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“Ubi materia, ibi geometria.”

Johannes Kepler (1571-1630)



“Ubi number theory, ibi geometria.”

Variation on Johannes Kepler (1571-1630)



Ehrhart Theory

Integral (convex) polytope P — convex hull of finitely many points in Z4

For t € Zso, let Lp(t) := # (tPNZY) = # (PN 127
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Ehrhart Theory

Integral (convex) polytope P — convex hull of finitely many points in Z4
For t € Zso, let Lp(t) := # (tPNZY) = # (PN 127

Theorem (Ehrhart 1962) If P is an integral polytope, then...
» Lp(t) and Lpo(t) are polynomials in ¢ of degree dim P
» Leading term: vol(P) (suitably normalized)

» (Macdonald 1970) Lp(—t) = (—1)4m7 Lpo(¢)
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Ehrhart Theory

Integral (convex) polytope P — convex hull of finitely many points in Z4
For t € Zso, let Lp(t) := # (tPNZY) = # (PN 127

Theorem (Ehrhart 1962) If P is an integral polytope, then...
» Lp(t) and Lpo(t) are polynomials in ¢ of degree dim P
» Leading term: vol(P) (suitably normalized)

» (Macdonald 1970) Lp(—t) = (—1)4m7 Lpo(¢)

Alternative description of a polytope:

P:{XERd: Axgb}ﬁ{XER‘éo: AX:b}
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Ehrhart Theory

Rational (convex) polytope P — convex hull of finitely many points in Q¢
For t € Zso, let Lp(t) := # (tPNZY) = # (PN 127

Theorem (Ehrhart 1962) If P is an rational polytope, then...

» Lp(t) and Lpo(t) are quasi-polynomials in ¢ of degree dim P
» Leading term: vol(P) (suitably normalized)

» (Macdonald 1970) Lp(—t) = (—1)4m7 Lpo(¢)

Alternative description of a polytope:
P={xeR’: Ax<b}={xeR% : Ax=Db}

Quasi-polynomial — cg(t) t% + cq—1(t) t¥1 4+ -+ + co(t) where ¢ (t) are
periodic

Dedekind Sums: A Geometric Viewpoint (7  Matthias Beck 3



An Example in Dimension 2

; cw:+by§1}

(a=7b=4,t=23)
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An Example in Dimension 2

A= {(z,y) cRy: ax +by < 1}

La(t) = #{(m,n) €Zy: am+bn <t}
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An Example in Dimension 2

A= {(z,y) cRy: ax +by < 1}

(a=7,b=4,t=23)

La(t) = #{(m,n)€Zy: am+bn <t}
= #{(m,n,s) €Z%: am+bn+s=t}
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An Example in Dimension 2

A= {(z,y) cRy: ax +by < 1}

(a=7,b=4,t=23)

La(t) = #{(m,n)€Zy: am+bn <t}
— #{(m,n,s)EZ?’ZO: am+bn+s:t}
1
— const

(1—2%)(1—2b) (1 —2x)at
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An Example in Dimension 2

A= {(z,y) €Ry: ax +by < 1}

La(t) = #{(m,n) €Zy: am+bn <t}
= #{(m,n,s) €Z%: am+bn+s=t}
1
= t
cone (1—22)(1—2°) (1 —x)a?
1 iz
27 = (T —2) (1 — 2) (1 — ) 2t H!
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An Example in Dimension 2

A= {(z,y) eRLy: ax+by <1}
1
flz) = (1—2%)(1—2°) (1 —x)ztt!

LA(t) = i Jdx

271 x| =€
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An Example in Dimension 2

A = {(x,y)ERQZO: ax + by <1} ged (a,b) =1
1 .
- . p2mi/a
f(aj).—_(1-_'5170L)(1-—-:Ub)(1-—:E):I:H‘1 SEa
1
La(t) = 57 Jdx

|z |=€

a—1 b—1
— Resle(f) + Z Resm:gg(f) + Z Resngz(f)
k=1 J=1
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An Example in Dimension 2

A = {(m,y)ERéoz ax + by <1} ged (a,b) =1
1 o
— . p2mi/a
f(w): (1—2%)(1—2°) (1 —x)2tt! Sa =€
La(t) ! fd
= — x
A 271 |:c|—e
a—1 b—1
= Res;—1(f)+ ) _Res,_g(f) + ) Res (/)
k=1 71=1
- 2ab 2\ab a b 12 \a b b a ab
+1a—1 1 _I_lb_l 1
. __ kb _ ck\ckt ' p a :
- v (1-g) (1-g)
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An Example in Dimension 2

(Pick’s or) Ehrhart's Theorem implies that

Ialy) = L t(Li L ) L3 e b1

A  2ab 2\ab a b 12 b b ab
+1a_1 | +1b—1 1
— _ ckb) (1 _ ck\ckt " 1 a '
a (1 ga)(l fa)fat bjzl (1_ g)<1_£g> gt

7
I

1

has constant term L (0) =1
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An Example in Dimension 2

(Pick's or) Ehrhart's Theorem implies that

Lat) = o b(L L Ly 13,3 4 a T

A  2ab 2\ab a b 12 \a b b ab
—l_la—l 1 +1b—1
. — kb — k) ght X
af=(1-&")(1-&)&" b (1_ )(1_55)) jt

has constant term L (0) = 1 and hence

— ckb) (] _ ¢k - -
T8 1&g (1-q)
S N WL
B 12\a b b a ab
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An Example in Dimension 2

(Recall that &, := e27%/%)

S S o 1
afmz(1-&"0-8) b (1_ ga) (1_§g)
:1—i<—+§+3+9+9+—>
12 \a b b a ab
However...
= 1 1 <~ | [wkb Tk\ a-—1
a2 T da e (—> oot <_> ia

is essentially a Dedekind sum.
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Dedekind Sums

—|z] -1 ifaxdZ
Let (x)) := vzl =3 I z¢Z, and define the Dedekind sum as
0 if x € Z,

= £(E)E)
S (@F)en(?)

J:

S

N‘

S
[t
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Dedekind Sums

—|z] -1 ifaxdZ
Let (x)) := vzl =3 I z¢Z, and define the Dedekind sum as
0 if x € Z,

Since their introduction by Dedekind in the 1880's, these sums and
their generalizations have appeared in various areas such as analytic
(transformation law of n-function) and algebraic number theory (class
numbers), topology (group action on manifolds), combinatorial geometry

(lattice point problems), and algorithmic complexity (random number
generators).
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Dedekind Sums

—|z] -1 ifaxdZ
Let (x)) := vzl =3 I z¢Z, and define the Dedekind sum as
0 if x € Z,

= £(E)E)
S (@F)en(?)

J:

S

N

S
[t

The identity La (0) = 1 implies...
1 1 [a 1 b
@) +s(ba) = 3+ 5 (442 )

a

the Reciprocity Law for Dedekind sums.
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Dedekind Sum Reciprocity

b—1 . .
1
s(a,b) = @Zcot (%) cot (%) :

the Reciprocity Law

1 1 1 b
S<a7b>+3(b7a):_1+ﬁ(%"—%—F—)

a

together with the fact that s(a,b) = s(a mod b,b) implies that s (a,b) is
polynomial-time computable (Euclidean Algorithm).
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Ehrhart Theory Reuvisited

For t € Zso, let Lp(t) := # (tPNZY) = # (P N 1Z%).

Theorem (Ehrhart 1962) If P is an rational polytope, then...

» Lp(t) and Lpo(t) are quasi-polynomials in ¢ of degree dimP.

» Leading term: vol(P) (suitably normalized)
» (Macdonald 1970) Lp(—t) = (—1)4™ 7 Lpo(t)

In particular, if tP°NZ% = & then Lp(—t) = 0.
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Rademacher Reciprocity

If tP°N7Z*= & then Lp(—t) = 0.

tA°

= {(, . ax + by <t} does not contain any lattice points
forl1 <t

< a —|— b WhICh gives for these t

2 t/1 1 1 1 /3 3 a b 1
:___+§'_+E+E —— | -4+=-4+3+-+-+—=].
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Rademacher Reciprocity

tA°

{(x,y) eRZ,: ax +by < t} does not contain any lattice points
for 1 <t

< a + b which gives for these ¢

A

1 grt 1
5;<1—§kb><1—5k i b= (1- )(1_56)
—

B t2+t 1 L 1y _1/3.3 . ¢ +b+1
- 2ab 2\ab a b 12 b b ab

a—1
1 gkzt

The sum — can be rewritten as a Dedekind-
Z (1 —&R0) (1 —&F)

S ()

Rademacher sum
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Rademacher Reciprocity

The identity

a—1 b—1 't
1 Sa' 1 b

() (-9)

B t2+t 1 1.1 1 (3.3 4.4 +b+1
 2ab 2\ab a b 12 b b ab

gives Knuth's version of Rademacher’s Reciprocity Law (1964)

a2 T 1€

rn (a,b) + 1, (b,a) = something simple .
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Rademacher Reciprocity

The identity

a—1

b—
5 L~ 4

E};(l—ﬁfjb)(l—ﬁk i le( )(1_66)

B t2+t 1 1.1 1 (3.3 4.4 +b+1
 2ab 2\ab a b 12 b b ab

gives Knuth's version of Rademacher’s Reciprocity Law (1964)

rn (a,b) + 1, (b,a) = something simple .

As with s (a, b), this reciprocity identity implies that 7, (a,b) is polynomial-
time computable.
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Why Bother?

» Classical connections, e.g., Dedekinds's reciprocity law implies GauB3's
Theorem on quadratic reciprocity.

» Generalized Dedekind sums measure signature effects, compute class
numbers, count lattice points in polytopes, and measure randomness of
random-number generators—are there intrinsic connections?

» It is not clear how to efficiently compute higher-dimensional
generalizations of the Dedekind sum.
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A 2-dimensional Example in Dimension 3

AN A= {(z,y,2) €RLy: ar +by+cz=1}
.':, 1

1 1

" \7 b

/ . v
(l
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A 2-dimensional Example in Dimension 3

A= {(a:,y,z) ER?’ZO: a,:z:—i—by—l—cz:l}

ged (a,b) = ged (b, ¢) = ged (c,a) = 1

i1 : +1 1
af= (1 -&") (L —&ge) &8t b= (1-&) (1 - &) &
_I_l c—1 1
¢ £ (1= ) (1 — €50 €8
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More Dedekind Sums

s (a,b; ) Zcot< ) t(#)

The identity La (0) = 1 implies Rademacher’s Reciprocity Law (1954)

1 1 b
s(a,b;c)+ s(b,c;a) + s(c,a;b) :_1—'_ T (l?c+ca+:b)°

Dedekind Sums: A Geometric Viewpoint (7  Matthias Beck
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More Dedekind Sums

s(a,b;c) = — Zcot< ) t(%b)

The identity La (0) = 1 implies Rademacher’s Reciprocity Law (1954)

1 1 b
s(a,b;c)+s(b,c;a) + s(c,a;b) = _Z+ T (l?c+ca+acb)'

Moreover,
tA = {(z,y,2) € R%O :ax + by + cz =t}

has no interior lattice points for 0 < t < a+b+c¢, so that Ehrhart-Macdonald
Reciprocity implies that La(t) = 0 for — (a + b+ ¢) <t < 0, which gives
Gessel's generalization of the Reciprocity Law for Dedekind—Rademacher
sums (1997).
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“If you had done something twice, you are likely to do it again.”

Brian Kernighan & Bob Pike (The Unix Programming Environment)



Higher-dimensional Dedekind Sums

The Ehrhart quasi-polynomial La(t) of the simplex
A = {xER%O: a1$1—|—---—|—ada:d:1}
gives rise to the Fourier—Dedekind sum (MB—Diaz—Robins 2003)

a;—1 kn
1 a

Sn(a27-°->ad§a1) ::a_lz (1_ kaz). (1_ kad>'

(Here &,, := e*™i/a1)
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Higher-dimensional Dedekind Sums

The Ehrhart quasi-polynomial La(t) of the simplex
A = {XER%OZ a1x1+---+ad.rd:1}

gives rise to the Fourier—Dedekind sum (MB—Diaz—Robins 2003)

1 a’l_l kn
. R ai
Sn (CLQ, ..., a4, al) = a_ ko kay .
2 (k) (1 o)
(Here &,, := €?™¥/21) These sums include as a special case (essentially

n = 0) Zagier's higher-dimensional Dedekind sums (1973)

a1—1
1 < kas kag
ce ; = — E tl — | ---cot )
c(az, -, ag;01) a “0 ( a; ) o ( a; )

L
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Reciprocity for Higher-dimensional Dedekind Sums

A = {xER‘éO: a1x1+---—|-a,da:d:1}
The identity La(0) = 1 implies the reciprocity law

c(az,...,aq;a1) +c(ay,as,...,aq,a2) + - +c(ag,..

= something simple

for Zagier's higher-dimensional Dedekind sums

~1
( ) 1 alz . kas . kagq
c(ag,...,aq;a1) := — cot | — | ---cot | —
2 d; a1 @ @ @

k=1

Dedekind Sums: A Geometric Viewpoint (7  Matthias Beck
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Reciprocity for Higher-dimensional Dedekind Sums

A = {xER‘éO: alxl—l----—l-ad:cd:l}
The identity La(0) = 1 implies the reciprocity law

C(CLQ,...,CLd;a,l)+C<CL1,CL3,...,CLd;CL2>‘|‘""|‘C<a,1,...,ad_1;a,d>

= something simple
for Zagier's higher-dimensional Dedekind sums
a1—1
1§ k k
c(ag,...,aq;a1) := — Z cot (ﬂ> .+ - cot (ﬁ> :
ar 1 — ai ai

The right-hand side of the reciprocity law can be expressed in terms of
Hirzebruch L-functions. Note that this reciprocity relation does not imply
any computability properties of ¢ (as, ..., aq;a1).
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Reciprocity for Fourier—-Dedekind Sums

tA° = {x e Rio L a1x1+ -t agry = t} does not contain any lattice
points for t < a; + - - - + a4 and the Ehrhart—Macdonald Theorem gives

LA(t):O for —(a1+---+ad)<t<0
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Reciprocity for Fourier—-Dedekind Sums

tA° = {x e R%;: a1z + -+ aqrq =t} does not contain any lattice
points for t < a1 + - - - + a4 and the Ehrhart—Macdonald Theorem gives

La(t)=0 for —(a14+---Faqg) <t <0
and hence the reciprocity relation, for 0 <n < a1+ --- + ay,

Sn (a2, ... a4;a1) + Sp (a1,a3,...,aq;a2) + -+ Sp (a1,...,aq9-1;aq)

= some simple polynomial in n

for the Fourier-Dedekind sums

. . al
Sn (a2, ... aq;a1) := — g

a1 — (1_ §f2)...(1_ gfd) .

This reciprocity relation is a higher-dimensional analog of Rademacher
Reciprocity.
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Complexity of Fourier—Dedekind Sums

Barvinok's Algorithm (1993) proves polynomial-time complexity of the
rational generating function

E mi mgq
xl xd

(ml,...,md)EPUZd

for any rational polyhedra P in fixed dimension. Barvinok's Algorithm
generalizes Lenstra’'s Theorem on the complexity of integral programs
(1983).
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Complexity of Fourier—Dedekind Sums

Barvinok's Algorithm (1993) proves polynomial-time complexity of the
rational generating function

E mi mgq
:’Ul xd

(m1,...,mq) EPULY

for any rational polyhedra P in fixed dimension. Barvinok's Algorithm
generalizes Lenstra’s Theorem on the complexity of integral programs

(1983).

Theorem (MB—Robins 2004) For fixed d, the Fourier—Dedekind sums

a1—1 kn
. . al
Sn (@2, c .., Qg al) = a_ ko kay
2 (1 ekr) (1 ek

are polynomial-time computable.
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Complexity of Fourier—Dedekind Sums

Open Problem Give an intrinsic reason (not dependent on Barvinok’s
Algorithm) why the Fourier-Dedekind sums

a;—1 kn
. . al
Sn (CLQ, ... 5 aq; Cll) = a_ ko k:ad
s an) (1)

are polynomial-time computable.
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Partition Functions and the Frobenius Problem

The Ehrhart quasi-polynomial
La(t) = #{(ml,...,md) C Z‘éo L omiay 4+ -+ mgag = t}

is the restricted partition function pa(t) for A = {a1,...,aq} .
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Partition Functions and the Frobenius Problem

The Ehrhart quasi-polynomial
La(t) = #{(ml,...,md) C Zéo L omiay 4+ -+ mgag = t}
is the restricted partition function pa(t) for A = {a1,...,aq} .

Frobenius problem: find the largest value for ¢ such that pa(t) = 0 (wide
open for d > 4).
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Partition Functions and the Frobenius Problem

The Ehrhart quasi-polynomial
La(t) = #{(ml,...,md) C Zéo L omiay 4+ -+ mgag = t}
is the restricted partition function pa(t) for A = {a1,...,aq} .

Frobenius problem: find the largest value for ¢ such that pa(t) = 0 (wide
open for d > 4).

Geometric corollaries:

> pa(—t)=(=1)""Tpa(t — (a1 + -+ aq))
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Partition Functions and the Frobenius Problem

The Ehrhart quasi-polynomial
La(t) = #{(ml,...,md) C Z%O L omiay 4+ -+ mgag = t}
is the restricted partition function pa(t) for A = {a1,...,aq} .

Frobenius problem: find the largest value for ¢ such that pa(t) = 0 (wide
open for d > 4).

Geometric corollaries:
> pa(—t) = (=1)"Tpa(t — (a1 + - + aq))

» Upper bounds on the Frobenius number
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Partition Functions and the Frobenius Problem

The Ehrhart quasi-polynomial
La(t) = #{(ml,...,md) C Z%O L omaay 4+ - Fmgag = t}
is the restricted partition function pa(t) for A = {aq,...,aq} .

Frobenius problem: find the largest value for ¢ such that pa(t) = 0 (wide
open for d > 4).

Geometric corollaries:
> pa(—t) = (=1)“"'palt — (a1 + -+ aq))
» Upper bounds on the Frobenius number

» New approach on the Frobenius problem via Grobner bases
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Shameless Plug

M. Beck & S. Robins

Computing the continuous discretely
Integer-point enumeration in polyhedra

To be published by Springer at the end of 2006

Preprint available at math.sfsu.edu/beck
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