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Permutation Statistics

7w € S, — permutation of {1,2,... ,n}

Goal: study certain statistics of S,, (and other reflection groups), e.g.,

Des(m) = {j:n(j)>n(i+1)}

des(w) := # Des(n)

maj(r) = Z J

inv(r) = #{(,k): j<kandmw(j)>nk)}

Example Sy = {[123],[213], [132], [312], [132], [321]}

Z tdes(w) 1+ 4t + t2
TeSs
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Permutation Statistics

7w € S,, — permutation of {1,2,...,n}

Goal: study certain statistics of S,, (and other reflection groups), e.g.,

Des(m) = {j:w(j)>n(ij+1)}
des(w) := # Des(n)
maj(r) = Y j
jE€Des(m)
inv(r) = #{(,k): j<kandmw(j)>nk)}
More generally, for a Coxeter group W with generators s1, so,...,5,_1, the

(right) descent set of o € W is

Des(o) :={j: l(osj) <l(o)}
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Permutation Statistics

7w € S, — permutation of {1,2,... ,n}

Goal: study certain statistics of S,, (and other reflection groups), e.g.,

Des(m) = {j:n(j)>n(j+1)}
des(w) := # Des(n)
maj(r) = )
jE€Des(m)
inv(m) = #{(k): j<kandnw(j)>mn(k)}
_— Zﬂ'ESn tdes(ﬁ)
Sample Theorem 1 [Euler] l;)(k +1)"t" = 1

Sample Theorem 2 [MacMahon] Z inv(m) _ Z gmaj(m)
TESH TESH
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Permutation Statistics

[Euler] [MacMahon]

Z e tdeS(ﬂ') . .
Z(k—Fl)ntk _ TESH — Z tlIlV(T(‘) _ Z tmaJ(ﬂ')
k>0 (1 - t) TESH TESH

Goal: new identities of this kind

S o Th [I\/l Mah ] Z[k ] B Z €S tdeS(W)qmaj(W)
ample Theorem 3 [MacMahon +1rth = == .
= [Tj=o (1 —t¢?)
Sample Theorem 4 [Brenti, Steingrimsson]
Z tdes(w,e)
n 4k _ (7T7€)EB71
> @k+ 1)tk = g

k>0

(7, €) — signed permutation with 7 € S,, and € € {£1}
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Permutation Statistics

[Euler] [MacMahon]

Z s tdeS(ﬂ') . .
Z(k—Fl)ntk _ TESH — Z tlIlV(T(‘) _ Z tmaJ(ﬂ')
k>0 (1 - t) TESH TESH

Goal: new identities of this kind

Z iy Z s tdes(ﬂ)qmaj (7r)
Sample Theorem 3 [MacMahon] (k+1]0 7 = === .
= [Tj=o (1 —t¢?)

Sample Theorem 5 [Chow—Gessel]
_ Z(W,e)eBn Sneg(e)tdes(w’e)qmaj(7776)

H?:o (1—1tg)

> (k+1]g+ s[k]g)" t"

k>0

(7, €) — signed permutation with 7 € S,, and € € {£1}
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Permutation Statistics

[Euler] [MacMahon]

Z e tdes(w) . .
Z(k+1)n tk _ TESn — Z _L_IIIV(T(') _ Z tmaj(w)
k>0 (1 o t) TESH TESH

Goal: new identities of this kind

» bijective proofs (integer partitions)
» Coxeter groups (invariant theory)
» symmetric & quasisymmetric functions

» polyhedral geometry
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Enter Geometry

[Euler] [MacMahon] |
—— ZwESn tdes(w) . ZwESn tdes(w)qmaj(w)

> (k+1)"th = - > [k+1]pth = e

= (1—1) 2 T (1~ ta)

# (k[0,1]"NZ"™) = (k4 1)" is the Ehrhart polynomial of the unit n-cube

Use braid arrangement {z; =z, : 1 < j < k < n} triangulation of [0, 1]™:

[Oal]n: U {wERn: Oéww(n)gxw(n—l)égxw(l)gl }

TESH
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Enter Geometry

[Euler] [MacMahon] |
—— ZwESn tdes(w) . ZwESn tdes(w)qmaj(w)

> (k+1)"th = - > [k+1]pth = e

= (1—1) 2 T (1~ ta)

# (k[0,1]"NZ"™) = (k4 1)" is the Ehrhart polynomial of the unit n-cube

Use braid arrangement {z; =z, : 1 < j < k < n} triangulation of [0, 1]™:

[07 1]71 — |_| {CB cR"™: 0= L (n) < x”(n_l) < -ee S L (1) <1, }
fpay= Tr(j+1) < Tr(j) if 7 € Des(m)
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Enter Geometry

[Euler] [MacMahon] |
—— ZwESn tdes(w) . ZwESn tdes(w)qmaj(w)

> (k+1)"th = - > [k+1]pth = e

= (1—1) 2 T (1~ ta)

# (k[0,1]"NZ"™) = (k+ 1)™ is the Ehrhart polynomial of the unit n-cube

n_ n. 0SS Zrm) < Tr—1) <" S Zra) < 1,
[07 1] - |—| {w <R Lr(j+1) < Lr(4) If] c DGS(TF)

2f#[strict inequalities|

Each simplex on the right is unimodular with Ehrhart series (1=t

tdeS(ﬂ')

n ik __
— Z(k—l_l) tr = Z (1_t)n—|—1

k>0 TESH
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More Geometry

[Euler] [MacMahon] |
—— ZweSn tdes(w) . Zﬂesn tdes(w)qmaj(w)

Z(k+1) b= n+1 Z[k+1]qt — n1 _ tgd

k>0 (1 o t) k>0 Hj:O ( — g )

n __ n . Oéxﬂ'(n)gxw(n—l)gwa(l)éla
0, 1) = |—| {:13 <R Trii+1) < Tr(j) if 7 € Des(m)

TESH

For P C R™ consider oeone(p) (20, 215 - - - » 2n) i= g 2o 0z ez
meéecone(P)NZ+1

(1+zj+z?+---+zk)z§

O-cone([O,l]n)(207 Rlyee 7Zn) — J

2
V
o
S
I
—_

|

k+ 1], P

I
™
=

2
VvV
o
S
|
—_
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More Geometry

[Euler] [MacMahon] |
_—— Zﬁesn tdes(ﬂ') _—— Zﬂ_esn tdes(w)qmaj(w)

d (k+1)"th = — > [k+1]pth = e

k>0 (1 o t) k>0 Hj:() ( — lq )

n __ n . ngﬂ'(n)gxw(n—l)gwa(l)gla
0,1]" = |—| {:c <R Tr(i+1) < Tr(j) if 7 € Des(m)

TESH
Theorem Z ﬁ[k + 1] Z jEDeS Lt L
pereste - = Tl (1= 20 22 (1) 2m(2)  +* Zm ()

Remark Philosophy very close to that of P-partitions

MacMahon's theorem follows by setting zo =tand 21 =20 =--- =2, =¢q
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Type-B Permutation Statistics

(7, €) — signed permutation with 7 € S,, and € € {£1}
Use the natural decent statistics

Des(m) = {j: em(j) > €epn(j+1)} legm(0) := 0]
des(w) := # Des(n)
maj(m) = Y ]

j€Des(m)

Sample Theorem 4 [Brenti, Steingrimsson]
B Z(W,e)eBn tdes(ﬂ',e)

> 2k +1)"th = g

k>0

Sample Theorem 5 [Chow—Gessel]

Z ([k+1]g + skl tF = 2 ()€ By,

k>0 [Tj=o (1 —t4’)

Sneg(e)tdes(ﬁ,e)qmaj (7r,€)
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Type-B Geometry

[Brenti, Steingrimsson]

tdes(ﬂ',e) /w

2 (r,)EB ,
2 k, 1 n tk — T, 6) Cbn // \\

Use the type-B arrangement {z;=+ux;, 2, =0:1<j<k<n} to
triangulate [—1,1]™:

11" = | ] {w crr . VS nlnn) S en1Tan-1) S S @) S 1 }
| (m,e)EB €j-+1Tx(j+1) < €Tx(j) if j € Des(m, €)

t#[strict inequalities|

(1— ¢yt

Each simplex on the right is unimodular with Ehrhart series
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More Type-B Geometry

[Chow—Gessel]

Z(W oeB Sneg(e)tdes(w,e)qmaj(7r,e)
([k+1g + s [k])" t" = === -
k:zZ:O ’ ’ szo (1—1t¢’)
0 <enx S €n1Trin-1) < - S €Ty <1
~1,1]" = x e R": m(n) m(n=1) m(1) }
[ ] . 6)|_|€B { €j+1Tx(j41) < €5l (5) if ] € Des(7r, 6)

1 ko
Theorem Z H (wj[k + 1], +w_j2 J[k]zjl) zg =

k>0 =1
| | ~€1 ~€2 €j
617r(1) 627r(2) Ejﬂ'(j)

Z ij H w_] ]%EDGS(?T,G)

(m,e)€Bp €;=1 €5 — ~©2 PO
’ H (1 <0 Zélﬂ(l) eam(2) " Pejm(h)
J=0
Chow—Gessel's theorem follows with zog =¢t, 21 = -+ = 2z, = zj = ... =
z:,,lz—q,w 1= =w_,=8, andw; =---=w, =1
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More Type-B Permutation Statistics

Using the total order —1 < -2 < --- < —n <1 <2< --- < n, define
Des(m, €), des(m, €), and major(m,e€) as before, and define the negative
descent multiset as

NDes(m,e) := Des(m,e) U{n(j):¢e; =—1}
ndes(m,e) = #NDes(m,e¢)
nmaj(m,e) = Z J
jENDes(,e¢)
fdes(m,e) := 2-des(m, €)+ ¢ ler = (—1)]

fmajor(m, €) 2 - major(m, €) + neg(m, €)

Sample Theorems 6 & 7 [Adin—Brenti—Roichman]
Z(W OB t[ndes(ﬁ,e),fdes(w,e)]q[nmaj(w,e),fmajor(w,e)]

n 4k
Z[k+1]qt — (1—t) T (1 — £2¢2)

k>0 j=1
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Even More Type-B Geometry

[Adin—Brenti—Roichman]
Z(W OB t[ndes(ﬂ,e),fdes(ﬁ,e)]q[nmaj(w,e),fmajor(w,e)]

n ik __
S lk+ 34 = AL

k>0

Theorem Let a$ :=1if €; # €;41 and 0 otherwise. Then

Z H[k + 1]ij§ =

k>0 =1

H 2827%(1)27%(2)"'Z72r(j) H 0w (1)~ (2) " A ()
jEDes() jraj=1

a;-:O
> ;

(7,€)€Bnp (1 — 29) H (1 — z% 2727(1)2727(2) e Z72T(j))
71=1
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Even More Type-B Geometry

H 2327%(1)2’7%(2) e Zi(j) H “0%m(1)#m(2) """ 7 (4)
j€Des() jras=1

;;Hl[“”w%2 e "
>0 j=

(w,e)EBp (1 — ZO) H (]- — Z(% 2727(1)2727(2) o 2727(3))
71=1

|dea of Proof: Use the type-A triangulation

0.1]" = | ] {wew: 0 < Tnn) < T < - < Tr) S 1, }

= Tr(j+1) < Tr(j) if 7 € Des(m)

and the non-unimodular generators
€o, 2(60 + 671'(1))7 2(60 + €r(1) + 671'(2))7 JRRI 2(80 + €r(1) T T eﬂ(n))
for the simplices on the right-hand side
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Even More Type-B Geometry

[Adin—Brenti—Roichman]
Z(W OB t[ndes(ﬁ,e),fdes(ﬁ,e)]q[nmaj(w,e),fmajor(w,e)]

> k15" = (1= )T, (1 — t2¢%)

k>0

Corollary Explicit bijection from B,, to itself (via integer lattice points) that
preserves the pairs of statistics (ndes, nmaj) and (fdes, fmajor)

(Another bijection was previously given by Lai—Petersen.)
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Type-D Permutation Statistics

D, :={(m,e) € By : €165+ €, = 1}

Define the natural decent statistics as in type B except that now we use the
convention ey (0) := —eam(2)

Sample Theorem 8 [Brenti]

_ Z(W,E)EDn tdes(w,e)

> (k+1)" =277 (Bu(k + 1) — Ba(0))) t* 1y

k>0

where B, (z) is the nth Bernoulli polynomial. Equivalently,

tdes(ﬁ,e) 4+ tl—l—desz(ﬁ,e)

(1—¢)"*

S (2k 4+ 1)t = 2Dy

k>0

where desy (7, €) := # (Des(m, €) N [2,n]).

What about a g-analogue in the spirit of Chow—Gessel?
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Type-D Geometry

tdes(w,e) 4+ t1+dess (7€)

(1—¢)"*

[Brenti] Z (2]€ + 1)n th Z(TF,E)EDTL
k>0

Theorem Z ([k+1]g + s [k]y)" tF =
k>0

Z(W €D SNz(e)tdesz(w,e)qmajz(ﬂ,e) ((tq)[OOr l€Des(m,e€)] 4 St(tq)[o and 1€Des(7r,e)])

H?:O (1 —tq’)

|dea of Proof Combine two of the type-B-triangulation simplices at a time

Brenti's theorem follows upon setting s = ¢ = 1 and noticing that

pdess(7e) (t[OorleDes(ﬁ,e)] 4 ¢ . ¢l0and 1€Des(7r,e)]> _ pdes(me) | plidesy(me)
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What else can be geometrized?

Sample Theorem 9 [Biagioli]

S(p s - Zizoe,

k>0 ’ (1= )(1 —tg") [Tj=, (1 — t2¢%)

tndes(ﬁ,e)qnmaj (7r,€)

Sample Theorem 10 & 11 [Bagno, Bagno—Biagioli]

t[ndes(w,e),fdes(w,e)]q[nmaj (7,€),fmajor(m,e)]

S 4yt = Stness .

Sample Theorem 12 [similar to Chow—Mansour]

fmajor(m,e)

tdes(w,e)

Z(TF €)EZy1S q
rk + 1)1 ¢F = == ,
; ’ [j—o (1 —1g™)
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The Message

» Unifying proofs of Euler—Mahonian statistics results through discrete
polyhedral geometry

» Multivariate generalizations [Corollary: Hilbert-series interpretations]

» Bijective proofs of the equidistribution of various pairs of statistics
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