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Chromatic Polynomials and Symmetric Functions

G = (V, FE) — graph (without loops)

Proper n-coloring — xk : V. — [n] := {1,2,...,n} such that x(i) # k(j)
for any edge 15 € E

Chromatic polynomial — xg(n) := # (proper n-colorings of (7)
Example xp,(n) =n(n—1)3

Chromatic symmetric function

-1 ,{_1
Xa(w,aa,..) = 3 ot Wy 'O

proper colorings K

We recover xa(n) = Xa(1,...,1,0,0,...)

n times
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g-Chromatic Polynomials

Definition xx(q,n) := Z g2=vev () \where \ € 7Y, is fixed

proper colorings
k:V—[n]

We recover xg(n) = x&(1,n) and x&(q,n) = Xa(q, 4%, -..,4",0,0,...)

Example

1

1
n) = X
R G TG e e e ey

(8“710(1 — @)1= g (1= )" (1 —g)"
+(4g° + 64+ 4¢T)(1 — )" (1 — q)"(1 — )" (1 — g)" 2

12451 — g)™2 (1 — gt (1 — q)"(1 — q>"-1)
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g-Chromatic Polynomial Structure

xglan) = ) gFeevr

proper colorings
k:V—[n]

Theorem There exists a (unique) polynomial X2 (q,x) € Z(q)[x] such that
X)é(q,n) — )A{)é(q, [n]q) where [n]q =14q+ -+ qn—l

1
Example Xp,(¢,2) = X
xample  Xp,(2,7) I4+q9)(14+qg+¢)14+qg+ ¢+ q3)

<(2q8 +4q7+6q6 +4q5 +8q4) 334

— (6¢° + 10¢" + 18¢° + 18¢° + 20¢*) z®
+ (4¢° + 10¢" + 20¢° + 22¢° + 16¢*) *
— (49" +8¢° + 8¢° + 4¢*) z)
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Why?

Xe(or oo )= X(a,m) =
#r~ (1) #r™ (2 Ap)R(1) Ny UV
proper colorings K proper colorings
k:V—[n]
Glam = Y S
proper colorings
k:V —[n]

Xa(n) = # (proper n-colorings of GG)
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More Why?

Conjecture (Stanley 1995) X(x1, x2,...) distinguishes trees.

Conjecture (Loehr—Warrington 2024) X(q,4%,...,4",0,0,...) = x&(q,n)
distinguishes trees.

Conjecture The leading coefficient of Y (g, n) distinguishes trees.

Remarks x¢&(gq,n) was previously studied by Loebl (2007).

Xa(q,m) is a special evaluation (with polynomial structure) of Crew—Spirkl's
(2020) weighted chromatic symmetric function.

José Aliste-Prieto will talk about related (very cool) things in four hours.
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Where does all this come from?

Lattice polytope P C R% — convex hull of finitely points in Z¢
For n € Z~ let Lp(n) := # (nP N Z%)

Theorem (Ehrhart 1962, Macdonald 1971) Lp(n) is a polynomial in n.
Furthermore, Lp(—n) = (—=1)M™7# (nP° N Z%).

Example (II, <) — (finite) partially ordered set —

Q%O)(n) := # (strictly) order-preserving maps II — [n]

Observation xg(n) = Z Qr,(n)
pEA(G)

where A(G) is the set of acyclic orientations of G and II, is the poset
corresponding to p
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Where does all this come from?

Lattice polytope P C R% — convex hull of finitely points in Z¢

Lp(n) == # (nP N Z7) xe(n)= > Q (n)

Theorem (Ehrhart 1962, Macdonald 1971) Lp(n) is a polynomial in n.
Furthermore, Lp(—n) = (=1)™7# (nP° N Z%).

Now fix a linear form \ and let LP q,n) : Z qA(m)
menP

Theorem (Chapoton 2015) Under some mild assumptions, there exists
a polynomial L3(q,z) € Z(q)[x] such that Ly(g,n) = Lp(q,[n],) -

Furthermore, " ,
Ly (L. [=nly) = (=)¥mP 37 g

menpPe
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g-Chromatic Structures

xolam) == > q=ev = (g, [nly)

proper colorings
k:V —[n]

Deletion—Contraction (Crew—Spirkl 2020)

A A A1+A2,A3,...,A
Xe(@m) = Xenaa(@:n) = xe s 2 (g,n)

— naturally extends to the coefficients of XX (q, [n],)

— Z qZUEV(G) AUC(U)
(¢,p)

where the sum is over all pairs of an n-coloring ¢ and a compatible acyclic
orientation p

Reciprocity  (—1)!VqZeev 2 (1, [—n)y )
q
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g-Chromatic Polynomial Formulas

xolgn) = ) g=eev ) = 3(g,[n],)
proper colorings
k:V—[n]

1 — (14 qx —x)rc
1 — qghc

Theorem  a(02) = @ Y w(@9) ]
flats SCFE CeP(S)

where P(S) denotes the collection of vertex sets of the connected
components induced by S and Ay = ZUEW Ay

In particular, for a tree

xrlgz) = ¢ Y (=D ] 1 — (1+qz —x)’e

1 — gic
SCE CeP(S)

—— highly-structured formulas for paths, stars, . ..
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The Leading Coefficient for Trees

xolam) == > q=ev = (g, [nly)

proper colorings
k:V —[n]

Theorem Given a tree T, the leading coefficient of %}(q,n) equals

(@) = OV -0 ) 1] 5

SCE ceP(S)

In particular,

C)x _ Avi_1\IVI+Ay _ N\Ay—k(S) [AV]Q'
[AV]q! T(Q) q ( 1) S;E(l Q) HCGP(S)[AC]q

where k(S) is the number of components of the subgraph induced by S
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The Leading Coefficient for Trees

xolgn) = ) g=eev ) = 3(g,[n],)
proper colorings
k:V—[n]

Corollary Given a tree T, the leading coefficient of xx(q,n) equals

(@) = (a-)"), 1l —=

SCE CeP(S)

= Z g d:=V|

T (p,0)

where the sum ranges over all pairs of acyclic orientations p of 1" and linear
extensions o of the poset induced by p

Corollary? (via the following slides) ck(q) = (—¢)¢ Xt (%, L. L )

q-Chromatic Polynomials Esme Bajo, Matthias Beck & Andrés Vindas-Meléndez



(7-Partitions

Given a poset P = (|d],=), a strict P-partition of n € Z~q is a tuple
(mq,...,mq) € Z%, such that

d
ij =n and m; < myj whenever j <k
J=1

Given a (simple) graph G = ([d], F), a G-partition of n € Z~ is a tuple
(m1,...,mq) € Z%, such that

d
E m; =n and My % My, Whenever vw € B
j=1

Let pg(n) denote the number of G -partitions of n, with accompanying

generating function
Polq) == Y pa(n)q® = Xala.¢*¢%...)
n>0

q-Chromatic Polynomials Esme Bajo, Matthias Beck & Andrés Vindas-Meléndez



(7-Partitions

Given a (simple) graph G = ([d], E'), a G-partition of n € Z~¢ is a tuple
(m1,...,mq) € Z%, such that

d
E m; =n and My % My, Whenever vw € E
g=1

Let pg(n) denote the number of G -partitions of n, with accompanying
generating function Pg(q) := Zn>OpG(n) q"

d+1

Theorem q( 3 )Z(p,a) g~ maio

Pa(q) =
(1—q)(1—¢?) - (1—q%
where the sum ranges over all pairs of acyclic orientations p of GG and linear
extensions o of the poset induced by p
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(7-Partitions

Given a (simple) graph G = ([d], E'), a G-partition of n € Z~¢ is a tuple
(m1,...,mq) € Z%, such that

d
E m; =n and My % My, Whenever vw € E
g=1

Let pg(n) denote the number of G -partitions of n, with accompanying
generating function Pg(q) := Zn>OpG(n) q"

Collorary Given a tree T on d vertices, the leading coefficient of X+(q,n)
equals

cHa) = (—a) Pr (%)

Conjecture The G-partition function pa(n) distinguishes trees.

q-Chromatic Polynomials Esme Bajo, Matthias Beck & Andrés Vindas-Meléndez



There’s more...

» Computations
» Formulas for order polytopes

arXiv:2403.19573
» Play with different polynomial bases

» Number-theoretic properties

» Applications... |

q-Chromatic Polynomials Esme Bajo, Matthias Beck & Andrés Vindas-Meléndez



