, 18

of a graph, 1

of a polygon, 15

of a polyhedron, 66
edge cut, 272
Ehrhart function, 16, 122, 151
Ehrhart polynomial, 17, 124, 157, 264

of a lattice polytopal complex, 177
Ehrhart series, 122, 171

of an open polytope, 135
Ehrhart’s theorem, 126, 157
Ehrhart, Eugéne, 142, 189
Ehrhart—-Macdonald reciprocity, 17, 162,

245, 271

embedded sublattice, 226
eta function, 32
Euler characteristic, 76, 85, 157
Euler, Leonhard, 94, 141, 224
Euler-Mahonian statistic, 219
Euler—Poincaré formula, 76
Eulerian complex, 179
Eulerian number, 188, 215
Fulerian polynomial, 215, 253
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eventually polynomial, 112, 144

face, 17, 65, 152
boundary, 18
figure, 102
interior, 18
numbers, 68
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face poset

of a hyperplane arrangement, 260
of a polyhedron, 67
facet, 66
facet-defining hyperplane, 68
fan, 152
Feller, William, 141
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filter, 30, 203
connected, 204
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finite-field method, 275
Five-flow Conjecture, 11, 21
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flow, 7
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integral, 274, 281
nowhere zero, 269
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reciprocity theorem, 11, 274
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Frobenius, Georg, 141
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Gelfand, Israel, 189
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of a polygon, 15

of a polyhedron, 66

of a simplicial complex, 152
visible, 91, 164
volume, 150

wedge, 57, 101

Weyl, Hermann, 94
wheel, 23

Whitney, Hassler, 2, 21
Wilf, Herbert, 22

Young diagram, 228
Young tableau, 229

Zaslavsky’s theorem, 89, 239
Zaslavsky, Thomas, 95, 275
Zelevinsky, Andrei, 189
zeta function, 31
zeta polynomial, 36, 105, 135, 182
for Boolean lattices, 48
for Eulerian posets, 38
Zp-flow, 7, 269
zonotopal tiling, 261
cubical, 261
fine, 261
zonotope, 257
graphical, 257
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