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“If things are nice there is probably a good reason why they are nice: and
if you do not know at least one reason for this good fortune, then you still
have work to do.”

Richard Askey (Ramanujan and Important Formulas, Srinivasa Ramanugjan

(1887-1920), a Tribute, K. R. Nagarajan and T. Soundarajan, eds.,
Madurai Kamaraj University, 1987.)
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Integer Partitions

A partition A = (A1, Ag, ..., A\y) € Z™ of an integer k£ > 0 satisfies

E=XA+X+ -+ A, and O0< A <A< <A,

Example 5 = 1+1+14+1+41
= 14+1+142
= 14+2+2
= 1+1+3
= 243
= 144
= 9
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Integer Partitions

A partition A = (A1, Ag, ..., A\y) € Z™ of an integer k£ > 0 satisfies

E=XA+X+ -+ A, and O0< A <A< <A,

» Number Theory
» Combinatorics

» Symmetric functions

» Representation Theory

» Physics
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Integer Partitions

A partition A = (A1, Ag, ..., A\,) of an integer k > 0 satisfies

Ek=M+Xo+- -+ A\, and O0< A < A< -es

Goal Compute Zq’\1+"'+>‘”

A
where the sum runs through your favorite partitions.
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Integer Partitions

A partition A = (A1, Ag, ..., A\,) of an integer k > 0 satisfies

E=M+X+--+ A, and O0< A <A< <A,

Goal Compute At tAn o
° EA: ! PartitionMagic

where the sum runs through your favorite partitions.

Arcrn song

Lasity crganize your
hard drive

e MBELY Lo ICG

Example (Euler's mother-of-all-partition-identities)
# partitions of k£ into odd parts =
# partitions of k into distinct parts Q
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Integer Partitions

A partition A = (A1, Ag, ..., A\,) of an integer k > 0 satisfies

E=M+X+--+ A, and 0< A <A< <A,

Goal Compute quﬁ”'“‘”

A
where the sum runs through your favorite partitions.

Example (triangle partitions) T :={A: 1 < A1 < X2 < A3, A1+ Ao > A3}

3

Zq/\1+>\2+>\3 — 2 ! 3 4
= (1-¢*)1—-¢’)(1—-q")
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Integer Partitions

A partition A = (A1, Ag, ..., A\,) of an integer k > 0 satisfies

E=M+X+--+ A, and 0< A <A< <A,

Goal Compute quﬁ”'“‘”

A
where the sum runs through your favorite partitions.

Example (triangle partitions) T :={A: 1 < A1 < X2 < A3, A1+ Ao > A3}

Z PHAetAs _ ¢’ g .

= (1-¢*)1—-¢’)(1—-q")

. . k3 k| |k+2

—— # partitions of £ in T" equals {E—‘ — bJ {TJ
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n-gon Partitions

Pn::{A: 1§>\1§)\2§§>\n7 )\1+"'+)\n—1>>\n}

(Sample) Theorem 1 (Andrews, Paule & Riese 2001)

A+ 4N q
2 g -¢) -

2n—2
q

1-9)Q—-¢)1—-q¢")---1—-¢"?)
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n-gon Partitions

Pn::{A: 1§>\1§)\2§§>\n7 )\1+"'+)\n—1>>\n}

(Sample) Theorem 1 (Andrews, Paule & Riese 2001)

A+ 4N q
2 g -¢) -

2n—2
q

1-q¢)(1—¢*)(1—q*)---(1—q¢*"?)

Natural extension: symmetrize, e.g., the triangle condition to
)\77(1) + )\77(2) > )\7-((3) VmeSs

and enumerate compositions A with this condition.
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Symmetrically Constrained Compositions

(Sample) Theorem 2 (Andrews, Paule & Riese 2001) Given positive integers
b and n > 2, let K consist of all nonnegative integer sequences \ satisfying

b()\ﬁ(l) + -+ )‘W(n—l)) > (nb —b— 1))\7r(n) Vmes,

n(nb—
Then 3 ghtethe o 14 S
= (1—=q™)(1—qro=t)"
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Symmetrically Constrained Compositions

(Sample) Theorem 2 (Andrews, Paule & Riese 2001) Given positive integers
b and n > 2, let K consist of all nonnegative integer sequences \ satisfying

b()\w(l) + -+ >‘7T(n—1)) > (nb —b— 1))\7T(n) Vmes,

n(nb—
Then 3 ghtethe o 14 S
Z (=) (1= g™ 1)

Andrews, Paule & Riese found several identities of this form; all of them
concerned symmetric constraints of the form

a’]_)\ﬂ'(l) + a2>\7r(2) + -+ afn)\ﬂ'(n) > 0 Vrelsd,

with the condition a1 + -+ a,, = 1.
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Enter Geometry

We view a partition A = (A1, Ao, ..., \,) as an integer lattice point in (a
subcone of) {x e R": 0 < xy <o < --- < z,}

C = g R>oVv; is unimodular if vq,...,v,, form a lattice basis of Z"
J=1
— oe(0)= Y :
o x™ =
ol [T, (1—x%)
meCNZ" J=

where x™ := x"!... g
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Enter Geometry

We view a partition A = (A1, Ao, ..., \,) as an integer lattice point in (a
subcone of) {x e R": 0 < xy <o < --- < z,}

C = ZREO v; is unimodular if vq,..., v, form a lattice basis of Z"
j=1
1 m
— oc(x Z X" = =5 — where x™ =g ... q]"

Example P = {xeR": 0< 2y <5 <---<x,} is unimodular with
generators e,, €,_1+€,, ..., €1+ €2+ - F €,
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Enter Geometry

We view a partition A = (A1, Ao, ..., \,) as an integer lattice point in (a
subcone of) {x e R": 0 < xy <o < --- < z,}

C = ZRZO v; is unimodular if vq,..., v, form a lattice basis of Z"
j=1
1 m
— oc(x Z X" = =5 — where x™ =g ... q]"

Remark This geometric viewpoint is not new:

Pak (Proceedings AMS 2004, Ramanujan Journal 2006) realized that several
partition identities can be interpreted as bijections of lattice points in two
unimodular cones.

Corteel, Savage & Wilf (Integers 2005) discussed several families of
partitions/compositions giving rise to unimodular cones (and thus a nice
product description of their generating function).
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n-gon Partitions Revisited

Theorem 1 (Andrews, Paule & Riese 2001)

Z q>\1‘|‘"'+An — q2
vt 1-q)(1=¢*)---(1—q")

2n—2
q

1-9)Q-¢)1—-q¢")---1—-¢"?)

An n-gon partition A € P, lies in the “fat” cone

Cr ={xeR": 0<x1 <2< - <, 1+
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n-gon Partitions Revisited

Theorem 1 (Andrews, Paule & Riese 2001) =g

Z q>\1‘|‘"'+An — q
— —q2)---(1 = qm
et 1-g)(1=¢*)--(1—-q")

2n—2
q

1-9)Q-¢)1—-q¢")---1—-¢"?)

An n-gon partition A € P, lies in the “fat” cone

Cr ={xeR": 0<x1 <2< <xp, x1+ -+ Tp_1> Ty}

However, C'y = P\ C5 for the unimodular cone

Co={xeR":0<z1 <2< <y, 21+ -+ Tp_1 < Tp}

Theorem 1 is the statement o¢,(q,...,q) =0op(q,...,q) —oc,(q,...,q)
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Symmetrically Constrained Compositions Revisited

Theorem 2 (Andrews, Paule & Riese 2001) Given positive integers b and
n > 2 let K consist of all nonnegative integer sequences A satisfying

b()\ﬂ(l) + >‘7r(n—1)) > (nb—b— 1))\77(71) Vmes,

Th T Pt L — gV
en q t = R ) _ ,nb—1\n
2 (=g (1 — ¢ 1)
General Setup Fix integers a1 < a9 < --- < a, and consider all

compositions A € Z%, satistying
al)\ﬂ'(l) + @2)\7T(2) + -+ afn)\w(n) >0 Vmeb,

(Andrews, Paule & Riese: the case a; + - -+ + a,, = 1 seems special)
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Symmetrically Constrained Compositions Revisited

Fix integers a1 < ay < --- < a, and consider all compositions \ satisfying

a1Ar(1) + A2Az2) + - FapArn) =0 VweSs,

K = {x c R": A1T (1) T A2Tx(2) T * T ApnTr(n) >0 Vm e Sn}
— U K,
TESnh
where
K, = x € R™: Tr(1) > Tr(2) > e 2 $W(n),2aj$0(j) >0 Voels,
j=1
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Symmetrically Constrained Compositions Revisited

Fix integers a1 < ay < --- < a, and consider all compositions \ satisfying

a1Ar(1) + A2Az2) + - FapArn) =0 VweSs,

K = {x c R": A1T (1) T A2Tx(2) T * T ApnTr(n) >0 Vm e Sn}
= U K.
TESnh
where
( n
K, = <(xeR": (1) > T (2) > e 2 $W(n),2aj$0(j) >0 Voels,
j=1

= (xcR": xw(l)zfcw(Z)Z"'Zajw(n)vza’jxﬁ(j)zo
j=1
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Symmetrically Constrained Compositions Revisited

Fix integers a1 < ay < --- < a, and consider all compositions \ satisfying

a1Ar(1) + A2Az2) + - FapArn) =0 VweSs,

K = {x c R": A1T (1) T A2Tx(2) T * T ApnTr(n) >0 Vm e Sn}
= U K,
TESH
where

\

Tr(1) = Tr(2) = = Tr(n)

K. ={xeR": ,
Y ajzay =0
j=1

\ /

These cones are unimodular if a; +---+a,, = 1.
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Symmetrically Constrained Compositions Revisited

Fix integers a1 < ay < --- < a, and consider all compositions \ satisfying

a1Ar(1) + A2Az2) + - FapArn) =0 VweSs,

K = {x c R": A1T (1) T A2Tx(2) T * T ApnTr(n) >0 Vm e Sn}

= U[gT

TESH

where the union is disjoint and

( Tra(l) > L) = > Tr(n) > Ta(j) > Ta(jt+1) If J € Des(m))
K.,=<{xeR": >
Y 4Ty >0
\ g=1 y,

Here Des(m) :={j : w(j) > w(j + 1)} is the descent set of 7
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Symmetrically Constrained Compositions Revisited

Fix integers a1 < as < --- < a, and let
K = {X c R": A1 Tr(1) + A2Tr(2) +  + ApZrn) =2 0 VT E Sn}

Theorem (MB, Gessel, Lee & Savage 2010) If a; + -+ + a, = 1 then

—n Eg:1 a;

Z q)\1_|_..._|_)\n _ ZTFGSn HjEDes(w) qj
o (1= g TS (1 - 2)

Integer Partitions From A Geometric Viewpoint () Matthias Beck 11



Symmetrically Constrained Compositions Revisited

Fix integers a1 < as < --- < a, and let
K = {X c R": A1 Tr(1) + A2Tr(2) +  + ApZrn) =2 0 VT E Sn}

Theorem (MB, Gessel, Lee & Savage 2010) If a; + -+ + a, = 1 then

—n S a;
Z q)\1_|_..._|_)\n _ ZTFGSn HjEDes(w) qj 2i=1
n— SN g
AEK (1—q") Hj:ll (1 — g/ Z)
Note that n ¢ Des(w) and so a; = -+ = a,_1 = b could be interesting...

Z q)\1_|_..._|_)\n _ ZTFESn HjEDes(ﬂ) qj(l—nb)
- (1= T2, (1—g/0-m0)
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Symmetrically Constrained Compositions Revisited

Fix integers a1 < as < --- < a, and let
K = {X c R": U1 Tr(1) + A2Tr2) +  + ApXrn) =2 0 VT E Sn}

Theorem (MB, Gessel, Lee & Savage 2010) If a; + --- + a, = 1 then

—n S a;
Z q)\1_|_..._|_)\n _ ZTFGSn HjEDes(w) qj 21
n— SN g
AEK (1—q") Hj:ll (1 — T i Z)
Note that n ¢ Des(w) and so a; = -+ = a,_1 = b could be interesting...

S e — e C A
o n—1 (1—n
X (1 —q") Hj:l (1 — ¢/t b))

where maj(m) := Zj. Now use Z gm0 = H = [n],!

jEDes() TESnH j=1
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Symmetrically Constrained Compositions Revisited

Fix integers a1 < as < --- < a, and let
K = {X c R": A1 Tr(1) + A2Tr(2) +  + ApZrn) =2 0 VT E Sn}

Theorem (MB, Gessel, Lee & Savage 2010) If a; + -+ + a, = 1 then

—n Zgzl a;

Z q)\1_|_..._|_)\n _ ZTFGSn HjGDes(w) qj
n— SN g
AEK (1—q") Hj:ll (1 — g/ Z)

Theorem 2 (Andrews, Paule & Riese 2001) Given positive integers b and
n > 2 let K consist of all nonnegative integer sequences A satisfying

b()\ﬁ(l) + >‘7r(n—1)) > (nb—b— 1))\7T(n) Vmels,

1 — qn(nb—l)
(1 _ qn)(]_ _ qnb—l)n

Then Y gttt =
AeK
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Symmetrically Constrained Compositions Revisited

Fix integers a1 < as < --- < a, and let
K = {x € R": a17,1) + a2Tr2) + -+ ApTrn) 20 V7 E Sn}

Theorem (MB, Gessel, Lee & Savage 2010) If a; + -+ + a, = 1 then

—n Zgzl a;

Z q)\1_|_..._|_)\n _ ZTFGSn HjEDeS(TF) qj
n— SN g
AEK (1—q") Hj:ll (1 — g/ Z)

There are analogues of this theorem for composition cones that are invariant
under the action of other finite reflection groups. Specifically, for symmetry

groups of types B and D, our formulas involve signed permutation statistics
(MB, Bliem, Braun & Savage 2013).
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Lecture Hall Partitions

Ln::{)\:OS

Lecture Hall Theorem (Bousquet—Mélou & Eriksson 1997)

> gt A= !
_ —g3)-.-(]1 — g2n—1
= 1-=q¢)1—=¢%)---(1—¢>}
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Lecture Hall Partitions

Ln::{)\:OS

Lecture Hall Theorem (Bousquet—Mélou & Eriksson 1997)

S e = 1
_ — a3) ... — g2n—1
. 1=q)(1—¢°)-- (1 —g¢>")

Remark Euler l1aBt gruBen...
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Lecture Hall Partitions

A PP

1 n

Lecture Hall Theorem (Bousquet—Mélou & Eriksson 1997)

S et = 1
_ — a3) ... — g2n—1
. 1=q)(1—¢°)-- (1 —g¢>")

(1

(9 (

2
+R>o| 3 | +---+Ryp

o)\ o)

Note that the cone Rx>g
IS not unimodular...

SENGCIN NI
Lo oo
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Lecture Hall Partitions
b= {Ar0s 2 <22 )
e T a1 ax T ap

Theorem (Bousquet—Mélou & Eriksson 1997) Given ¢ € Z~5 define ag = 0,
a; =1, and a; =laj_1 —a;_o for j > 2. Then

Z q>\1+"‘+)\n — 1
— + — + c. _ Aantan_
A€Lay.,....an (1 g aO)(l g2 al) (1 q 1)
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Lecture Hall Partitions
b= {Ar0s 2 <22 )
e T a1 ax T ap

Theorem (Bousquet—Mélou & Eriksson 1997) Given ¢ € Z~5 define ag = 0,
a; =1, and a; =laj_1 —a;_o for j > 2. Then

Z q>\1+"'+>\n — 1
(1 — qa1—|—ao)(1 _ qag—i—al) . (1 _ qan+an—1)

..... an,

Question (Bousquet—Mélou & Eriksson 1997) For which sequences (a;) is
Zx\eLal q/\1+"'+’\” the reciprocal of a polynomial?

(Bousquet—Mélou & Eriksson give a complete characterization for the case
that (a;) is increasing and ged(aj, a;41) = 1.)
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Lecture Hall Partitions
b= {Ar0s 2 <22 )
e T a1 ax T ap

Theorem (Bousquet—Mélou & Eriksson 1997) Given ¢ € Z~5 define ag = 0,
a; =1, and a; =laj_1 —a;_o for j > 2. Then

Z q>\1+"'+>\n — 1
(1 — qa1—|—ao)(1 _ qag—i—al) . (1 _ qan+an—1)

..... an,

Theorem (MB, Braun, Koppe, Savage & Zafeirakopoulos 2014)

Given integers ¢ > 0 and b # 0 with ¢> +4b > 0, let ap =0, a; = 1,
and a; = laj_1 +baj_o for 5 > 2. Then Z/\eLal gt -t s the
reciprocal of a polynomial for all n if and only if b = —1.

Integer Partitions From A Geometric Viewpoint ()  Matthias Beck 13



Lecture Hall Partitions

aj ao An

Lal,.,,7an = {)\ OS&S&<<&}

f(q) = Z g T T2 s self-reciprocal if f(%) =+ ¢ f(q) for some m

flq) = > f(q) is self-reciprocal
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Lecture Hall Partitions

aj ao An

Lal,.,,7an:: {)\ O§£§&<<ﬁ}

f(q) = Z g™ T A s self-reciprocal if f(é) = + ¢ f(q) for some m

flq) = > f(q) is self-reciprocal

A pointed rational cone K C R" is Gorenstein if there exists ¢ € Z" such
that
K°NZ"=c+ (KNZ")

This translates (by a theorem of Stanley) to ox (%) = £x° 0 (x)

X
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Lecture Hall Cones

A A A,
Ka]_’...,an :: {A E Rn : O S _1 S —2 S e o o S _}
ai a2 n,

Theorem (MB, Braun, Koppe, Savage & Zafeirakopoulos 2014)

Given integers ¢ > 0 and b # 0 with 2 +4b >0, let ag =0, a; = 1, and
aj =Vta;_1+baj_oforj>2 Then K, . ,, Is Gorenstein for all n if and
only if b = —1.

Integer Partitions From A Geometric Viewpoint ()  Matthias Beck 15



Lecture Hall Cones

A A A
Kal,...,a,n = {)\ERni O§—1§—2<<_}

ai ao An

Theorem (MB, Braun, Koppe, Savage & Zafeirakopoulos 2014)

Given integers ¢ > 0 and b # 0 with 2 +4b >0, let ag =0, a; = 1, and
aj ={ta;_1+baj_oforj>2 Then K, . ,, Is Gorenstein for all n if and
only if b = —1.

Coincidence? Recall that for an /-sequence,

S Pt 1
(1 — qa1)(1 _ qa2—|—a1) e (1 _ qan+an_1)

..... an,

The accompanying cone K, .. 4, has Gorenstein point

C — (&1,a2+a1,...,an+an_1)

Integer Partitions From A Geometric Viewpoint ()  Matthias Beck 15



Take-Home Message

Many “finite-dimensional” partition/composition identities have a life in
polyhedral geometry:

» Bijections between two unimodular cones (Pak)

» Generator descriptions of unimodular cones (Corteel, Savage & Wilf)
» Differences between (unimodular) cones

» Triangulations into (unimodular) cones

» Natural connections to permutation statistics

» Interesting discrete-geometric questions
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