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Chapter 1

Introduction

Many counting problems reduce to finding the number of lattice points within a
polytope that lie outside a union of hyperplanes. Some notable examples include
weak magic and semi-magic squares [6] and possibly-zero k-flows on graphs [8]. The
theory of inside-out polytopes [7] developed around an interest in proving results for
problems involving the lattice points of a polytope that are not contained a union
of hyperplanes. This work focuses on methods for actually computing such lattice
point counts.

In 1994 Alexander Barvinok introduced the first algorithm [2] for counting the

number of lattice points in a polytope known to run in polynomial time, provided



that the dimension of the polytope is fixed a priori. Barvinok’s publication spurred
the development of software implementations such as LattE [11] and Barvinok [21],
now available with general public licenses. Though [7] directly implies methods for
using Barvinok’s algorithm to count lattice points in a polytope minus an arrangement
of hyperplanes (see Theorem 3.1 and Equation 4.2), as far as we are aware, no software
implementations yet exist to solve such problems.

The algorithms implied by Theorem 3.1 and Equation 4.2 of [7] provide solutions
to the problem of counting lattice points in an open polytope minus a set of hyper-
planes. By themselves the implied algorithms cannot solve the problem of counting
lattice points in a closed polytope minus a set of hyperplanes, nor can they deal with
problems where certain faces of the closed polytope are omitted from consideration.
One generalization of closed and open polytopes is the semi-open polytope. This is
a closed polytope minus some of its faces. In this work, we use Equation 4.2 of [7] to
offer a polynomial-time algorithm for computing the number of lattice-points in any
semi-open polytope of fixed dimension that lie outside a union of hyperplanes.

Much of the work performed in the course of this research project went into trying
to find a relationship between inside-out polytopes and the results of [4] using the
techniques from Chapter 4. This effort was full of many interesting turns, but on

the whole, largely unsuccessful at producing a cohesive body of results. Chapter 4



represents the portion of this research that pertains directly to computing generating
functions for inside-out polytopes.

Part of this research involves a software implementation of the algorithm for open
polytopes implied by Equation 4.2 called ioehrhart. As many of the functions
written in support of this software are valuable in their own right, we have included
them in the form of a callable C++ library called the Inside-out Polyhedral Library
(IOP). Using a variation of ioehrhart designed for parallel processing over a network,
we have computed generating functions that count the number of 4 x 4 magic and
semi-magic squares with distinct entries [6]. For magic squares we have generated
counts both as a function of magic sum, and as a function of upper bound on the
matrix entries. Our results for semi-magic squares provide counts only as a function of
upper bound on the entries. These results can be found among the examples given in
Chapter 6 and on the compact disk accompanying this work. In some sense, inside-
out polyhedra represent natural generalizations of both polyhedra and hyperplane
arrangements. We hope that the IOP library may serve as a future framework in

C++ for operations involving polyhedra and/or hyperplane arrangements.



Chapter 2

Notation and Background Material

2.1 Definitions/Notation

We represent column vectors in R? using bold faced symbols and describe their
components by subscripting the corresponding plain-faced symbol, so that z; denotes
the " component of z. A bold faced 0 or 1 refers to the zero vector and to the vector
whose entries are all 1’s, respectively. For all vectors x,y € R? we say that x <y if
and only if z; <y, foralli=1,... d.

By (a;;) € R™*¢ we refer to an m x d matrix whose entry in the i row and ;%

column is a;;. For A € R™*? the notation AT denotes the transpose matrix of A.



Hence a' is the row vector associated with a, and aTz = Zle a;z; is the standard
Euclidean inner product of a with z.

A subset E of R? is convez if for all x,y € E, the line segment
{Mx+(1-Ny:0<A <1}

is also contained in E. The conver hull of E, denoted conv(E), is intersection of
all convex sets containing E. Given points v,v,,...,v, € R? we say v is a conver
combination of vy, ..., v, if there exist ay,...,a, > 0 with > " ; & = 1 such that
v=>" av;. IfV CR?is finite, then conv(V) is the set of all convex combinations
of vectors in V.

An affine combination of vectors vy, ..., v, is linear combination

n
g ;V;
i=1

such " ;o = 1. An affine subspace is the translation of a linear subspace, i.e. of
the form v + U for some linear subspace U of R%. For a convex set C' we define the
affine hull of C' (denoted aff(C')) to be the smallest affine subspace containing C. The
dimension of an affine subspace is the dimension of its associated linear subspace.

For a € R? and b € R, we define the notations

H(a,b):={xeR:a’x=b} and K (a,b) := {x € R :a™x < b}.



For A € R™*? and b € R™ we define
P(Ab):={zeR’: Ax <b}.

A hyperplane is any set of the form {x eRY:a’x = b} . This includes both the
empty set and R? as hyperplanes, which we refer to as the empty and degenerate
hyperplanes, respectively. A half-space is any set of the form {X cRY:a’x < b} or
{x cR?:aTx < b}. Sets of this form are open and closed half-spaces, respectively.
For a subset X of R? we say a hyperplane H supports X (or is a supporting hyperplane
of X),if HN X # () and X is contained entirely in one of the two closed half-spaces

defined by H. We note that

where the a] are the rows of A.
By lattice we mean any discrete subgroup of R?. In particular the term integer
lattice refers to Z¢. A lattice basis is any set of linearly independent vectors vy, ..., v,

. k
where every member of the lattice can be expressed as ) ;_; a;v; for some a1, ..., oy €

Z.



2.2 Computational Analysis

If f and g are two real valued functions defined on the positive integers we say
that f is O (g) if there exists a € R-¢ such that |f (n)] < a|g(n)| for all n > 0.
Throughout our analysis we assume a binary encoding and refer to the number of
bits required to encode a problem description as the size or length of the input. The
runtime or time complexity function t(l) of an algorithm is the largest number of
elementary steps required to solve a problem with input length [. We a say that an
algorithm A runs in O (f) time if its time complexity function is O (f). We say that
a problem A runs in polynomial time if there exist polynomial functions p and ¢ such
that A runs in O (p (1)) time, where [ is the input length, and all intermediate data

can be stored in O (¢ (1)) bits.

2.3 Polyhedra and Polytopes

A polyhedron is a finite intersection of closed half-spaces. A polytope is the
convex hull of a finite set of points in R?. A fundamental result in the theory of
polytopes says that the set of polytopes is precisely the set of bounded polyhedra.
(See [22, Theorem 1.1] and [9, Theorem 9.2] for two fundamentally different proof

developments.) Hence for any polytope P we have two alternate ways to describe P,



either as conv(vy,...,v,) for some vi,...,v, € R? oras P (A,b) for some A € R>*™
and b € R™. Depending on the problem at hand, one form often proves more
convenient than the other. Conversion between the two description methods is non-
trivial in general; hence algorithms involving polytopes specify the particular form
of both the input and/or the output. Where the description method is relevant,
we use the terms H-description (half-space description) and V-description (vertex
description) to refer to the half-space and point-set forms, respectively.

The dimension of a polyhedron (or, more generally, of any convex set) refers to the
dimension of its affine hull. The term d-polyhedron (respectively, d-polytope) refers
to a d-dimensional polyhedron (polytope).

Given a polyhedron P, the faces of P are precisely the sets of the form

PN H (ab)

where aTx < b holds for all x € P. Since our definition of hyperplanes includes the
degenerate and the empty hyperplane, our definition of faces includes both P and the
empty set among the faces of P. Faces of polyhedra are again polyhedra, and likewise
with polytopes. For any polyhedron an intersection of faces is again a face. The term
k-face refers to a face of dimension k. The proper faces of P are the nonempty k-faces

of P with k£ < dim (P). For a d-dimensional polyhedron the terms facets, edges, and



vertices to refer to the (d — 1)-, 1-, and O-faces, respectively. In the case where P is
a polytope and the vertices of P have rational (respectively, integer) coordinates, we
call P a rational (integral) polytope. If P is rational we define the denominator of P
as the least common multiple of the denominators taken from the coordinates of the
vertices of of P. Rational polytopes have half-space descriptions given by rational
hyperplanes, those hyperplanes whose defining equations have integer coefficients.

If S C R? is the intersection of open and/or closed half-spaces, we call S a semi-
open polyhedron and, if bounded, a semi-open polytope. 1If S # () is a semi-open
polyhedron, its topological closure S is a polyhedron with S = ?\U]—" for some
subset F of the proper faces of S. A similar statements holds for polytopes. We call
S a rational semi-open polytope if S is a rational polytope.

One valuable construction in the theory of polytopes is the idea of coning over
a polytope. If vi,...,v, represent the vertices of a polytope P C R? then for
i=1,...,k weset w; = (v],1)" and define

k
cone (P) := {Z%’Wz‘ ca; >0 Vz} )
i=1
This construction proves especially useful to theories of lattice point enumeration in
that

AP ={xeR": (x",\)" € cone(P)}
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for all A € R,

Polyhedra represent closed sets in R?.  Only full-dimensional polyhedra have
non-empty topological interiors. Hence many statements, which are valid for the
interior of a fully-dimensioned polyhedron, fail for isomorphic polyhedra of less than
full dimension. One would like such theorems to work for polyhedra which are
isomorphic, regardless of dimension of the ambient space in which they live. This
can be accomplished by considering the relative interior of the polyhedron with respect
to its affine hull. For a convex set C, we define the interior of C' (denoted C°) as the
relative interior of C' taken with respect to aff(C'). The relative interior of a point is

simply the point.

2.4 Set Dilation

For a subset X of R? and a real number ¢ > 0, the dilation of X by t is the set
tX :={tx:xz € X}. For all hyperplanes we have tH (a,b) = H (a, tb), with similar
statements holding for half-spaces. We can think of the dilation of a polyhedron as

a uniform dilation of the defining half-spaces so that tP (A,b) = P (A,tb).
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2.5 Basic Ehrhart Theory

Classic theories of lattice point enumeration for polytopes concern themselves with
counting the number of points in the intersection of a discrete lattice (for our purposes
7%) with a polytope P. We can ask what happens to this number if we dilate P
by a positive integer factor . An equivalent, and often useful, reformulation of the
question asks what happens if we contract the integer lattice by the same factor t,
leaving P fixed. In other words, what can we say about the function Lp : Z~og — Z
given by

Lp(t) :=#(Z'ntP) =#(t"'2'n P)? (2.1)

Is there a compact form for expressing Lp, and if so, how can we compute it? In
this context it is useful to extend (2.1) to any bounded subset X of R? we define

Lx : Z~o — Z by
Lx (t):=# (Z'NtX) =# (t7'2' N X) .

The development of theories concerning the behavior of Lp and Lp. for irrational
polytopes remains for the most part an open problem. For rational polytopes, the
question of whether Lp and Lp. have closed-form expressions finds its answer in a

remarkable theorem originally due to Eugene Ehrhart. Here we say that a function
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f is a quasipolynomial if there exists n € Z~y and polynomials fy, ..., f,_1 such that
f@t)=fi(t) ift=1i (modn).

The degree of f is the maximum degree of the polynomials fy, ..., f,—1. In the case

where n is minimal, we call n the period of f.

Theorem 1 (Ehrhart’s Theorem for Rational Polytopes) If P is a rational d-
polytope, then Lp (t) is a degree d quasipolynomial in t. Its period divides the denom-

inator of P.

Proof. Beck and Robins develop a thorough proof of this theorem in [5, Chapter
3]. Here we emphasize the key points in the buildup that prove useful in explaining
the computational methods used later on. For this we define the Ehrhart series of
P,

Ehrp (2) =1+ Lp(t)2". (2.2)

t>1

The following result comes verbatim from [5, Lemma 3.24]:

Lemma 2 If

then f is a quasipolynomial of degree d with period dividing p if and only if g and h

are polynomials such that deg(g) < deg(h), all roots of h are p' roots of unity of
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multiplicity at most d+ 1, and there is a root of multiplicity equal to d+ 1 (all of this

assuming that g/h has been reduced to lowest terms.)

The remaining proof of Theorem 1 is devoted to showing the existence of a poly-

nomial g such that

Ehrp (2) = %. (2.3)

and deg (g) < p(d+1). Theorem 1 then follows from Lemma 2. m
This represents a generalization of Ehrhart’s earlier theorem for integral polytopes.
In this case the denominator of P is 1 and Lp (t) is a polynomial in ¢ of degree d. We

will also use the following result:

Proposition 3 If P C R? is a rational d-polytope and fy, ..., f,—1 are the polynomi-
als defining Lp (t), then Lp (0) = fo(0) = 1 and every f; is of degree d with leading

term equal to the volume of P.

Proof. Exercises 3.27 and 3.29 of [5]. =

We call the rational function given in equation (2.3) the Ehrhart rational gener-
ating function of P. Since Ehrp (2) is just the Taylor series expansion at 0 of the
Ehrhart generating function, we can compute the first p(d + 1) terms of Ehrp (2)
and use polynomial interpolation to recover the polynomial coefficients of Lp (1) .

For polytopes with large denominators this recovery can become an intractable task.
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Hence the rational generating function Ehrp (2) often represents a computationally
more efficient form for encoding Lp (t) .

The counting functions Lp and Lp. have a deep relationship to one another, as
revealed by the next theorem. Together Theorems 1 and 4 imply that Lpo (¢) is also

a quasipolynomial function in ¢ satisfying the conditions of Theorem 1.

Theorem 4 (Ehrhart Macdonald reciprocity) If P is a rational d-polytope, then
as quasi-polynomials

Lp(=t) = (=1)"Lp- (1).

Proof. Establishing a proof of this relationship occupies the better part of Chap-
ter 4 from [5]. Most relevant to our work here is the Ehrhart series for the interior
of a polytope, defined by

Ehrpo (2) := ZLPO (t) 2,

as well as the following theorem:

Theorem 5 If P is a rational d-polytope, then evaluating the Ehrhart rational gen-

erating function of P at % yields

Ehrp G) = (=1)"" Ehrpe (2).

Proof of Theorem 5. [5, Theorem 4.4]. =
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2.6 Barvinok’s Algorithm

In many instances we can determine the counting functions Lp and Lp. by insight
into the structural properties of the particular polytope. For example, if C' is the
d-dimensional unit cube, determining that Le (£) = (£ + 1) is a simple exercise. (See
[5, Chapter 2] for a number of less trivial examples.) However, for many polytopes
the only practical way to derive Lp or Lpo is via the computer.

In 1994 [2] Alexander Barvinok introduced an algorithm to compute Ehrp in poly-
nomial time, provided the dimension of the polytope is considered fixed. For polytope
P C R? this algorithm determines a multivariate rational generating function of the

form

F(z)= Z z™

meZ4tNcone(P)

(where 2™ := z{™ - - - z7\%"), so that F'((1,...,1, 2)") evaluates to the rational gener-

ating function Ehrp (z). Combined with the previous results of Ehrhart theory, this
form lends itself well to computing a sum of counting functions taken from a large
number of polytopes. The implementations of our algorithms rely heavily on the
instance of Barvinok’s Algorithm found in the c-library Barvinok [21], which among

other things computes the Ehrhart rational generating function Ehrp (2).
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2.7 Hyperplane Arrangements and Inside-Out

Polytopes

A hyperplane arrangement (or arrangement) is any finite collection of hyperplanes
contained in an ambient real vector space. Normally, without qualification we take
the ambient space to be R?; however it is convenient to consider arrangements in
linear subspaces of R%. If H is a hyperplane and U an linear subspace of R?, the set
H NU is again a hyperplane in U. Extending this notion, a hyperplane arrangement
in R? induces an arrangement in any linear subspace of R?. If U C R? is a subspace,
we call the set {H NU : H € H} the arrangement induced by H in U.

A hyperplane arrangement H partitions R? into a set of regions, which are the
connected components of R\ [ JH. A hyperplane arrangement induces a set of re-
gions in any convex set. If ' C RY is convex we say a subset of R? is an open region
of (C,’H) if it is a connected component of C°\|JH. A closed region of (C,H) is
the topological closure of an open region. We refer to the regions of (C,H) (or
regions(C, H)) as the set of closed regions. If P is a d-polyhedron, then every region
of (P,’H) is again a d-polyhedron, and likewise with polytopes. If P is a rational
polytope and H a set of rational hyperplanes, then every region of (P, H) is again a

rational polytope.
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An nside-out polytope of dimension d is a d-polytope P together with a hyper-
plane arrangement H . The vertices of (P, H) are the vertices taken over all of the
regions of (P,’H). We call (P, H) rational in the case where P is a rational polytope
and H is a set of rational hyperplanes.

If C is a convex set, the multiplicity of x € R? with respect to (C,’H) (denoted
me (x)) is the number of closed regions of (C,H) containing x. For any semi-open
polytope S we define the open and closed Ehrhart quasipolynomials as

L3y (t) :=# (72N (S\H)) and Lgy (t) := Z msn (X),

xet—174d

respectively. In the case where P is a polytope and Ry, ..., R are the closed regions

of (P,’H) we have

Loy (t) =Y Lpe (t) and Lpy (1) = Y L, (1). (2.4)

As a consequence of Theorems 1 and 4 above, L. 5, and Lpy, are quasipolynomials
in ¢ satisfying

LP,H (_75) - (_1)dimp LOPO,H (t) :



Chapter 3

Region Enumeration Method

Let P be a polytope and ‘H a hyperplane arrangement. The alternative defini-
tion of Lpy (t) given by (2.4) suggests an obvious algorithm for computing Lpy (t);
enumerate the regions of (P,H) and compute the sum Y5 | Lg, (t) directly. At first
glance one might doubt that this naive approach could represent a good computa-
tional solution. For an arrangement of n hyperplanes, we have 2" possible candidates
for the regions of (P,’H) . (Every region of an inside-out polytope is the intersection of
the polytope with one of two half-spaces taken from each hyperplane in the arrange-
ment.) However, not all of these candidates represent regions. If the dimension of

P is fixed, we first show that the number remains bounded by a polynomial in #H.

18



19

Using this, we show how to enumerate the regions of (P, ’H) smartly to obtain a ratio-
nal generating function for Lpy in polynomial time whenever dim (P) is considered

fixed.

In order to accomplish the first task, we need the following result:

Proposition 6 Let 'H be a hyperplane arrangement, let H be a hyperplane, and let

J be the arrangement induced by H in H. Then
#regions (H U {H}) = #regions (J) + #regions (H) .
Proof. By Proposition 11

regions(HU{H})= | ) regions((R,{H})).
Reregions(H)
For every open region R of H, the set R° N H is an open region of J if and only if
H is transverse to R°, i.e., if and only if H splits R° into 2 open regions of H U {H }.
The result now follows by a straight-forward counting argument. m
With this result in hand we can now prove our first assertion, namely for any

convex set C' of fixed dimension d the number of regions of (C,H) is bounded by a

polynomial in #H.

Proposition 7 Let ‘H be an arrangement of n hyperplanes in an affine d-subspace U
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of R™.  The number of regions of H is at most
d
> (i)
im0 \'

Proof. Let d = dim (U). We use induction on n. The base case n = 0 is trivial.
Suppose n is a non-negative integer, and let Hy, ..., H, be the hyperplanes of H.
Now {Hi,...,H,} induces an arrangement in Hy of k hyperplanes for some k < n.
By inductive hypothesis and the above proposition

Hregions ({Ho, ..., Hy)}) < z;: (TZ) + C: <lj) < zd: <TZ) + di (7;)

=0 ]

1=

A straightforward application of the identity ("“) = (”) + (:1) shows

7 i

()5 ()27

7

Corollary 8 Let C' be a d-dimensional convez set and let H be an arrangement of n
hyperplanes. Then the number of regions of (C,’H) is bounded by
d
> ()
im0 \'
Proof. The number of regions of (C,H) is bounded by the number of regions of

the arrangement induced by H in aff(C). =
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Let Ry,..., Ry again be the closed regions of (P,H). If the dimension of P is
fixed, the preceding corollary ensures the sum Zle L, (t) remains manageable, even
for a large number hyperplanes. We’ll use this result to our advantage in enumerating
the regions of (P, H).

The following observation will prove important for our algorithm:

Proposition 9 If P is a d-polyhedron and H = {H (a1,b1),..., H (a,,b,)} with no

hyperplane containing P, then R is a region of (P,H) if and only if dim R = d and

R=PnN ﬂ K (siai, Szbi)

i=1

for some s1,...,s, € {—1,1}.

Proof. For any si,...,s, € {—1,1}, the set PN, K (s;a;, s;b;) is the closure
of PPN, {x € R?: s;a;x < sibi} . Apply the definition of closed region using the
observation that dim (Q) = dim (Q°) for any polyhedron ). m

In particular we make use of the special case where #H = 1 to compute the

regions of (P,H).
Corollary 10 Let P be a d-polyhedron and H (a,b) be a hyperplane. Then

regions (P, H (a,b)) = {R CR?: R = K (+a,4b) N P,dim (R) = d} . (3.1)
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Proposition 11 Let P be a d-polyhedron, and {H;} be a sequence of hyperplanes.

If R, := regions((P,{H,,...,H,})), then

Rn= |J regions((R,{H.,})). (3.2)

RER,—1

Proof. Apply Proposition 9. =
In the equation (3.2) above we would like a method for determining the set

regions(R, {H,}). We accomplish this using the next result. Here a hyperplane

H is transverse to a polyhedron P if H N P° # ().

Proposition 12 Let P be a polyhedron, let H be a hyperplane arrangement. If

H (a,b) is a hyperplane and R is a region of (P,’H), the following statements are

equivalent:

1. H 1is transverse to R.

2. min{ax:x € R} <b<max{ax:x € R}

3. RN K (a,b) and RN K (—a, —b) are both closed regions of (P, HU{H}).
4. dim (RN K (a,b)) = dim (RN K (—a, —b))

5. #regions(R,{H}) = 2.

6. R is not a region of (P,HU{H}) W
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The following algorithm describes a method for computing the regions of an inside-
out polyhedron. At each iteration the new hyperplane effectively cuts all of the

regions from the previous iteration that it intersects into two new regions.
Algorithm 13 Slicing Hyperplane Algorithm
Input: A polyhedron P = P (A,b) (A € Rde) and an arrangement
H={H (c1,dy),...,H (cp,d,)}.
Output: A set {(—=S1,t1),...,(=Sk, tr)} of m 4+ n x d+ 1 matrices, such that
{P (S;,t;)} = regions ((P,H))
and P (S;,t;) # P (5;,t;) when i # j.
1. set R :={P}
2. fori:=1ton
3. set 7:=R
4. set R :=1)
5. for each T'in 7

6. if H (c;,d;) is transverse to 17" then
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7. set R:=RU{TNK (c;,d;)} U{T' N K (—c;,—d;)}
8. else
9. set R:=RUT

10. return R

Proof of algorithm. Fori=1,... nlet H;:= K (c¢;,d;). Let
R; := regions (P, {Hy,...,H;}).

At the beginning of i*" iteration of the outer "for loop" 7 corresponds the set R;_;.
The "for each" loop makes use of Corollary 10 and Proposition 9 above to generate
R;,. m

The time-complexity function of Algorithm 13 depends both on the number of
iterations performed and on the time used at each iteration. The fact that this algo-
rithm uses H-descriptions to encode polyhedra means that computing the intersection

T N K (£c, £d) amounts to the adjoining a row to a matrix. If T'= P (S,t), then

St
TﬂK(ic,:I:d)_P<icT,]Fd).

Other than the looping structure itself, the only computationally expensive task

this Algorithm 13 performs, is testing whether or not a hyperplane is transverse to
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a polyhedron. By Proposition 12 this amounts to solving two linear programming
problems. Such problems are known to be solvable in polynomial time. (See, for
example, [17, Chapters 13-15]).

The following proposition deals with Algorithm 13’s looping structure.

Proposition 14 Let P be a d-polyhedron and let H = {H,,...,H,} be an arrange-

ment of hyperplanes. The total number of transversality tests performed by Algorithm

> (1)

j=1

13 is less than or equal to

Proof. Let N be the number of tests performed. For k =0,...,n let
Ry = regions (P, {Hy, ..., H;}).

Algorithm 13 computes Ry by performing a transversality test for each member of

Ri—1. Hence
N =) #Ry1. (3.3)
k=1
Corollary 3 implies
n d d n-—1
kE—1 k
N < ( . > => ) < )
k=1 j=0 \ 7 j J

A direct application of the identity (iﬁ) =370 (f shows that
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This gives worst case upper bound on the number of expensive steps required by
Algorithm 13 as a function of #H. Hyperplane arrangements often have considerable
fewer regions than the upper bound given in Corollary 3. We might also ask how well
this algorithm performs with respect to the number of regions of (P,H). In other

words, how much "extra work" does algorithm Algorithm 13 perform?

Proposition 15 Let P be a d-polyhedron, let H = {H,,...,H,} be an arrangement
of hyperplanes and r := #regions(P,H). The total number of transversality tests

performed by Algorithm 13 is less than or equal to nr.

Proof. Define N and R, as above. Observe that for all £ = 0,...,n we have

#Ry, <r. Now apply (3.3). m

Proposition 16 If P is a polyhedron of fizred dimension and H a hyperplane arrange-

ment, Algorithm 13 computes regions( P, H)in polynomial time.

Proof. Fix d := dim (P) and let [ be the bit length of a binary encoding of
(P,’H) as a m + n X r matrix M, where n = #H and m represents the number of
half-spaces defining P. Each polyhedron () considered by the Sweep Hyperplane
Algorithm (SHA) may be given as the intersection of m + n inequalities which are

either encoded as a row of zeros (OTX < 0), or which differ from the rows of M by at
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most a sign. Hence the encoding length [ of @, for of every polyhedron considered
by SHA, is O (I). This implies we can compute the dimension of every polyhedron
considered by SHA in O (p(l)) time for some polynomial p [17, Theorem 13.4], so
that by Proposition 14 the runtime of SHA is

a1

@ (p(l)z ( >> .

=1 N

The encoding size of every polyhedron output by SHA is likewise O (1), so by Corol-

lary 8 the size of SHA’s output is

o(2()).

Obviously n < m 4+ n < [ implying output size is O <l Z?:o (i)) and runtime is
O (p (1) ij (é)) . Hence Algorithm 13 runs in polynomial time for polytopes of
fixed dimension. m

With one exception we now have everything we need to compute a generating

function for Lpy, (). Additionally we require the definitions of the open and closed

rational generating functions of an inside-out polytope,

Ehro 5, (2) = Z Lo, (t) 2" and Ehrpy (2) := Z Lpy (1) 2,

t>1 >0

respectively. If Ry, ..., Ry again represent the closed regions of (P,H), by straight

forwardly applying Ehrhart theory to the definition of Lpy and L. 5, we see that
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Ehrf. 5, and Ehrpy, have representations as rational functions, which satisfy the reci-

procity relation,

k k
1 1 im R;
B (1) = 3 Bhun, (1) = 30 (<" Bl (2

This allows us to use the rational functions produced by Barvinok’s Algorithm as

efficient data structures for encoding the sum Lpy ().
Algorithm 17 Computing Ehrps (t) by direct enumeration of regions

Input: An H-polytope P and a hyperplane arrangement H.

Output: The rational function Ehrpy, ().
1. set R := regions((P, H)) (using Hyperplane Sweep Algorithm)
2. set I':=0
3. for each Rin R
4. set F':= F+ Ehrg (2) (using Barvinok’s Algorithm)
5. return F

Theorem 18 For polytopes of fired dimension, Algorithm 17 computes Ehrpy(2) in

polynomial time.
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Proof. Let [ be the bit length of an encoding of (P, H) as an m + n X r matrix
M. Let R denote the closed regions of (P,H). By Proposition 16 it suffices to
show that the output size of Algorithm 17 is bounded by a polynomial in [ and that
the time 7" required to compute ) ,_oEhrp (), using descriptions generated by the
Sweep Hyperplane Algorithm, is O (p (1)) for some polynomial .

Choose a polynomial b (z) such that Barvinok’s algorithm computes Ehrp (2) in
O (b(z)) time for every d-polytope P with a binary H-description encoding of length
x. [2] Fix R € R and let [z be the bit length of the description of R generated by
the Sweep Hyperplane Algorithm. We obtained such a description by the negation
of at most n rows of M, so it follows that Ix is O (l). By Corollary 8 the sum
> rerEhrg (2) contains at most Z?:o (i) rational functions, each bounded in length
by the time required to compute Ehrg (z). In particular both the output size S and
runtime 7" of Algorithm 17 is O (b (1) Z?:o (?)) . Obviously n < [, which implies
both S and T are O (b (1) Z?:o (i)) . Hence for constant d, Algorithm 17 runs in
polynomial time. m

The examples computed later in this work as well as in [7], [8], and [6], all rely on
the fact that we can obtain an answer to a given problem from the function L% 4.

Our computational solutions to these problems use the fact that the we can model the

exclusion of forbidden values from a solution set using the interior of some polytope
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minus a union of hyperplanes. In principle one would expect that some problems
with forbidden constraints could be modeled similarly using closed polytopes or even
semi-open polytopes, but without an apparent solution using the relative interior.
In the language of inside-out polytopes we would like to know how to compute
L% 4, when S is any rational semi-open polytope and ‘H a rational arrangement. Using
the fact that every polytope can be expressed as the disjoint union of its relatively
open faces, one approach is to sum the functions L7. ;, over the relatively open faces

F of S contained in S.

Theorem 19 Let S = {x: Ax <b',A"x <b"} be a semi-open polytope of fized

dimension and let H be a hyperplane arrangement. If

Ehrls g (2) = Ly (1) 2",

t>0

then there is a polynomial time algorithm for computing Ehr(g (2).

Proof. Determining whether S is empty can be accomplished in polynomial time

using linear programming, so we may assume that
S={x:Ax<b Ax<Db"}.

For a closed polyhedron of fixed dimension, descriptions of the faces of the polyhedron

are well known to be computable in polynomial time. Deciding whether an open face
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of S is contained in S amounts to finding a relative interior point of the face. As this
can be accomplished using linear programming, we can determine which open faces
of S are contained in S in polynomial time by a solving a set of linear programming
problems, the size of which is equal to the number of faces of S. Observing that

S\UH=|J (F\umn),

Fcfaces (?)
F°CS

we apply Algorithm 17 to compute the sum

Ehrssy (2) = Y Bhrgp g (2).
Fefaces(g)
F°CS



Chapter 4

Mixed Integer Programming

Another approach to computing Lg,,, when S is any rational semi-open polytope

and H a rational arrangement, involves finding a sequence of polytopes P; such that
HZ N P,= L3y (1) .

This approach finds motivation in a technique taken from mixed integer programming
used to reduce a problems involving polyhedral unions to problems involving a single
polyhedron. As the construction is somewhat simpler, we first show how to apply
the technique to find Lpy (2).

In some linear programming problems one wishes to model a disjunctive statement

32
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like

alx<borc'x<d (4.1)

with a statement involving the use of "and" instead of "or". If aTx and cTx are
bounded above (say by M) for all x under consideration, one can accomplish this by

introducing a dummy variable y and using the equivalent statement,
alx<(M—-by+band c™x < (d— M)y+ M and y € {0,1}. (4.2)

Depending on whether y is 1 or 0, one inequality becomes a redundant statement
about the upper bound M, while the other becomes an inequality from (4.1). This
technique allows one to apply many algorithms that only work for intersections of
polyhedra, to unions of polyhedra, which may be neither convex nor connected.
Because of our interest in counting lattice points, this technique is well suited to

inside out polytopes. For a polytope P = P (A, b) and hyperplane arrangement
H = {H<C17d1>7‘ e 7H(cn7dn>}7
we have

PAUH =P () ({o € B rax < b} U o € BT —ax < —b}).

i=1

so that the problem of computing # (Zd N PO\UH) can be restated in terms of
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finding the number of points
Xx€Z'NP°:clx<djor —clx< —d;, foralli=1,...,n. (4.3)

Since P is by definition bounded, using linear programming we can always compute
A =max{|c]x|:x € P,i=1,...,n} (see, for example, [17]). Foreachi=1,...,n
we introduce variables y; so that the following statement is equivalent to (4.3):

xeZiNP°and Iy € {0,1}":Vi=1,...n,
(4.4)
clx+ (di — N y; < d;y and — efx+ (d; + ) y; < A
By [22, Lemma 2.8] a polytope is full dimensional if and only if a description of its

interior can be given by a system of strict linear inequalities. This motivates restating

y; € ZN{0,1} as, —1 < y; < 2 and y; € Z, so that we may encode (4.4) in matrix

form as
A 0 b
C (D-\L,) d
X x "
—C (D+),) ( >< Al and( )EZ‘”.
y y
0 -1, 1
0 I, 2-1
T
where C' = (01 e Cn> and D = (d1e1 e dnen)' If P is full dimensional we

can count # (Z4N P\|JH) by instead finding # (Z4" N P (S,t)°) where S is the

matrix, and t is the vector, given in (4.7).
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Proposition 20 Let P = P (A,b) C R? be a d-polytope and
H={H (c1,d1),...,H (cp,d,)}

be an arrangement of non-degenerate hyperplanes. If and S and t are of the form

gwen by (4.7), then # (2N P°\H) = # (ZN P (S,t)°) .

Proof. Let
A 0 b
C (D -\, d
X X
Q:=P(5t)= —C (D + M) <1 A
y y
0 -1, 1
0 I, 2.1

\ 7

We'll show that ¢ : Z9 N P°\H — Z4NQ°, (;) —— X is a bijection. By Proposition
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21 @ is full dimensional, so the following statements are equivalent

X
c Zd+n N QO
y
A 0 b
C (D-AlL) d
X d X
& €L | —C (D + L) <| a1
y y
0 -1, 1
0 I, 2-1

xcZlyeZ' Ax<b,0<y<1,

Cx+(D-=M,)y<d,—Cx+(D+ A,y <Al

xeZiNPye{0,1}" Vi=1,...,n:
eix + (dy — N yi < diy —eix + (d; + Ay < A
The following are also equivalent
x € Z'nP\H

& xeZinPoYi=1,....n:¢x <d; or —c;x < —d,

x€ZiNPYi=1,...,n:
& Jy e {0,1}": (4.6)

By connecting (4.5) with (4.6) one sees that ¢ is well-defined and surjective. Now

let (3), (;) € Z3NQ°, and assume u = x. If v # y, without loss of generality by (x)
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we may assume that v; = 0 and y; = 1 for some i. By (4.5) we have c;u < d;. Since

(;) € 24N Q°, by (4.5) we also have

—Ccix+di+A=—cx+ (di + Ny < A
implying that c;u > d;, a contradiction. Hence v =y and ¢ is injective.
Proposition 21 Let P = P (A,b) C R? be a d-polytope and

H={H(ci,d1),....H(cph,d)}

be an arrangement of non-degenerate hyperplanes. Let C' = <01 Cn)T and
= (d1e1 dnen)' If A >max{|c[x|:xe Pi=1,...,n},
A 0 b
C (D-\L,) d
S=|-Cc D+, |, andt=1| X1 |, (4.7)
0 -1, 1
0 I, 2-1

then dim (P (S,t)) = d + n.

Proof. Choose x € P°\|JH and note that P° = {z € R?: Az <b}. For

1=1,...,n choose

0, if CIX < d;
Yi =
1, if C;-I-X > dl
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We note that (;‘) satisfies (4.4), which implies (;‘) € {x eR?: Sz < t} . In particular

P (S,t) is full dimensional. m

For each t € Z., we would like to have a method for computing L. 5, (). The
proofs of Propositions 22 and 27 are aimed at providing such a method. (They are
otherwise trivial as existence statements, since one can always construct an open (or

closed) line segment containing any number of lattice points.)

Proposition 22 If P is a rational polytope and H is a rational hyperplane arrange-

ment, then there is a sequence of rational polytopes {Q:} such that,
Ly (t) = Loy (1)
for allt € Z*.
Proof. Let P = P(A,b) C R? be a polytope. We may assume that
H:={H(c1,dy),...,H (cp,dy)}

contains no degenerate hyperplanes. We first prove the case where P is full dimensional.

.
Let C = <C1 e Cn) and D = (d161 e dnen)' Choose A € Z" such that

A > max{|c/x|:xe€ Pi=1,...,n}
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and define the sequence {Q;} by Q; = P (A, b;) where

A 0 tb
C (D —A,) td

Ap:= | —C t(D+AL,) | and b= | 421 |- (4.8)
0 ~I, 1
0 I, 2.1

A straight forward argument shows that

Lo (0) = # (2 0t [PAUH] ) = Lipe e (1),

where tH := {tH : H € H}. Observe that for any a € R? and b € R we have
tH (a,b) = H(a,tb) and tK (a,b) = K (a,tb). This observation implies tA >

max {|c/x| :x € tP,i=1,...,n}. Together with Proposition 20 it also implies that
Lipo 1 (1) = # (Z NtP\tH) = # (2°N Q5) = Lgs (1) .

Now suppose m := dim(P) < d. In the case where ZIN aff(P) # ), using the
invariance of lattice point count under integer-valued translation, we may assume
that aff(P) is a linear subspace. Choose a lattice basis vy,...,v,, of ZIN aff(P)

and define the linear isomorphism 1 : aff(P) — R™ by ¢ : v; — e; fori =1,...,m

where {ey,...,e,,} is the standard basis of R™. A straightforward argument shows
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that Lo 5 (1) = L pye g (£)-  The desired outcome follows by applying the full
dimensional case to 1 (P) and ¢ (H) .
Now if ZN aff(P) = ), choose k to be the least positive integer such that aff(kP)N

74+ ). Tt follows that

Lipo g () ift =0 (modk),
Loz (t) =
0 otherwise.

By the previous argument there is a sequence {R;} such that L p. 14, (t) = Lgo (1).

Define the sequence {Q;} by

R: ift=0(modk),

ES

Q=

0 otherwise.
It now follows that Ly, (t) = # (29N Q;) . =
If P is a rational polytope and H a rational arrangement the fact that Ly
has quasi-polynomial expression means that Lp.,, can be obtained using polyno-
mial interpolation on the lattice point counts of the relatively open polytopes (), in

Proposition 22.
Algorithm 23 Mized integer computation of L 4.

Input. An H-description of a rational polytope P = P (A,b) and a rational

hyperplane arrangement H = {H (c1,d1),..., H (c,,dy,)} . =
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Output.. A list of polynomials fo,..., f,—1 so that Lp.,, (t) = fi if t #

i (modp) .
1. set p := denominator(P, H)
2. set d := dim(P)

3. set Q = {Ql, ce Qp(dﬂ)} (by Proposition 22)

4. fori=0top—1

D. for j=1tod+1

6. set t:=1ip+j

7. set F(2) := (—1)""Ehrg, (1)

8. set a; := F'(0)

9. set f; := polyInterpolate([f; (ip +1) = aq1],...,[fi (ip+d+ 1) = ags1])

10. return {fo (¢),..., fr—1 (1)}

Proof of algorithm. By [7, Theorem 4.1] L%, 4, is a quasipolynomial of degree

d with period dividing p := denominator(P,’H), so we may represent Lp.,, using
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polynomials fo, ..., f,—1. Since each f; has degree d [7, Theorem 4.1}, we may com-
pute f; (t) for d + 1 values of ¢ and use polynomial interpolation to determine f;. To
do this we use Proposition 22 to determine a set of polytopes {Ql, cee Qp(dﬂ)} where
pon (t) = Lge (1) for t = 1,...,p(d+1). Each iteration of the outer "for loop"
generates one polynomial f;. The inner "for loop" computes d + 1 values of f; by
determining d + 1 values of Lp. 4 (t) for t =i (modp). We employ Barvinok’s algo-
rithm and Ehrhart-Macdonald reciprocity to obtain the rational generation function
Ehrge (2). The second coefficient in the Taylor series expansion of Ehrge (2) centered
at 0 is Ehrge (0) = Lo, (1). =
For any rational semi-open polytope S and a rational hyperplane arrangement H,
the same mixed integer programming techniques also provide a way to compute the

function
s () == # (t—lzd NS\ UH) :
For this method first need to know that L§,, () is quasipolynomial and hence can be

determined by interpolation.

Proposition 24 If P C R? is a rational d-polytope and fy, ..., f,—1 are the poly-
nomials defining Lp (t), then every f; is of degree d with leading term equal to the

volume of P.
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Proof. [5, Exercise 3.29]. =

Proposition 25 If S C R? is a rational semi-open polytope then Lg (t) is a quasi-
polynomial in t with period dividing denommator(g) . If fo,. .., fp—1 are the polyno-
mials defining Lg (t) , then every f; is of degree dim (S) with leading term equal to the

volume of P.

Proof. We observe that for any polytope P we can express P as the pair-wise
disjoint union Jpepees(py £~ (Apply Proposition 2.3 and Lemma 2.9 of [22] using
induction on dim (P).) If F' € faces(P) then every face of F' is also a face of P. We
also note that dim (X) = dim (X) for any convex subset of R?. [9, Theorem 3.4]

Choose FC faces(S) such that S = S\ |JF where dim (F) < dim S for all F € F.
Let F' := {F € faces (S) : F C|JF}. The above observation implies | J F = |J F,
so S is the disjoint union

U mye= U mUyruymyr= Uy r

Fefaces(F) GeF! Fcfaces(F)\F’/ FeF! Fefaces(F)\F/

This implies

Ls(t)= > Lpe(t)=Lp(t)+ > Lpe(t).

Fefaces(F)\F/ FEf‘dCQS(F)\F/,
dim(F)<dim(S)

The result now follows by Ehrhart’s theorem for rational polytopes and Ehrhart-

Macdonald reciprocity. m
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Proposition 26 If S is a full-dimensional rational semi-open polytope and H an
arrangement of non-degenerate rational hyperplanes, then Lg 4, (t) is a degree d qua-
sipolynomial in t with period dividing denommator(g, H) . If fo,..., fo—1 are the
polynomials defining L4, (t) then every f; is of degree d with leading term equal to

the volume of S.

Proof. Let C denote the connected components of S\ |JH, so that S\ |JH is
the pair-wise disjoint union (JC and L% 4, (t) = > oo Lo (t) . Every connected com-
ponent of P\ |JH is a semi-open polytope. Proposition 25 now implies the desired
result. m

The last proposition implies that Z? Nt (S\H) can be computed by knowing

g (t) for a sufficient number of values of ¢. The next demonstrates a method

for computing these values.

Proposition 27 If S is a rational semi-open polytope and 'H is a rational hyperplane

arrangement, then there is a sequence of polytopes {Q:} such that L4, (t) = Lq, (1).
Proof. The key observation here is that
{xeZ':ax<b}={xeZ’:a’x<b—1} (4.9)

for any a € Z¢ and b € Z. We now proceed using similar reasoning to Proposition
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20. We may assume that
S={xeR": Ax <V Ax <V}

for some (‘Af‘,/,) € Z¥™ and (E,/,) € Z™, and that H = {H (c1,d1),...,H (c,,d,)}
T
for some ci,...,¢c, € Z¢ and some d € Z". Let C := (Cl cn> , D =

(d1e1 e dnen)7 and choose a positive integer
A>max{|c]x|:x€ S, i=1,...,n}.

Define the sequence {Q;} by Q; := P (A, b;) where

A 0 tb’
A" 0 th” —1
C t(D—=\) td—1
At = and bt = . (410)
—C t(D+\,) tA1—1
0 -1, 0
0 I, 1
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By (4.9), the following statements are equivalent:

(;) e 7HNQ,

(;) €2, Ax <t/ A"x <tb" = 1,0 < L,y <1,
Cx+t(D—M,)y<td—1—-Cx+t(D+A,)y <tAl1 -1
y €{0,1}",xe€ 74, Ax < b, A"x < tb",

< Vi=1,...,n:clx+t(d;— Ny, <td; — 1,
—clx+t(di+ Ny <t -1
y€{0,1}", xeZintS,Vi=1,...,n:
clx+t(di — N y; < td;, —cIx+t(d;i+ ) y; <t

as are

x € Z'nt(S\H)
x€ZiNtSYi=1,...,n:
=
clx <td; or —c/x < —td;
xE€ZiNtS,Vi=1,...,n:
& ye{0,1}": eIxtt(di — N y; < tds, (4.11)
—clx+t(di+ M)y <t

The remaining proof follows by reasoning similar to Proposition 22, in this case show-

ing that ¢ : Z“"" N Q; — Z4 Nt (S\'H) is a bijection. m



Chapter 5

Inside-out Polyhedral Library

With the goal in mind of tackling some of the larger tractable problems presented
in the next chapter — namely the magic and semi-magic squares — we have created
an implementation of Algorithm 17 written in C++. (We should note here that the
implementation technically runs in exponential time because it uses the dual simplex
algroithm [17, Section 11.7] as its linear program solver.) To support this effort we
have developed a set of classes containing various optimizations to enhance speed and

make efficient use of memory. We refer to these classes collectively as the Inside-out

Polyhedral Library (IOP).

47
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5.1 Dependencies and System Requirements

The Inside-out Polyhedral library has been written and tested in a LINUX envi-
ronment using the gcc compiler. All of IOP’s code should conform to ANSI C++
standards, however, IOP depends on pre-existing libraries that may not work on other
platforms. IOP should compile properly for any architecture/compiler combination
that can use these libraries. IOP directly relies on the Barvinok Library [21], the
Polyhedral Library (PolyLib) [19], the CDD Library (cddlib) [13], and, optionally,
the computer algebra system PARI/GP [3]. The Barvinok library also requires the
Number Theoretic Library (NTL) [18] and an installation of PolyLib compiled with
support for the GNU Multi-precision library (GMP) [1]. The Barvinok library pro-
vides the primary engine for computing rational Ehrhart generating functions. In
addition to supporting the Barvinok library, PolyLib provides preexisting functions
to support preprocessing optimizations, most notably the conversion to an equivalent
full-dimensional problem (cf. Section 5.3.4). The CDD library provides an exact
linear program (LP) solver, used to test whether a hyperplane is transverse to a can-
didate region. The sum of rational functions output by the Barvinok library is often

quite unwieldy in length. GP/PARI provides support for simplifying this.
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5.2 Pre-existing Data Structures

Though the libraries mentioned above are all well documented, several of the data
structures used directly by the IOP library are worth mentioning here. The first
pertain to the arithmetic used at runtime; the second, to the internal representation
of inside-out polyhedra and to input files for the example applications mentioned later
in this chapter.

Both PolyLib and cddlib can be compiled to support either floating-point or exact
rational arithmetic. Numbers used by PolyLib and cddlib are stored in abstract
number types Value and mytype, respectively. Both libraries use flags passed to the
compiler to determine the type of arithmetic to be used at runtime. Anyone making
number assignments directly using the IOP library should consult the PolyLib and
cddlib documentation for more information. It is recommended that all applications
be compiled with exact arithmetic flags for PolyLib, as the function calls to the
Barvinok library require this. One can compile applications using either arithmetic
for cddlib. The floating point arithmetic for cddlib can dramatically reduce the
runtime for computing the regions of an inside-out polyhedron, but may result in
errors both from register overflow and from the floating point definition of zero, which

affects numeric comparisons involving equalities and inequalities [13]. This speed
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increase offers the ability to obtain a reliable estimate of the number of regions of an
inside-out polyhedron.

At the present iteration (version 0.14) only the class RegionTree contains function
calls to cddlib. The type of arithmetic used by cddlib affects the process used to
generate the regions of an inside-out polyhedron, in particular the determination of
whether or not a hyperplane is transverse to a polyhedron. In trial runs during the
development of IOP, we have experienced no differences in results using cddlib’s exact
vs. floating-point arithmetic.

IOP uses PolyLib’s Matrix data type for its internal representation of an inside-
out polyhedron. A PolyLib Matrix consists of two unsigned integers, NbRows and
NbColumns, giving the row and column dimensions of the matrix, together with
a pointer p to a two dimensional Value array with corresponding row and column
dimensions. With the exception of the function I0Polyhedron: :PreImage, all of the
functions in IOP taking Matrix pointers as arguments expect a Matrix in PolyLib
format. If a polyhedron is defined by the system Ax < b (A € R™*%), the PolyLib
formatted representation of this system is an m X d + 2 matrix of the form (v, —A, b)
where v € {0,1}™ . A zero in the i"* component of v indicates that the i** inequality in

the system Ax < b should be treated as an equality; a one indicates weak inequality.
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Example 28 Let P be the line segment

P={(z,y)" v =yr<ly=>-1}

and 'H is set of coordinate axes along with the line v = % The matrices used by IOP
to represent P and 'H would be the matrices
0 1 =10 0 1 00

respectively.

5.3 New Data Structures

The TIOP library consists of three C++ classes designed to support an imple-
mentation of Algorithm 17. The class I0Polyhedron contains the data structures
for performing operations on an inside-out polyhedron that do not pertain its re-
gions. The class RegionTree is responsible for all operations directly involving the
regions of an inside-out polyhedron. RegionTree uses a small helper class called

RegionTreeNode.
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5.3.1 C++ Syntax for Non-Programmers

Many of the objects and functions described below use notation that depends
on C+-+’s particular syntax for using classes and pointers. In order to make this
notation readable to non-programmers we offer a brief introduction to the relevant
syntax. We refer the reader to any introductory book on C++ or object oriented
programming for a further discussion of classes and pointers.

Classes have both data and functions associated with them. These functions
perform operations using the data stored in particular instances of a class. To make
the syntactical explanation more concrete we use an example. Suppose we want the
computer to store the time of day using hours and minutes. To accomplish this we
define a class of data objects called time with two associated integer variables, one
called hour and the other called minute. We may wish to define more than one time
of day, say for instance an arrival time and a departure time. We might also want
a way to print the time in a meaningful format, which we accomplish by defining a
function called PrintTime(). To distinguish between the hour and minute labels
for each time of day we use the name of the time variable followed by either hour or
minute. In C++4 syntax, to reference the hour of arrival or minute of departure we
would write arrival.hour or departure.minute, respectively. To print the arrival

time we would write arrival .PrintTime(). Though C++ class definitions are often
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more complex than this, the same general syntax applies.

A pointer is a reference to the memory address where a variable or instance of a
class is stored. The * operator de-references a pointer by returning the value stored
at the pointer’s address. The & operator returns a pointer to the address where a
variable is stored. As an example, if x is a integer variable that has been assigned
the value 2, and if xPtr is a pointer that has been assigned the address where x is
stored in memory, then we have *xPtr = x = 2 and xPtr = &x. Every instance of a
class may refer to its own address in memory using a special pointer called this. In
the example used above the function definition for PrintTime () might for instance

contain a single line like

cout << (*this).hour << ":" << (*this) .minute << endl;

telling the computer to print the hour and minute, separated by a colon and followed
by a new line, (usually) to the screen. If one only wanted to print the departure time,

instead of using departure.PrintTime(), one might just as well have substituted

cout << departure.hour << ":" << departure.minute << endl;

with exactly the same effect.
In the following class descriptions we use typewriter style (Courier) font to indicate

C-++ statements.
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5.3.2 Class RegionTree

The class RegionTree contains methods used for implementation of Algorithms
13 and 17. In order to improve time and memory efficiency, the implementation of
Algorithm 13 appears differently in the code than one would expect. We discuss more
theory behind Algorithm 13 and show why it is theoretically equivalent to the imple-
mentation described below. We also discuss briefly why the present implementation

is more efficient both in terms of memory usage and expected runtime.

Theoretical Support

Let P be a polyhedron and let ‘H be a hyperplane arrangement with no hyperplane
of H containing P. The fundamental observation motivating Algorithm 13 is that
for every fixed ordering of the hyperplanes, say H := {H (c1,dy),...,H (c,,dy)},
there exists an encoding of the regions of (P, H) as the Hasse diagram of the poset

PU LnJ regions (P, H,) (5.1)

j=1
ordered by reverse inclusion where H; := {H (c1,d1), ..., H (cj,d;)}. The graph of
this Hasse diagram forms a tree, with P the only node at the top level. For reasons
that will become apparent, to the definition of this diagram we add the requirement

that every level j of the diagram contain a node for each member of regions(P, H;); if
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R is aregion of (P, ’H,) and of (P, H,.1) we place a node representing R on the j and
on the (j + 1)th levels connecting them by an edge. We call any such representation
of (5.1) a region tree, referring to the top node P as the root. We index the levels
of a region tree starting with 0 instead of 1, corresponding to the fact that the root
node represents the region set of (P,)). The terms parent and child to refer to the
relationship between nodes joined by a single edge, the parent being the closest node
to the root. Children sharing a common parent are called siblings. Every node in
a region tree has at most two children and at most one parent. Only the root node
has no parent. A node with no children is a leaf. For a node on level j, if the
associated region is contained in K (—c;, —d;), we call the node a left child; a node
representing the region contained in K (c;,d;) is a right child. No node has two left
(or two right) children. A node on level j has a left child and a right child if and only
if H (cj41,d;j41) is transverse to the region it represents. If a node has no siblings
we call it an only child. In drawing a diagram of a region tree, children are always
placed directly beneath their parents; left children are always placed to the left of the

parent, with an analogous situation holding for right children.

Example 29 Let P the square in R? with vertices {(x,y) : —1 < z,y < 1}, and let
H be the set of hyperplanes given by the equations © =0, y =0 and x —y = 0. The

following represents the region tree based on this order of equations. The labels show
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how the structure encodes the open regions of (P,’H) .

-l1<x<1
-l<y<l1

-y <0 y<0 -y <0 y<0

x+y<0 x-y<0 x+y<0 Xx+y<0 x+y<0 x-y<0

Example of a region tree using open regions

By definition, leaves of a region tree correspond to regions of the associated inside-
out polyhedron. Every path from the root to a leaf encodes a description of the
associated region by indicating containment in one of two half-spaces associated with
each hyperplane in the arrangement based on each node’s right/left child status. It
is easy to see that a region tree can be built up level by level using Algorithm 13.
Hence Algorithm 13 amounts to generating a region tree by performing a breadth-first
traversal. Implementing such a traversal requires a running list, the length of which
eventually equals the width of the lowest level of the region tree. Because region trees
are usually much wider than they are tall, the minimal amount of memory required
to perform such a traversal may grow quite large during the course of generating the

regions of an inside-out polyhedron.
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One can also traverse a region tree using a depth-first tree traversal. This is
essentially a backtracking algorithm. One proceeds from the root node down the left-
most branch of the tree until one encounters a leaf. After reaching a leaf, one travels
back up the path to the lowest untraversed branch, at which point one proceeds down
taking the path as far to the left as possible. In this situation, in order to perform a
full tree traversal one is required to keep no more nodes in memory than the number
of levels (one more than the number of hyperplanes) of the tree. Performing a region
tree traversal in this manner means a much smaller memory footprint.

Both traversal methods require that one touch every node in the tree. Using
either traversal method, to generate the tree one must still test whether a hyperplane
is transverse to a polyhedron for every node except the leaves. This requires at some
point that appropriate source matrices be created for an linear program (LP) solver.
The depth-first traversal method allows one to reuse much of the information stored
in the matrix for previous LP’s, as movement from parent to child (or vise-versa)
involves altering only a single row of a the matrix representing the region.

The half-space associated with an only child node is redundant with respect to
the description encoded by a root-leaf path containing it. This follows from the fact
that the hyperplane associated with the only child’s level in the region tree is not

transverse to its parent. In the implementation of the class RegionTree we use this
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fact to reduce the size of region descriptions (and thus decrease expected runtime)
by replacing redundant half space descriptions with a description of the degenerate

half-space.

Class Description

The class RegionTree contains an implementation of the depth-first traversal of a
region tree, and is responsible for all computational operations involving the regions
of an inside-out polyhedron. This includes generating region descriptions, computing
the generating function Erhpy,) and, in future versions, the quasipolynomial Lp ).

The structures that directly store data are for the most part self-explanatory.
The pointers (xthis) .P and (*this) .H point to matrices representing the inside-out
polyhedron (P,H). We use the variable dilfactor to implement Proposition 32

below during conversions to full-dimensional representations.

/* Data */

gen_fun *genfunction;

Matrix *P,*H;

RegionTreeNode *root;

unsigned currentdepth, dilfactor, numregions;

/* Data for helper objects */

dd_LPPtr 1p;

FILE *fileptr;

int (RegionTree: :*regionVectorFunction) (Vector*);
std: :ostream *streamout;

QQ bv_one; // Used as muliplier for adding gen_fun’s
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unsigned counter, maxdepth;
Vector *regionvector;

As one can see by the comments in the above code the data stored directly by an
object of type RegionTree includes a number of extra "helper objects". These help
facilitate communication between member functions. The meaning of each object

will become clear as we discuss the member functions.

void GenerateRegions( GenRegionSubtreeMode mode = NORMAL,
int depth = -1,
int (RegionTree: :*pt2function) (Vector*) = NULL );

If depth == -1, generates an entirely new region tree for the inside-out polyhedron
associated with (*this).P and (*this).H by performing a depth-first tree traver-
sal. If a region tree has previously been computed, memory for it is deallocated and
numregions set to zero before proceeding with the new tree. Otherwise it gener-
ates the region subtree formed by using the first depth hyperplanes associated with
(*this) .H as the arrangement. If (*this).curentdepth < depth, the region tree
corredponding to the first depth hyperplanes is assumed to exist in memory and no
action is performed.

If mode == NORMAL the function keeps the entire region tree in memory during
the process of tree generation and stores the pointer to the root node in (*this) .root.

If mode == CLEAN, the memory storing a RegionTreeNode is deallocated as soon
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as the node is no longer relevant to the generation of new regions. Running in
this mode effectively erases the entire region tree by the time it has been traversed,
and root is appropriately set to NULL before the function returns. In either mode
numregions is incremented by one every time a leaf of the region tree is reached, so
that numregions reflects the number of regions of the inside-out polyhedron after the
process of generating/traversing the region tree is finished.

During the generation/traversal of the tree, two running descriptions of the re-
gion represented by each node are held in memory. The first is in the form of a
linear program description, pointed to by 1p. This linear program description is
used by cddlib’s LP solver to determine whether the next hyperplane is transverse
to the region represented by a node. The second representation takes the form of a
Vector with entries from {0, +1}, whose length equals the number of hyperplanes in
the arrangement. Each component represents a multiplier for the row of (*this) .H
with corresponding index. A zero in the i component indicates that the i** hy-
perplane H (c;,d;) does intersect the interior of the region R; hence the half-space
from {K (+c;,d;)} that contains R is redundant. A +1 in the i component of the
vector indicates that R C K (%c;,d;). This vector is passed as an argument to the
private member function pointed to by regionVectorFunction each time a leaf node

(region) is reached during the traversal. (If depth != -1 a leaf represents a region of



61

the region tree formed using the first depth hyperplanes of (*this) .H as the arrange-
ment.) This allows one to perform various operations on regions while the region
tree is generated, without having to duplicate the code for generating/traversing a
region tree.

unsigned GetNumRegions( GenRegionSubtreeMode mode = NORMAL );

If the number of regions is equal to zero the function first calls GenerateRegions(
mode, NULL ) prior to returning (*this) .numregions.

void MakeEhrhart( IOP_MakeEhrhartOption option );

Performs a full depth-first traversal of a the region tree of the inside out polytope
(P,’H) represented by (*this).P and (*this).H, computing the Ehrhart generat-
ing function of each region (actually the lattice point enumerator). If option ==
GENFUNCTION, this stores a sum of the generating functions in the object (*this).
genfunction. At the end of the traversal (*this) .genfunction represents the ratio-
nal function for Ehr(ps (2). If option == GENFUNCTIONFILE, each region’s Ehrhart
generating function is printed immediately to (*this).streamout. If (*this).
dilfactor == 1 the variable used for output is z. If (*this).dilfactor >= 1,
»( z" (*this).dilfactor )’ replaces z (cf. Proposition 32 below). In future im-
plementations option == QUASIPOLY will spur MakeEhrhart to compute a running

sum of Ehrhart quasipolynomials, similarly to when option == GENFUNCTION.
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void PutArrangement(Matrix *M);

Assigns M to the value of (xthis) .H. It is the programmer’s responsibility to ensure
that the Matrix referenced by M does not change in a way that will produce undefined

results for a RegionTree object.

void PutDilationFactor( unsigned dil = 1 );

Assigns dil to (*this).dilfactor.

void PutPolyhedron(Matrix *M);

Assigns M to the value of (*this).P. See PutArrangement above.

unsigned
TraverseTreeDepthFirst( int (RegionTree::*pt2function) (Vector*) = NULL,
int depth = -1 );

If depth == -1 and a previously generated region tree exists in memory, performs a
depth-first traversal of the existing region tree. Otherwise, if depth <= current-
depth a depth-first traversal is performed using the nodes at level depth of the region
tree as leaves. A running description of the region associated with a node is kept
stored in a vector (cf. GenerateRegions). Every time a leaf is encountered the

function *pt2function is called to perform operations with the associated region. If
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no previously generated region tree is found or depth > currentdepth, the func-
tion calls GenerateRegions( CLEAN, depth, pt2function ) to generate/traverse

the region tree with similar results. Returns the number of leaves encountered.

void WriteRegions( IOP_QOutputFormat format=VECTOR, FILE * os=stdout);

Writes descriptions of the regions of the associated polyhedron to the file handle os.

5.3.3 Class RegionTreeNode

Objects of type RegionTreeNode store information about individual nodes in a

region tree. All variable names correspond to the terminology used in Section 5.3.2.

class RegionTreeNode {
friend class RegionTree;
friend class IOPolyhedron;

public:
RegionTreeNode() {
index = O;
leftchild = rightchild = NULL;
b

unsigned getData() {
return index;

b

private:

unsigned index;

RegionTreeNode *leftchild;

RegionTreeNode *rightchild;

¥
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5.3.4 Class IOPolyhedron

In addition to the data structures and methods used to store and retrieve data
pertaining to an inside-out polyhedron, the class IOPolyhedron contains methods
that support various preprocessing optimizations. The bulk of these support the
conversion of the original problem to an equivalent full-dimensional representation.

Others support removing redundancies from the problem description.

Theoretical Support

Proposition 30 Let A € Z™*", let b € Z™ and suppose V := {x € R" : Ax = b}
has dimension d. If VNZ" # 0, there exists a vector v € Z" and a matriz U € 74,

both computable in polynomial time, such that V N7Z¢ = {UX +v:xe Rd} .
Proof. [17, Corollary 5.3c| m

Proposition 31 Let P = P(A,b) (A€ Z™" b € Z™) be a rational d-polytope with

aff(P) N Z™ #£ (), and suppose
aff(P)NZ* = {Ux+v:x € Z}

for some v € Z™ and a U € Z"™?. For every t € Zsy, the lattice points of tP N Z"

are in bijection with the lattice points of

tP (AU, b — Av).
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Proof. For every t € Zs, the function ¢, : R? — ¢ aff(P) given by ¢, (x) =

Ux + tv is an affine isomorphism. Hence
;' (tP) = {x e R": A(Ux+tv) < tb} =tP(AU,b — Av).

The desired result is obtained using the observation that ¢, defines a bijection between

Z% and taff(P)NZ". =

Proposition 32 If P is a polytope and k is the minimal positive integer such that

kaff(P) contains a lattice point, then Ehrp (z) = Ehrp (2¥).
Proof. For each ¢ € Z>( choose a;,b; € R such that

Ehrp (2) = ao+ a1z +axz® +--- and

Ehrp (2) = bo+biz+bs2®+--- .

Let j € Zo and suppose j # 0 (mod k). Using the fact that jaff(P) = aff(jP) and
jaff(P) N Z% = (), a straight-forward argument shows that a; = 0 = b;. For the case

where j = 0 (mod k), choosing n € Zs( such that j = kn, we obtain
a; = #(Zdﬂn(kp)) :bj

from the fact that 2/ = (zk)n m
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Proposition 33 Let P = P(A,b) (A € R™™ b € R™) be a rational d-polytope and
let H={H (c1,d1),...,H (cp,dyn)} be a rational hyperplane arrangement. Let k

be the minimal positive integer such that kaff(P) NZ" # 0 and suppose that
kaff(P)NZ* = {Ux+v:x € Z}.

If P := P(AU,b— Av) and H' := {H (c]U,d; — c]v),...,H(c U dp —c! v)},
then

Eh’f’(pﬂ.() (2) = Eh’f’(p/;H/) (Zk) .

Proof. Because the function ¢ (x) := Ux + v defines an affine isomorphism from
R? to aff(P) and because P’ and H’ represent the pre-images of P and H respectively,
the regions of (P’,H’) are in bijection with the regions of (P, H). In particular each
region of (P’,’H') is the preimage of a region of (P,H) under ¢. An application of
Propositions 30, 32, and 33 shows that

Ehrpy) (2) = Z Ehrg (2)

Reregions(PH)

= Z Ehrg (zk)

Reregions(P’ /H')
= Ehr(p/’H/) (Zk) .
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Proposition 34 Let A € Z"*", letb € Z™ and let V = {x e R™ : Ax =b}. Let
aj,...,al denote the rows of A and fori = 1,...,m let g; := ged (a;) and ¢; :=

lem (g;, b;) . If k is the minimal positive integer such that kV NZ" # (), then

e (B
k—lcm(bl,...,bm).

Proof. Observe that any equation aTx = b has an integer solution if and only

if ged (a) divides b. For such an equation the minimal positive integer ¢ such that

lem(ged(a),b
b

aTx = tb has an integer solution is t = ), Applying this observation to every

equation aJxz = b; shows that Ax = kb has an integer solution if and only if % is a

multiple of Z—Z ]

Class Description

The class I0Polyhedron represents each inside-out polyhedron internally as two
PolyLib matrices (cf. Section 5.2), one for the polytope, the other for the arrangement.

In the latter case each row of the matrix represents a hyperplane in the arrangement.

/* Data */
Matrix *P,*H; // P represents polyhedron
// H represents hyperplane arrangement
int affdim, ambdim, codim;
bool canonicalP;
bool canonicalH;
RegionTree *regions;
gen_fun *genfunction;
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The variables affdim, ambdim, and codim represent the dimension of the polyhe-
dron’s affine hull, the dimension of the ambient space, and the co-dimension of the
affine hull, respectively. The flag canonicalP (respectively, canonicall), is set to
true if the internal H-description of P (respectively, H) is in irredundant canonical
form.

We now describe the public member functions available for objects of type I0-

Polyhedron:

void CanonicalizePolyhedron();

Removes redundancies from the description of the polyhedron P. Rows representing
equalities (linearities) are placed in the leading rows. This submatrix (representing
the affine hull of P) is given in Hermite normal form. Rows representing facets are
placed last. All rows a of the Matrix pointed to by P have ged (a) = 1. Since an
irredundant description of the affine hull effectively encodes the co-dimension, this

also sets the data members affdim and codim to the correct values.
void CanonicalizeArrangement();
Not yet fully implemented, in future versions this will remove hyperplanes that are

redundant in the affine hull of P and sort the rows of H lexicographically. All rows a

of the Matrix pointed to by H have ged (a) = 1.
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void DilateAll( Value t );
void DilateAll( unsigned t );

Scales the polyhedron P and arrangement H by a factor of t. This effectively converts
the I0Polyhedron object *this from a description of the inside-out polyhedron (P, H)

to a description of the inside-out polyhedron (tP,tH) .

void DilateAll( IOPolyhedron * NewIOPoly, Value t );
void DilateAll( IOPolyhedron * NewIOPoly, unsigned t );

Similar to the last function, this version leave *this untouched. The resulting
dilation is stored in *NewIOPoly.

Matrix *GetAffineHullConstraints();

If P is not yet in canonical form, (*this).CanonicalizePolyhedron() is called.

The submatrix of *P representing the linearities is copied and a pointer to the copy

returned.

Matrix *GetArrangementConstraints();

Copies the matrix pointed to by (*this) .H and returns a pointer to the copy.

int GetAmbientDimension();

Returns the dimension of the ambient space if either P or H has been intitialized with

a valid description; otherwise returns -1.



70

unsigned GetLatticeGenerators( Matrix **U, Vector **v);

Computes a minimal set of generators for the intersection of the affine hull of P with
the integer lattice of the ambient space. Here the Matrix and Vector pointed to
by *U and *v, respectively, correspond to a description of the form aff(P) N Z" =

{Ux + v :x € Z*} where d = dim (P).
unsigned GetNumRegions( GenRegionSubtreeMode mode = NORMAL) ;

Returns the number of regions of the inside-out polyhedron represented by *this by
calling regions->GetNumRegions ( mode ). See the description GetNumRegions in
class RegionTree for an understanding different effects that mode has on computation

and memory usage.

int GetPolyhedronDimension();

Returns the affine dimension of the polyhedron represented by P. If affdim is defined
(i.e. greater than or equal to —1) this simply returns affdim. Otherwise (xthis).

CanonicalizePolyhedron() is called prior to returning affdim.

Matrix *GetPolyhedronConstraints();

Makes a copy of the Matrix pointed to by (*this).H and returns a pointer to the

copy.
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void MakeEhrhart( IOP_MakeEhrhartOption option = GENFUNCTION );

Computes a lattice point counting function for the inside-out polyhedron represented
by *this. If option == GENFUNCTION the rational generating function Ehrps is
created and a pointer to its representation is stored in (*this).genfunction. If
option == GENFUNCTIONFILE, then the generating function of each region is com-
puted and immediately output to stdout on a separate line. In future implemen-
tations if option == QUASIPOLY, a representation of the Ehrhart quasipolynomial

Lp3 will be created.

unsigned MakeRegionTree( GenRegionSubtreeMode mode = NORMAL,
int depth = -1 );

If depth == -1 generates the region tree of the inside-out polytope represented by
*xthis and returns the number of regions. Otherwise, generates the region subtree
formed by using the first depth hyperplanes of (*this).H as the arrangement. If

mode == NORMAL the entire representation is stored in memory for future use. If

mode == CLEAN, in order to save memory the branches of the region tree are pruned
(deleted) as soon as they are no longer useful for generating untouched nodes of a

region tree. (cf. TraverseRegionSubtree, Section 5.3.2)

unsigned GenerateFullDimEquivalent(IOPolyhedron *newiopoly) ;
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Let (P,’H) be the inside-out polytope represented by *this. If aff(P) contains a
lattice point, the function computes the description of a full-dimensional equivalent
inside-out polyhedron, stores the result in *newiopoly and returns 1. If aff(P) is
found to be integrally empty, this computes the minimal positive integer ¢ such that
aff(t P) contains a lattice point, stores a representation of (¢P,tH) in *newiopoly and

returns t.

void PrelImage( IOPolyhedron *I0Poly, Matrix *U, Vector *v);

Computes the pre-image of *this under the affine transformation x — Ux + v and

stores the result in *I0Poly.

I0Polyhedron *Prelmage( Matrix *U, Vector *v);

Similar to the previous function, this version of the function computes the preimage

of the transformation x — Ux + v and assigns the result to *this.

void PrintArrangement( FILE *stream = stdout,
I0P_OutputFormat format = PolyLib );

Prints a matrix representing the hyperplane arrangement to the file handle stream.
Currently the only output format is PolyLib. Future implementations will include

options for format == CDD and format == LATTE.

void PrintGenFunction( std::ostream& stream, unsigned dilfactor = 1 );
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If a representation of Ehr(p has already been computed this simply outputs Ehr(p)

to stream. Otherwise Ehr(py is computed prior to output.

void PrintIOPolyhedron( FILE *stream = stdout,
I0P_OutputFormat format = PolyLib );

If *this represents the inside-out polyhedron (P, H), a matrix representing P fol-
lowed by a matrix representing H is output to stream. Currently the only output
format is PolyLib. Future implementations will include options for format == CDD

and format == LATTE.

void PrintPolyhedron( FILE *stream = stdout,
I0P_OutputFormat format = VECTOR );

Prints a matrix representing the polyhedron to the file handle stream. Currently
the only output format is PolyLib. Future implementations will include options for

format == CDD and format == LATTE.

void PrintRegions( FILE *stream = stdout,
I0P_OutputFormat format = VECTOR );

Prints a set of descriptions of the regions of (P, H) to the file handle stream. Cur-
rently the only supported formats are VECTOR and PolyLib. Selection of vector
format tells the function to write one vector, of length equal to the number hyper-

planes in H, to stream. A vector v representing a region has entries from {—1,0, 1} .
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If v; = 0, then the hyperplane H (c;, d;) of H is not a supporting hyperplane of the
region R; hence the associated half-space containing R does not contribute to the
description. If v; = £1, then R C PN K (+£c;, +d;).

int PutArrangement( FILE *stream, IOP_OutputFormat = PolyLib );

Reads a matrix from the file handle stream, converts the information to a PolyLib
formatted Matrix M, and attempts to set *this.H to point to the result by calling
PutArrangement (&M). Returns 0 if successful.

int PutArrangement( Matrix *M );

If (xthis).P is not yet defined, makes a copy of *M, sets (*this).H to point to
the copy and returns 0 indicating success. If (*this).P is already defined and the
row dimensions match, the same action is performed. Otherwise the function halts
further computation by calling exit (1) and prints an error message.

void PutDilationFactor( unsigned dil = 1 );

Sets (xthis) .regions->dilfactor to the value of dil.

int PutPolyhedron( FILE *stream, IOP_OutputFormat = PolyLib );

Similar to the function PutArrangement ( FILE *, IOP_OutputFormat ).

int PutPolyhedron( Matrix *M );

Similar to PutArrangement ( Matrix *)
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5.4 Example Applications

The goal of tackling the magic, semi-magic, magilatin, and magisudoku examples
in the next chapter motivated the development of the classes and functions outlined
above. In support of this goal the following example applications have all contributed
to the results in the next chapter. They have been written with integration in the
UNIX style pipe system in mind. Input is always taken from the standard input
stream, and relevant data is always sent the standard output stream. Progress indi-
cators for completed computations are always directed to the standard error stream,
so that a command like
./ioregioncount <K6.iop >K6.cnt
will save only the number of regions of K6.iop to the file K6.cnt while also printing

a running progress update to the screen.

5.4.1 Input/output file format

Each application listed below expects to receive two PolyLib formatted matrices
as input, the first representing the polyhedron, and the second, the arrangement.
The text representation of these matrices requires that the first line contain the row

and column dimensions of the matrix separated by white space. Each subsequent
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line represents a matrix row with components separated by white space.

Example 35 To use the problem given in Example 28 as input for one of the appli-

cations below we would input the following lines:

3 4

o 1-1 0
1 -1 0 1
1 0 1 1
3 4

o 1 0 0
o 0 1 0
0 -2 01

5.4.2 fulldim

If (P,H) is the inside-out polyhedron represented by the input matrices, fulldim
outputs a full dimensional representation of (kP, kH) where k is the smallest positive
integer such that aff(kP) contains a lattice point. The output format corresponds
to that described in Section 5.4.1, with the slight difference that we append a line
containing the value k. The description of the full dimensional polyhedron is given in

the canonical form generated by PolyLib’s internal representation of a Polyhedron.
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Currently, no redundancy removal is performed on the full-dimensional version of
the arrangement matrix, nor are the hyperplane descriptions normalized so that the
coefficients have no common divisor. Future versions of IOP will include this as a

feature.

5.4.3 1ioregiomns

Outputs a set of vectors separated by new lines, each representing a region of the
inside-out polyhedron associated with the input matrices. (cf. GenerateRegions,

Section 5.3.2)

5.4.4 ioregioncount and ioregioncount_£fp

Both output the number of regions of the inside-out polyhedron associated with
the two input matrices. The only difference lies in the fact that ioregioncount_fp
uses floating point instead of exact arithmetic to test whether or not a hyperplane is
transverse to a polyhedron (cf. Section 5.2). Consequently ioregioncount_fp runs
approximately ten times faster than ioregioncount. To date we have encountered
no differences in output using the two different arithmetics, but those who wish to be

absolutely certain of the results should use ioregioncount.
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5.4.5 ioehrhart, ioehrhart_clean, and ioehrhart_file

Each of these outputs a first line containing the dimension of the polytope asso-
ciated with the first input matrix. With ioehrhart and ioehrhart_clean this is
followed by a line containing an unsimplified sum of rational functions representing
the generating function Ehr(py) (2). This sum is generally so long as to be unread-
able, and in some instances can be quite large (over 1gb on disk). The difference
in the two applications lies in the fact that ioehrhart generates the entire region
tree prior to beginning the computation of each region’s Ehrhart generating function,
storing the entire region tree in memory for the duration of its runtime, whereas
ioehrhart_clean generates the region tree and computes the Ehrhart generating
function of each region all in the same pass, deallocating the memory for each node
as soon as it is no longer useful for further computations (cf. MakeEhrhart, Section
5.3.2). With ioehrhart the number of regions is output to the screen (actually
the standard error stream) prior to beginning the process of computing generating
functions; whereas with ioehrhart_clean no such count is given, but the application
runs with a smaller memory footprint and a minimal increase in speed.

With ioehrhart_file each output line following the first contains the Ehrhart
generating function of a single region of the inside-out polytope. This traverses

the regions tree in a similar manner to ioehrhart_clean, and in general runs with
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a memory footprint that depends mostly on the resources needed to compute the
generating function of any of the regions. (The internal representation used by the
Barvinok library only simplifies terms with the same denominator, so memory usage
with ioehrhart and ioehrhart_clean grows slightly slower than linearly in the
number of regions.) Based on tests performed during debugging, the processor time
needed to obtain a simplified generating function using ioehrhart_file exceeds that
of ioehrhart_clean by about five percent. However, in practice ioehrhart_file
is limited only by disk space and runtime as to number of regions it can tackle.

One can pipe the output of any of these applications to the perl script gfsimpli-
fy.pl described below to obtain simplified representations of the rational generating
functions Ehr(ps) (2) and Ehr{p. 5, (2) . One can also use any of these applications
to obtain the Erhhart generating function of a polytope by using a description of the

empty hyperplane as the arrangement matrix.

5.4.6 ioehrhart_nopt

This performs essentially the same function as ioehrhart_clean, except that no
preprocessing optimizations are performed. The function I0Polyhedron: :MakeEhr-
hart is called using the data exactly as it was input. Because the dimension of the

polyhedron is computed during the process of redundancy removal, the dimension is
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not printed to the first line of output as with the other ioehrhart applications. This
is useful for situations where one has to process a large set of inside-out polyhedra

with descriptions that are close to optimal (see ioerhart_subtrees.pl and subtrees

below).

5.4.7 subtrees

This application was written specifically to enable the computation of region
counts and rational generating functions in parallel using a network of computers
and a network job scheduler. Based on the input description, subtrees outputs
a set of inside-out polyhedra, whose regions taken together form the regions of the
original inside-out polyhedron. Using a lower bound n this finds the highest level
of the region subtree containing at least n nodes, and outputs a description of the
inside-out polyhedron associated with each node having root on that level. Because
each level of a region tree contains no more than double the number of nodes of the
previous level, the actual number of output descriptions is between n and 2n — 1.
The default value for n is 2500. One may supply other values of n using the first
argument of the command line. The inside-out polyhedron description must come

from stdin.
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5.4.8 gfimplify.pl and gfsimplify_hc.pl

Takes the output produced by ioehrhart, ioehrhart_clean, ioehrhart_file,
and ioehrhart_subtrees.pl and computes a simplified canonical representation of
the functions Ehr(py) (z) and Ehr{p. 5,y (2) . Neither the numerator nor the denomi-
nator share a common divisor and both are in expanded form. Problems, for which
gp’s stack allocation is insufficient should work using gpsimplify_hc.pl, but the

instance of gp intitiated by the script uses considerably more memory.

5.4.9 graph2iop.pl

Takes as input the description of a graph and outputs a description of an inside-
out polytope that can be used to compute the nowhere-zero k-flow polynomial of the
graph. (cf. Section 6.1) The first line of input is expected to contain the number
of edges followed by the number of vertices. Each subsequent line should contain an
edge represented as a pair of vertex indices separated by white space. Using index

values larger than the number of vertices specified will result in undefined behavior.
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5.4.10 ioehrhart_subtrees.pl

Originally written to verify the functionality of subtrees and the method used
for ioehrhart2cluster.pl, this script mimics the behavior of ioerhrhart_file in
that it outputs the dimension of the polyhedron followed many rational generating
functions. Instead of printing Ehrg (2) to a separate line for each region R of the
original problem, ioehrhart_subtrees.pl prints Ehr( 7) (2) to a separate line for
each inside-out polyhedron (@, J) generated by subtrees. For problems that are
sufficiently large to eat up all available memory, this allows one to split the original
problem into a (roughly) specified number of smaller problems and solves each one
separately using ioehrhart_nopt. As with subtrees, problem descriptions are
taken from stdin and one may specify a lower bound n as the first argument to
the command line if one does not wish to use the default value 2500. Output
of ioehrhart_subtrees.pl may be piped to gfsimplify.pl to obtain simplified
forms of Ehr(py) () and Ehr{p. 5, (2) where (P, H) represents the original inside-out

polyhedron.
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5.4.11 ioehrhart2cluster.pl and ioregioncount2cluster.pl

These scripts are designed to be used with the network job scheduling application
Platform Lava [10]. Using subtree each script breaks up a region tree into a set of
subtrees that together contain the same regions as the original problem, so that com-
putations may be performed in parallel on these subtrees by a cluster of computers.
Depending on the script used, each job computes the rational generating function or
number of regions associated with a region subtree. After all jobs are finished a sum
of the results is computed

Input syntax is the same for both scripts of the same form. At the command line
type ‘scriptname srcfile’ where scriptname is either ‘ioehrhart2cluster.pl’
or ‘ioregioncount2cluster.pl’, and srcfile is an optional argument specifying
the name of the source file. Each script prompts for a source file name if no argu-
ment is given. They also prompt for a directory datadir in which to store data
(this needs to be a directory that does not yet exist), and for a lower bound n on the
number of subtrees to be used. The actual number N of subtrees generated satisfies
n < N < 2n and depends on the first level of the region subtree found to contain at
least m nodes. Subtree descriptions are stored in the directory datadir/jobs. The
output resulting from computations performed on each subtree is stored in a file with

corresponding name in the directory datadir/results. Messages to stderr for each
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such computation are stored in a file with corresponding name in datadir/log. After
computations on all subtrees are performed, the results are added together by con-
catenating all of the files in datadir/results and piping this to simplify.pl. The
result is stored in the file datadir/srcfile.gen or data/srcfile.cnt depending on
which script is used.

All jobs in the queue maintained by Lava can be found under the job name

srcfile.

5.4.12 simplify.pl and simplify_hc.pl

This takes input from stdin and uses PARI/GP to compute a sum using each

line of the input stream as a term in the sum. Simplified results are piped to stdout.

5.5 Installation

A working installation of IOP takes up roughly 25mb of disk space. The directory
used to build the supporting libraries can grow to over 200mb but may be deleted once
the installation process is complete. To install, download the file ioplib-**.tar.gz,
where ** represents the version number. After download, assuming you are in the

same directory as the downloaded file, type
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tar xvfz ioplib-**.tar.gz
This will create the build directory ./ioplib-**. Installation instructions can be
found in the file

/.../ioplib-**/README.

5.6 Known Issues and Bugs

At the present time IOP assumes that all polyhedra are actually polytopes. In
particular IOP never tests for boundedness prior to attempting to compute generating
functions. Whatever error handling is done in this situation is left to PolyLib and
the Barvinok library. This assumption also affects the generation of the regions of an
inside-out polyhedron. The LP solver in cddlib detects when an objective function is
unbounded with respect to a feasible region; however, the data structures indicating
this are not currently used during the process of generating regions. In future versions
this assumption will be eliminated entirely using appropriate error handling.

Undefined behavior may result from feeding IOP a description in which the poly-
hedron is contained in one of the hyperplanes. This problem will be fixed at the
same time as we implement the removal of redundant hyperplanes from an inside-out

polyhedron description.



Chapter 6

Computational Examples

Based on [7], [8], and [6], we now present a number of example applications of
inside-out polytopes computed using the applications from the Inside-out Polyhedral

Library.

6.1 Nowhere-Zero k-Flow Polynomials for Graphs

We define the term graph to mean any undirected multigraph (multiple edges and

loops allowed). A flow on a graph G = (V, E') with values from an abelian group A

86
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(A-flow), is a mapping z : F — A such that for every vertex v € V,

Y ae)=> x(e) (6.1)

h(e)=v t(e)=v

where h (e) and t (e) represent the head and tail of the edge e under a fixed orientation
of G. Informally x assigns a weight to every directed edge e such that the sum of
edges directed into a given vertex equals the sum of edges directed out of the vertex.
A nowhere-zero flow is an A-flow whose values are never zero. A nowhere-zero k-flow
is a nowhere-zero Z-flow with values in {+1,+2,... £ (k—1)}.

In order to construct A- and k-flows one needs technically to consider a fixed
orientation of a graph. (This is just the assignment of a head and tail to each edge.)
The number of A- and k-flows on a graph is the same for any orientation chosen. To
simplify notation we tacitly assume, where necessary, that a given graph is directed.

Tutte proved [20] that the number of nowhere zero flows on G from an abelian
group A is a polynomial function in # A, independent of A itself. We refer to this
polynomial, P (k), as the (strict) modular flow polynomial or Zi-flow polynomial.
More recently Kochol proved [15] that the number of nowhere-zero k-flows on G is
a polynomial, ¢, in k, which we call the (strict) integral flow polynomial or k-flow
polynomial. Beck and Zaslavsky offer an independent proof of this in [§8] and compute

examples of k-flow and Zg-flow polynomials for a number of small graphs. Here we
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expand on these examples using ioehrhart to compute integral flow polynomials.
The strong and weak flow polynomials of a graph are not in general the same.

However they do share the same positive integer roots. Put another way, a graph

admits a k-flow if and only if it admits a Zi-flow. (See [12, Theorem 6.3.3] for a

proof.) This leads to the following observation, partially answering Problem 3.5 of

).

Proposition 36 Let G be a multigraph with real cyclespace U C R"™ and let d =
dim (U). Let @ (k) and pq (k) denote the nowhere-zero Zy- and k-flow polynomials

of G, respectively. If either s (k) or ¢q (k) have d as a root, then
d
Pe (k) =[] (k=) and g (k) = (d+1)Pg (k).
i=1
Proof. We make the following observations: First, if k is a positive integer and
m > k, then every k-flow is also an m-flow. Second, the polynomial . is always
monic and both B and ¢ have degree d . [8] Third, both polynomials share the same
positive integer roots. In particular d and (because of the nowhere-zero stipulation)
1 are roots of both ¢, and P.
We first prove @, (k) = Hle (k — i) by showing that 2,...,d — 1 are roots of B.
Let r € {2,...,d — 1} and suppose by way of contradiction that r is not a root of

©e- Then there exists a nowhere-zero Z,-flow on GG and, by the second observation,
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a nowhere-zero r-flow.  This implies the existence k-flows on G for all £ € Zs,.
In particular, there is a nowhere-zero d-flow, meaning d is not a root of ¢,. This
contradiction proves r must be a root of P. As 1,2,...,d are roots of P, the first
observation implies P (k) = Hle (k—1).
Since 1,2, ..., d are also roots of ., it follows that B, (k) divides ¢, (k). Because
v and P have the same degree, there exists a constant ¢ such that ¢ (k) = @ (k).
Theorem 3.1(c) of [8] implies ¢ (0) = P (—1). In particular
d d+1
P (0) :H(—l—i) = H(O—i) = (d+1)P¢ (0).
i=1 i=1
Hencec=d+1. m
Establishing stronger links in the relationship between ¢, and @ is largely an
open question. For this reason we include the nowhere Z;-flow polynomial and the
Tutte polynomial (which encodes many graph invariants) along side our results from
ioehrhart. For these latter polynomials we use the Networks package from Maple.
We also include the weak integral and modular flow polynomials, p% and %, which
respectively count the number of possibly zero-valued Z;- and k-flows.
Motivated by [8], we now outline the methods used to compute ¢, and p% us-
ing inside-out polytope theory. Let G = (V,E) be a directed graph with V' =

{vi,..., v} and E = {e1,...,eq}. The equations given by (6.1) naturally define a
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linear subspace U of R? (via the map = +— (z(e1),...,z (eq))) called the real cycle
space of G. Let P:=UN[-1,1)" and k € Z*. One can show (see Lemma 2.9, [22])

that kP° = U N (—k,k)*. In particular this means that
Z°NkP°=7N(k—1)P.

If Hy is the arrangement of coordinate hyperplanes in R?, then the possibly-zero

k-flows on GG are in bijection with the set
24nUn(k-1)[-1,1]"=2n(k—-1)P =2 NkP°.

Similarly, the nowhere-zero k-flows on G are in bijection with the set Z¢Nk (P°\ |J Hy) -
Hence the problem of finding ¢% and ¢, amounts to computing Lp. and L%, 2,0 TE-
spectively.

The edge-vertex incidence matriz of G is the m x d matrix Ag := (a;;) where

/

1, if V; = h <€j)

Gij = —1, if V; = t(Ej) :

0, otherwise
\

A straight-forward argument shows that null(Ag) is the real cycle space of G, so that
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P = P (S,t) where

Ag 0
—Ac 0
S = and t = . (6.2)
1 1
-1 -1

With a half-space description for P in hand we now compute Ehrpo and Ehr(po 4,
using ioehrhart. The fact that Ag is always totally unimodular [17] implies that
the vertices of P and (P, H,) have integer coordinates, so that Lpe (t) and Lp. 5, (t)
are both polynomials in ¢. To recover Lpo (t) and L. 4, () we simply use polynomial

interpolation on the first dim (P)+1 terms of Ehrp. (2) and Ehrpo 44, (2) , respectively.

Example 37 Flow polynomials of the Peterson graph.

Let G denote the Peterson graph and let ¢ (t) and ¢, (t) denote the strong and

weak k-flow polynomials of GG, respectively. We label and orient G as follows:
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Oriented Peterson graph

Under this orientation the real cycle space of G is null(A¢) where A is the matrix
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Let P := P (S,t) where S and t are defined by (6.2) and let
H15Z: {H (el, 0) ye ey H <815, O)}

where ey, ..., e ; represents the standard basis of R'; then ¢ (t) = Lp. 4, (t) and

o (t) = Lps (t). Using the specified input format, we feed the matrices

0 —Ag
0 Ac
and <0 _]>
1 -1
-1 I

to ioehrhart and obtain the simplified rational generating function

2° (1622 + 192z + 20)
(z—1)7

Ehr, 5. (2) = —120

We use ioehrhart to compute Ehrp (2) by appending a description of the empty

hyperplane and apply Theorem 5 to obtain the rational function

2 (2% 4+ 1322° + 15332% + 326823 + 153322 + 1322 + 1)
Ehrpo (2) - — (Z _ 1)7 .

Using Lemma 2 and Theorem 4, one can verify that Lp (t) and Lpy (t) have degree

6 = dim (P). (One can also verify this using IOP.) We now compute the first 7 terms
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of the Taylor series expansions of both Ehrg. 5, . (2) and Ehrps (2)

Ehrfe,, (2) = 2400z° +190802° 4 85080z" + O(z®)
Ehrpo (2) = 2+ 13922 + 24852° 4+ 177792* + 786312°

+2593212° + 70219927 + O(2®)

Using polynomial interpolation and the definitions of the Ehrhart series for P and
(P,H15) we obtain the flow polynomials ¢ and ¢,. We use Maple’s Networks package
to compute the strong Z;-flow polynomial. The weak Z;-flow polynomial is always

tdim(mull(4c)) - Hence, the flow polynomials for the Peterson graph are:

(t) = (t—1)(t—2)(t—3)(t—4)(55t> — 251t + 480) ,

1
0o (t) = 5 (110t° — 330t° + 485¢* — 420t + 233t* — 78t + 12)
Pt) = (t=1)(t—2)(t—3)(t—4)(¢*—5t+10), and

@ (t) = t°

The process outlined in Example 37 has been entirely automated through a series
of Maple and UNIX shell scripts. We have generated flow polynomials for a sizeable
number of small graphs, all of which are catalogued in Appendix A. A bridge in
a graph is an edge whose removal renders the resulting graph disconnected. The

number of nowhere-zero flows on a graph with a bridge is always zero [12, Corollary
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6.1.2]. As flow polynomials for disconnected graphs can be obtained by taking
the product of the flow-polynomials for the connected components, we consider only

connected, bridgeless graphs in our examples.

6.2 Magic and Semi-magic Squares

A semi-magic n-square is an n X n square matrix with distinct integer entries
such that every row and every column sum to the same number, the magic sum. A
magic n-square is a semi-magic n-square in which entries along each main diagonal
also have the same magic sum. To simplify notation we often treat n x n matrices

as vectors in R”". If X € R™" we always assume the index assignment of X € R%

is given by
Il x2 ... xn
Tnt1 Tnt1 Tt Top
X =
T(n—1)n+1 L(n-1)n+2 " Tp2

The set of real matrices having the same line-sum, column-sum, and main diagonal-

sum naturally defines a subspace S of R””. A vector in R has distinct entries if and
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only if it is off the hyperplane
H; ;= {X cR" : T —T; = O}
for all distinct 4, j € n?. Let H be the arrangement
{Hij:i,jen’i#j}; (6.3)

then the set of magic n-squares is precisely Z" NS \ U H.

Traditionally, the entries for magic squares come from the positive integers. Here
we consider two variations on this, one in which we require that entries come from
[t] :={1,2,...,t} (cubical count), and the other in which we draw from the positive
integers, but consider only squares with magic sum equal to t (affine count). In both
cases we count the number of squares as a function of ¢.

Let C, (t) denote the number magic n-squares with entries from [t]. One can

verify that
Co(t) = # [Z“z AL ™ N S\UH]
— 4 [Z”z A(t+1) ((0, ™ N S\UH)} .

It is easy to see that

C:=100,1"nS (6.4)
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is a polytope with C° = (0, 1)"2 N S, so that for all t we have
Cn(t) = Lo g (T+1). (6.5)

Let A, (t) denote the number of n-squares with magic sum ¢ and let B,, be the

well known Birkhoff polytope,

B, i— {(bi,j) e R™™: b >0, Z; biy = Zé e =1,k € [n]} :

By [6] we have
Ao (1) = L 5y (1 (6.6)
where

A= B, N {(b%]) e R™"™ . Z:Zl kag = Z:Zl bk,n-ﬁ-l—k = 1} . (67)

Though we’ve only mentioned magic squares here, it is easy to see that similar con-
structions apply to semi-magic squares by simply omitting the diagonal-sum require-
ments.

Beck and Zaslavsky have published affine and cubical counts of magic and semi-

magic 3-squares in [6]. We have verified these using ioehrhart directly.

Example 38 Cubical and affine counts of magic 3-squares. Let C3 (t) denote the
number of magic 3-squares with distinct entries from [t —1] := {1,...,t — 1}, and

let A, (t) be the number of magic 3-squares with distinct entries from Z~q and line/
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column/diagonal sum equal to t. In both cases the associated inside-out polytopes

have 16 regions. The rational generating functions for the power series tho Cs (t) 2

and Y0 As (1) 2" are

ZC?, (t) 28 = 81 22 +1 5 7}
= (24241 (22—24+1) 2+ D) (z+1)"(2—1)
223 +1

ZAg )2t = -8

o (z6+z3—|—1)(z2—z+1)(z+1)(z—1)3(22—|—z—|—1)3

Example 39 Cubical and affine counts of semi-magic 3-squares. — Let C3 (t) denote
the number of semi-magic 3-squares with distinct entries from [t — 1], and let A, (t)
be the number of semi-magic 3-squares with distinct entries from Z~q and line/column
sum equal to t. In both cases the associated inside-out polytopes have 1296 regions.
The rational generating functions for the power series Y, Cs (t) 2 and )5 As (t) 2°

are
1829 +462% + 6927 + 742° + 652° + 462*
+2623 + 1122 + 42 + 1
ZCg (t) 2" = 72210 and
120 A+ +242+1D) 2+ (22 +2+1)

2(z41)°%(z—1)°
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1821 4+ 412" 4+ 79217 4+ 117216 4 1662'° 4+ 207214
124923 4 268212 + 2742™ + 258210 4 23320
+19228 + 15227 + 10925 + 7325 + 442* + 2423
+1122 +42+1

Z Az (t) 2 = =722

120 (P42 + 22+ 28+ 242+ 1) (P + B+ 2+ 2+ 1)

(A+1)(2+2+1) (22— 241) (22 +1)°
(z4+1)%(z=1)°

Example 40 Cubical and affine counts of magic 4-squares.

Computing the number of magic and semi-magic 4-squares using the method
described above turns out to be much more difficult than the previous problem. In the
ambient vector space R16 the arrangements of the inside-out polytopes associated with
the affine and cubical count problems have 16! regions. Fortunately the dimension
of the affine hull of the respective problems helps to cut the number of regions. Even
so, the problems are still too large to be handled directly in a reasonable amount of
time. We now describe a series of reductions of the problem size.

Given a set M of matrices, two matrices can be considered equivalent if one is
obtainable from the other by a permutation of the entries that leaves the defining

properties of M untouched. The dihedral symmetries of the square form an often
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cited example of this when considering magic squares. One can, for example, assume
that the upper left corner contains the largest entry of all four corners and that the
upper right entry is larger than the lower left. For each magic square X satisfying
these requirements, one recognizes that there exist 8 others that can be obtained
from X by simple rotation or reflection of X. For magic squares larger than 3 x 3
the dihedral symmetries are not the only ones that exist. We would like a general
method for exploiting a set of known symmetries in order to simplify the problems
involving counting magic squares. Here Sy denotes the symmetric group on k£ letters.

We define the group action e : S,» x R" — R" by o e (i) — (%(i’j)) :
Proposition 41 Let M denote a set of n x n matrices. If
G:={c€Sz:00X M foral X € M}.
Then G is a a subgroup of S,z and for any subgroup H of G, H acts on M by e.

Proof. G clearly contains the identity. Closure follows directly from the definition
of G. For all ¢ € G we have 0! = ¢”°~1; hence 6! € G by the closure property.
Thus G is a subgroup of S,2. If H is any subgroup of G, a straightforward argument
shows that the map o e (a;;) — (ao(i7j)) satisfies the axioms for a group action. m

If M is the set of all (semi) magic squares, we call any member of the group G

defined above a (semi-) magic n-symmetry. Recognizing a set of magic symmetries
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is often relatively easy. Given a set S of magic symmetries we would like to use S
to generate a set of equivalence classes of equal cardinality. This way we can always
count magic squares by counting the number of equivalence classes associated with
S. Together with Proposition 41 the following result shows we may accomplish this
goal using the sub-group (5) generated by S together with its associated orbits under

the group action e.

Proposition 42 Let G be a subgroup of S, and let M be a set of n x n matrices with
distinct entries. If G acts on M by permutation of the tupple indices, then every

orbit of G in M has cardinality #H.

Proof. Let O be the orbit of G in M. A straight-forward argument shows O has
at most #H members. To see that O has at least #H members, let (a;;) € O. Any
o,7 € H satisfying o ® (a;;) = 7  (a;;) by definition satisfies a,( j) = a-(; ;) for all
i,j € [n]. Because the entries of (a;;) are assumed distinct, we have o (i, j) = 7 (4, j)
for all ¢, j € [n|, whence ¢ = 7. By contraposition, o # 7 implies o ® (a;;) # 7 ® (a;;)
for all (a;;) € O, i.e. distinct permutations describe distinct members of O. m

Given a group G of magic n-symmetries and a set M upon which G acts, the
challenge of finding #.M reduces to the problem of counting the orbits of G in M.

We may accomplish this by counting a set of representatives of each orbit. More
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specifically we fix a partial ordering on the matrix entries, which ensures that the
matrices satisfying the partial ordering are in bijection with the orbits of G. (Exactly
what this means will become more apparent as we deal specifically with magic 4-

squares below.)

Proposition 43 Let G be a group of (semi-) magic n-symmetries. For anyt € 77,
G acts on the set of (semi-) magic n-squares with positive integer entries and magic

sum t. Likewise, G acts on the set of magic n-squares with entries from [t].

Proof. The (semi-) magic sum is invariant under permutation by (semi-) magic
symmetries, as is the set of matrix entries. m

With this in mind, we now apply the above results to aid our computations for
counting magic 4-squares. As above we assume that the entries of every magic

4-square X are index by

r1 T2 T3 T4
rs T X7 X

T9 Ti0 Ti1 Ti12

X113 T14 T15 Tie
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It is easy to verify that the following set S represents a set of magic symmetries:

;

\

o1 = (06)(25)(38)(47)(914) (10 13) (11 16) (12 15)
oo= (1 416 13)(2 8 15 9)(3 12 14 5)(6 7 11 10)
o3 = (2 5)(3 9)(4 13)(7 10)(4 13)(8 14)(12 15)

oi= (2 3)(5 9)(6 11)(7 10)(8 12)(14 15)

)

J

The permutations o, and o3 listed above represent the generators for the usual di-

hedral symmetries associated with magic 4-squares.

We list the 32 members of the

subgroup (.S) generated by S, computed using Maple’s group package, as an aid for

the following proofs:

To =
T1 =
To =
Ty =
T4 =
Ty =
Teg —
T7 =
T8 =
Tg =
Ti0 =
Ti1 =
T2 =
T13 =
T4 =
Ti5 =

id.

(16)(25)(38)(47)(914) (10 13) (11 16) (12 15)
(23)(59) (6 11) (7 10) (8 12) (14 15)

(14)(512) (6 10) (7 11) (8 9) (13 16)

(11016 7)(2 1215 5)(3 9 14 8) (4 11 13 6)

(116) (2 8) (3 12) (5 14) (7 10) (9 15)

(16) (3 14) (4 10) (7 13) (8 9) (11 16)
(161611)(28159)(35 14 12) (4 7 13 10)

11116 6)(29158) (31214 5) (41013 7)
171610) (2315 14) (411 136) (58 12 9)
110) (3 14) (4 6) (5 12) (7 16) (11 13)

2 9) (3 5) (4 13) (6 11) (8 15) (12 14)

171610) (25 15 12) (38 14 9) (4 6 13 11)
141613)(28159) (312 14 5) (6 7 11 10)
14)(23)(58)(67)(912) (10 11) (13 16) (14 15)
11016 7) (214 15 3) (46 13 11) (5 9 12 8)

e e e e e e e



T16 =

Ti7 =

T18 =
T19 =
T20 =

To1 =

To2 =
To3 =

T24
Tos =
T26
T27
Tog =
T29 =
T30 =
T31 =

104

)(212) (3 9) (4 10) (5 15) (6 16) (7 13) (8 14)
)(29)(312)(411) (5 14)( 13) (7 16) (8 15)
(28)(35)(46)(915)(10 16) (11 13) (12 14)
16 4 15 12) (39 14 8) (6 7 11 10)
(2
(2
(21
215)(41

(

) (3 8) (5 15) (6 11) (9 14)
) (47) (5 12)

)

(

(

)

111
110
7)
113 5
116 3
111 47
116 31

—~ — — —

13) (5 8) (9 12)
7)(2 15 13) (8 9) (10 16)
11116 6) (23 15 14) (4 7 13 10) (5 9 12 8)
) (3 14) (4 13) (5 12) (6 11) (7 10) (8 9)
4)(29158)(351412) (6 10 11 7)
3 14) (4 16) (6 7) (10 11)
5) (3 9) (4 13) (7 10) (8 14) (12 15)
113) (2 14) (3 15) (4 16) (5 9) (6 10) (7 11) (8 12)
1616 11) (214 153) (410 13 7) (5 8 12 9)

141613)(212155) (3814 9)(6 10 11 7)

116) (2
11316
113) (2

(
(
(1
( 2 1
( (38)(515)(611)

( ( (5 (6 16) (10 13)
( (315) (4 13) (5 8)

(1 411) (6 13) (8 9) (

( 23151

( (3 14)(

( 2 8

( (
(2

(

(

(

)
12
15
14
)
15
)
15
(41
14
)
)

Proposition 44 If M is a set of magic 4-squares such that (S) acts on M by per-

mutation of the entries indexed by (6.8), then each of the sets,

M/

M”

;

x1 15 the smallest diagonal entry,
XeM: and  (6.10)

Tq < 13, and rg < T11

xo 15 the smallest off-diagonal entry,
XeM: , (6.11)

r3 < T14, and Ty < T12

\

are in bijection with the orbits of G in M.

Proof. Let ¢ be the map that takes each member of M’ to its corresponding

orbit. By enumerating the members of (.S) one can verify that o (X) ¢ M’ for every

X € M'. In particular no two members of M’ share the same orbit, implying ¢
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is injective. Now let O be an orbit of (5) in M and choose a representative M’ of
O with entries mq,...,myg. By applying o1, if necessary, we may assume that the
smallest diagonal entry of M’ occurs at one of the four corners. By applying oo
(right rotation) enough times we may assume that m; is the smallest diagonal entry
of M'. By applying o3 we may assume that my, < m;3. The application of o4 leaves
the corners untouched. In particular o4 leaves x1, x4, and x;3 untouched, so we may
if necessary apply o4 to ensure that z¢ < x1;. This proves that ¢ is surjective.

A similar argument can be made for M”. The only issue is showing that every
orbit of (S) in M has a representative in M”. Using the dihedral symmetries we may
assume that every orbit has a representative with x5 as the smallest off-diagonal entry.
Now if 3 > x14 we may apply 7¢, which exchanges x3 and x4 without changing the
position of xy. If x5 > x5 we may apply 73, which exchanges x5 and x5 without
changing the positions of x5, 3 or x14. Hence every orbit has a representative in M”.

Proposition 45 Let M be a set of magic 4-squares such that (S) acts on M by

permutation of the matriz entries indezed by (6.8). If

P ={X €M :min(xy,...,x16) is on the diagonal}, and

Q : ={XeM:min(zy,...,216) is off the diagonal} ,
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then G acts similarly on P and Q, and
#HM =32(#P' +#Q"), (6.12)
where P’ and Q" are defined by (6.10) and (6.11) , respectively.

Proof. Because P, O C M, in order to show G acts on P and O, it suffices to
show that 0 (X) € Pand o(Y) € Qforall X € P,all Y € Q, and all o € (95).
This follows from the observation that every ¢ € S maps diagonals to diagonals and
off-diagonals to off-diagonals. Using the fact M = P U Q is a disjoint union, (6.12)

follows from Propositions 44 and 44. m

Corollary 46 Let M be a set of magic 4 squares such that (S) acts on M by per-

mutation of the matrix entries. Then

#M =32(#P + #9Q),

where

1 < T9,3,...,T16,
P =X<XeM: and (6.13)

Ty < 13, and rg < T11

To < x17:€37x4, <5 216,

Q : ={XeM: . (6.14)

r3 < T14, and Ty < T12
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Let C4 (t) denote the number of magic 4-squares with distinct entries from [t — 1],
and let A4 (t) be the number of magic 4-squares with distinct entries from Z.o and
line/column sum equal to ¢t. The last corollary together with Proposition 42 implies

that

S0 (1) 2 = 32 (Ehrzpw () + Bl 5 (z)) : (6.15)

>0

where

4
T14+ To3+ T32+Tag =D ;g Tij

4 4 4
=D i1 Tij = D s Tik = D _iq This

Po = {|wi;] e R¥: and

110 S Tjg, T1a < Ta1, Too < X33

IZ'JS]_V]',]{Z:]_,...,Z.L

4
T14+ To3+ T30+ Tag =D ;g Tij

4 4 4
QC = [Iz}j] - R4X4 :
T12 < Tjg, T13 < Ta2, To1 < T3y

Ii7j§1\V/j,kf:1,...,4

\ Vs

Applying the application ioregioncount (cf. Section 5.4) to the inside-out poly-

topes (Po, H) and (Q¢, H) shows that

#regions ((Pc,’H)) = 1,147,814 and

#regions ((Qc, H)) = 2,063, 598.
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With the gracious help of the Center for Computing in Life Sciences (CCLS) at San
Francisco State University, we have successfully computed simplified forms of the
rational generating functions in (6.15) using their high performance cluster. Com-
putation time for this particular problem was between 8-10 hours during a time of
minimal cluster traffic. In a simplified form (reduced to lowest terms with expanded

numerators and denominators) Ehr?

(e.) (2), Ehr? (2),aswellas ), Cs(t) 2,

(@em)

each requires between 20 and 30 kilobytes of disk space. We include them on the
compact disk that accompanies this work. A printed version of ), Cs (t) ' can be
found in the appendices. Using Maple to compute a Taylor expansion at 0, we give

the first 20 non-zero terms of the power series:

D Ci(t)2h = 704027 4 257922" + 901762 4 2431362 + 6576002

t>0
+156339222% + 35652482 + 75973762%* + 1534784022
+2927206422¢ + 53575296227 + 9438003222% + 1607336322%°
4265288128230 + 42646886423 + 668000576232

+102382886423% + 1536693504234 + 226412281623

132787336322% + O(2%7)

A similar problem reduction may be used for the affine count. In this case we
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have
}:Jh(ﬂzt:32(EhﬁPXH)@)+JﬂH@&ﬂQ(@) (6.16)
>0

where

4
T4+ Tog+ T30+ Ta1 =D .4 Tiy

4 4
Axd =D i1 Tij =D i T = 1,
Py = [ZI}Z‘J] eR : and
T10 S Tjg, Tra < Taq, Too < T33

2, <1Vjk=1,... .4

4
T4+ Tog+ T30+ Ta1 =D .4 Tiy

4 4

T1p < Tjg, T13 < Ty, To1 < T3y

QA - < [xi,j] ~ R4X4 .

xi,j§1Vj,k:1,...,4
\ V

The number of regions of the associated inside-out polytopes is the same as those

found for the cubical count, namely

#regions ((P4,H)) = 1,147,814, and
#regions ((Qa,H)) = 2,063,598.
The simplified generating functions for Ehrz P3) (2), Ehrz @5m) (z)and >, As (1) 2
A A =

each require between 200 and 300 kilobytes of disk space to store. They involve

coefficients larger than 10°®. To print them in this work would require over 50 pages
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apiece. We include them on the compact disk that accompanies this work. In lieu
of a printed version of the rational functions, we give the first 20 non-zero terms of

the power series:

D AL(t)2 = 70402 + 40002% + 225922° + 247682%7 + 855682
t>0
49100823 + 1984642%° + 2667842* + 560640242
+6549122* + 11136962** + 14509122° + 2521440246
42956736247 + 45433922* + 563574424 + 87017922

+102348482° + 146935042°% + 176951682 + O(2°*).

Proposition 47 The mazimal group of magic 4-symmetries is the subgroup of Sig

generated by S given in (6.9).

Proof. By Proposition 42 the order of a group of magic symmetries must divide
the cardinality of any set of magic squares upon which it acts. The result follows
from Proposition 43 and the fact that the first three non-zero coefficients 7040, 4000,

and 22592 from ), ;A4 (t) 2' above have a greatest common divisor of 32. m
Example 48 Semi-magic 4-squares by cubical and affine count.

Despite the fact that semi-magic squares have more symmetries (the group of semi-

magic n-symmetries contains the group of magic n-symmetries) than magic squares,



111

even a reduced form of the problem exploiting these symmetries is significantly more
difficult to solve using Algorithm 17 than the magic 4-squares. Applying the same
reasoning used for the reduction of the magic 4-squares above, it is not difficult to
show that one can obtain a group of semi-magic symmetries isomorphic to Sy X Sy X Zs.
This stems from the observation that we may permute rows and/or columns without
affecting the semi-magic nature of a matrix. It is possible to construct an ordering
of the entries (see the one used below) that prohibits permutation of rows or columns
without violating the order but allows a flip across the diagonal. If C4(f) denotes
the number of semi-magic 4-squares with distinct entries from [t — 1], and A4 (¢) , the
number of semi-magic 4-squares with distinct entries from Z-( and line/column sum
equal to ¢, then Propositions 42 and 43 imply that

2(34 (t) 2 = 1152 EhrEP&H) (z) and Z.A4 (t) 2 = 1152 Ehrc(’szH) (2)

£>0 >0
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(1152 is the cardinality of Sy x Sy X Zs), where

4 A
4 4
D1 Tig = D Ty 0 < <1

i < Lxig <ajp, Vi, k=1,2,3,4
PC’ = K [I’Z,]] < R4><4 : I'272 S xj,kvja k _ 2’3’4 > ,
r33 < k), k= 3,4

T14 < T4

S Ty =i Tk =1, >0
T1,1 < Lk vja k= 1a 27374
Py = [z e R™: Top <XV, k=234 ’

x33 < xj1Vi, k=34

T1a < Tg
\ J

and H is the braid arrangement in R**4. The number of regions of each inside-out

polytope as computed by ioregioncount (cf. Section 5.4) is
#regions ((P2, H)) = #regions ((P3,H)) = 16,972, 282.

Using the high performance cluster at the Center for Computing in Life Sciences we

have obtained a generating function for » ., Cs (t) 2".

A printed version of can be
found in the appendices. The rational function Ehr‘EPO ») (z) can be found on the
C»

compact disk that accompanies this work. We give the first 20 non-zero terms of the
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Taylor expansion at 0 as computed by Maple:

D Ca(t)2 = 5495042'7 4 20010242' + 868377627 + 2922739227

t>0
49508492822 + 271008000222 + 71877657623
+17587272962%* + 40348776962%° + 8706097152226
+178603994882%7 + 3502136563228 + 6598451289622
+11995291929623° 4 2111936117762°" + 3612748320002

4601989634943 + 9796833457922 + 1559749594752

+24347416181762%¢ 4+ O(2*")

6.3 Magilatin and Magisudoku squares

A latin square is an n X n integer matrix in which the entries within each row and
within each column are distinct. With traditional Latin squares the entries come
from the first n positive integers, in which case the sum of entries from each row and
each column is always the same. We call a Latin square magilatin if every row and

every column have the same sum. A sudoku n-square is an n? x n? latin square of
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the form

(6.17)
Apg oo Apg
where each A;; is an n X n matrix with distinct entries. As with n? x n? latin
squares, traditional sudoku squares have entries from the first n* positive integers. A
magisudoku square is a sudoku square in which the sum of entries from every row,
every column, and every submatrix A, ; is the same. Traditional latin and sudoku
squares are special cases of magilatin and magisudoku squares.

Latin, magilatin, and magisudoku squares to not lend themselves well to the same
type of problem reductions as used with the magic and semi-magic squares. The
problem here is that Proposition 42 fails because of the lack of distinct matrix entries.
Though we have succeeded in producing region counts for the following examples, due
to the high number of regions involved we have not been able to compute generating

functions.

Example 49 Counting magilatin 4-squares, affine and cubical counts.

The inside-out polytopes (P.,H) and (P4, H) used to compute the cubical and
affine counts, respectively, differ from those used for the semi-magic squares only in the

arrangement. In the arrangement for magilatin squares each hyperplane corresponds
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to an equation x = y for each pair of entries x,y sharing the same row or column of

the matrix. The number of regions of (P4, H) is 162,437, 760.
Example 50 Counting magisudoku 2-squares, affine and cubical counts.

The number of magisudoku 2-squares with an upper bound ¢ on the entries is

expressed by the function L'( po

#) (t + 1) where Pg is the polytope defined by the
>

requirement that all matrix entries be weakly between 0 and 1, and that the entries
of every row, every column, and every submatrix A, ; (i,7 € {1,2}) corresponding to
(6.17) sum to to the same number. The number of magisudoku 2-squares with line
sum ¢ can be obtained from the function L'( Pe.) (t) where P4 is the polytope defined
by the requirement that all matrix entries be non-negative, and that the entries of
every row, every column, and every submatrix A;; (4,7 € {1,2}) corresponding to
(6.17) sum to 1. The hyperplanes in the arrangement correspond to pair-wise equality
between components within the same row, column or submatrix A;;. The number

of regions of (P4, H) is 66,915, 808.
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Appendix A

Flow Polynomials of Graphs

We catalogue some polynomials associated with graphs as described in Chapter 6.
As a reminder ¢ and P represent the nowhere-zero t-flow and Z;-flow polynomials,
respectively.  The functions ¢, and B, correspond to the weak (possibly zero) t-
flow and Z;-flow polynomials. We include the Tutte polynomial ® because of its
relationship to many graph invariants.

A Maple script was used to generate non-isomorphic bridgeless connected graphs

with 3, 4, 5, and 6 vertices. Maple code for testing graph isomorphism was borrowed

120
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from the online companion to [16]. At the time of writing, it is available at

http://www.mhhe.com/math/advmath/rosen/r5/student /maple.html

and is included in the CD accompanying this work, as no reference to a printed version
was found. Based on [14] we believe the lists to be exhaustive. Graphs with the
same number of vertices are ordered in descending order of the number of edges. The
labels for the graphs correspond the iteration at which they were generated.

A.1 Simple, connected, bridgeless graphs with 3

vertices.
o= 2(t-1)
po(t)= 2t0—1
F)= (-1
Pot)= t
O(r,y)= 22+x+y
vertd il

A.2 Simple, connected, bridgeless graphs with 4

vertices.

p(t)= 4(t—-1)(t—-2)(t-3)

oo ()= (2t —=1)(2t2 =2t +1)
pt)= (E-1)(t-2)(t-3)
Bo(t)= t°
P (z,y) = 2%+ 322 +4oy+ 22+ %+ 3% + 2y

vert4d il

()= 3(—-1)(t—2)

0o ()= 3> =3t+1

pt)= (t-1)(t-2)

Do (t)= ¢
O (r,y)= 2°+202°+2xy+a+y*+y

vertd i2
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o) = 20— 1)
po(t)= 2t—1
ot)= t-1
Bo(t)= 1
P(x,y)= P+ +a+y

vertd i3

A.3 Simple, connected, bridgeless graphs with 5
vertices.
o(t) = 2(t—1)(24¢°> — 195t* 4 715¢3 — 1440¢*

11622t — 816)
po(t) = (2t —1)%(12¢* — 24¢° + 23¢% — 11t + 3)
p(t)= (t—1)(>—9t* + 361> — 79t? + 96t — 51)
@ (1) = 1°
S (z,y) = 2*+62°+ 102%y + 1122 + 533 + 15213

verth il +20zy + 62 + y® + 4y° + 10y* + 15¢°
B +15y° + 6y

= & (t—1)(t—2)(98t% — 541t + 1161t — 1020)
= 55 (2t —1) (49¢* — 9813 + 91¢* — 42t 4 10)
t —

o (1)
o (1)
?(t) =
@0 (2)
O (z,y) = 2*+ 52+ Trly + 822 + 2zy® + 9zy® + 132y + 4o

1) (t —2) (3 — 6t + 14t — 13)
= ¢
verth 12 +y° + 4yt + 8y® + 9y® + 4y

p(t)= &(t—1)(t—2) (412 — 151¢ + 180)
@o (t) = & ((41t* — 82t* + T3t — 32t +6))
pt)= (t—1)(—2)(t*—4t+5)
By (t) = t*
O (z,y) = a*+ 423+ 5x%y + 52 + xy® + day® + Toy + 22

verts i3 +yt 4+ 3y° +4y® + 2y



P

vertd

&

vertd

&

vertd

7

vertd

%

vertd

i

i5

_i6

T

8

3 (t=1)(t —2) (18t — 86t + 117)
(312 =3t +1) (2 — 2t + 1)
(t—1)(t—2)(t2 =5t +7)

t4

xt + 423 + 422y + 622 + doy® + 9y + 37

+y* +4y® + 6y” + 3y

2(t—1)(8t2 — 22t +21)
g (2t — 1) (8t> — 8t + 3)
(t—1)(t* —3t+3)

753

o+ 323 + 322y + 322 + 3wy + 3y + @

+y°+yt +y

%@_ 1) (t — 2) (14t — 27)

12t —1) (72 — 7t +3)
(t—1)(t—2)°

t3

th 4 383 + 3tz + 312 + 222 + Atz + ¢
+234+222 4+ 2

A4t —1)(t—2)(t—3)

(2t — 1) (2t* — 2t + 1)

(t—1)(t—2)(t—3)

t3

t4 4+ 33 + 222 + 4% + t2° + 5tz + 2t
+23 + 322 + 22

3(t—1)(t—2)

323t +1

(t—1)(t-2)

t2

ot + 203 + 302 +3ay + @ + % +y

123
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p(t)= 4(t-1)
po(t) = (2t —1)°
pt)= (t—1)
Bo(t)=
, ¢ (r,y) = (@ +o+y)
vertd 19
p(t)= 3(t-1)(t-2)
0o (1) = 3t?=3t+1
e(t)= (t-1)(t—-2)
Bo(t) =
O (z,y) = 2*+223+2%y + 202+ 2xy + 7 + y*+y
vertd 110
pt)= 2@1-1)
po(t)= 20—1
o(t)= t—1
Do (t)= 1
O (z,y) = 2*+2x3+224+z+vy

vertd 1ll
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A.4 Simple, connected, bridgeless graphs with 6
vertices.

vert6 il

vert6 12

o= (t = 1) (t — 2) (18219¢® — 200389¢” + 1008604¢°
—3085170¢> + 6335859t — 902891313 + 8850854¢2
—5643192t + 1874880)

o (2t — 1) (18219¢% — 7287617 + 1364861°
—1543925 + 116179t* — 6006013 + 2143612

— 4992t + 672)

(t —1)(t —2)*(t> — 4t + 5)

(15 — 6t + 1813 — 34¢% + 37t — 28)

t7

25 4+ 1024 + 2023y + 3523 + 1522y3 + 452%y?
+902%y + 5022 + 62y° + 2429° + 60xy* + 105293
+145xy2 + 1062y + 24z + y'° + 59° + 153% + 35y7
+64y° 4 96y° + 120y* + 120y° + 80y? + 24y

= (= 1) (t — 2) (16395117 — 16349526
+7481940t° — 20519906t* + 366771893
—432868061% + 32292696t — 12277440)

e (22— 1) (1639512 — 65580427 + 122971828
—13938402° + 10483832* — 5388042> + 18882822
— 424322 + 5040)

(t—1)(t —2) (t" — 11¢° + 56> — 172t* 4 347¢3

— 4672 4 399t — 171)

t9

25 4+ 92 + 1623y + 2922 + 922> + 33222 + 6822y
+3922 + 22y5 + 1229° + 362y* + 70x1> + 1027y>
+78zy + 18z + y° + 5% + 15¢7 + 33y° + 565°
+76y* + 81y3 + 57y + 18y
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o(t) = 1/420(t — 1)(t — 2)(16693t5 — 1526775 + 622577
—1467839¢3 + 2135826t — 1882548t -+ 821520)

o (1) =  £55(333861% — 1335447 + 24968315 — 2816451°
+210259t% — 106911£% + 36712t — 7940t + 840)

)= (t—1)(t—2)(t5 — 10> + 45t* — 1183 + 193¢>

—192t + 93)
Do (t)= ¢°
. O (z,y) = 2°+ 8x* 4+ 1323y + 2323 + 6223 + 242?y? + 4922y
vert6_i3 +2822 + xy8 + 625 + 21wy* + 44293 + 662y>

+52zy + 122 + 3% + 5y7 + 149 + 2815 + 42y*
+48y + 36y% + 12y

o (1) = 1o (£ — 1) (£ — 2) (39184146 — 350832115
+14503757t* — 350364473 + 52555274t>
—47852040t + 21470400)

0o (t) = 1505 (391841¢% — 1567364¢™ + 2940546¢°
—3335864t° + 2506329t* — 12814761% + 441124¢2
—95136t + 10080)

()= (t—1)(—2) (5 —10t° + 46t* — 12413 + 209¢>
—214¢ + 106)

, Po(t)= ¢°
vert6_id O (z,y) = 2°+ 8zt + 1223y + 2423 + 4a?y3 + 222%y? + 5122y

+312% 4 4xy® + 18zy* + 44xy® + 722y% + 592y
+14x + y® + 5y" + 15y5 + 31y° + 48y* + 56¢°
+429° + 14y

e(t) = g5 (t—1)(t—2)(11608t5 — 83021¢* + 270396t
—491475t2 4 512980t — 257040)
o (1) = 4—50 (2t — 1) (58041° — 174125 + 24145t — 1927043
+9531t2 — 2798t + 420)
B(t)= (t—1)(t—2)%(t*— 613+ 171> — 25t 4 19)
Bo(t)= '
O (z,y) = 2°+ 7ot + 1123y + 1723 + 5a2y3 + 18222 + 3322y
vert6 i5 +172% + 298 + 4ay® + 132y* + 26293 + 3721/
- +282y + 62 + y7 + 4% + 10y° + 17y* + 2132
+17y? + 6y



vert6 i6

vert6 i7

vert6 18

127

o5 (t — 1)(t — 2)(10279¢° — 87610¢* + 306887¢
—5729541 + 599790t — 304920)

15 (2t — 1)(10279t° — 30837¢> + 42937t — 34479¢?
+1734412 — 5244t + 840)

(t—1)(t —2)(t°> — 9t* + 34> — 70t + 82t — 46)

t7

25 + T2t + 1023y + 1823 + 323 + 182%y? + 332%y

+202% + 3zy® + 12zy* + 272y + 392y? + 33wy

+8z + 17 + 5y® + 1215 4 20y* + 2543

+219?% + 8y

5 (t — 1) (t — 2)(30556¢° — 254489t 4- 905660t

—1756957t2 + 1924338t — 990360)

2t — 1)(15278t% — 45834t + 64205t* — 520203

+26357t% — 7986t + 1260)

(t—1)(t —2)(t> — 9t* + 35¢> — 75¢* + 91t — 51)

t7

25 + 7ot + 1023y + 1822 + 322y + 1622y2 + 3522y
+202% + 10xy* + 26213 + 229° + 4329% + 3527
+8x 4y + 5y® + 13y° + 23y* 4 29¢°
+23y? + 8y

1
66 (

L (¢ — 1)(t — 2)(2976915 — 242038t* + STTT3TE
—1760348t? + 2008308t — 1081080)

L (2t — 1)(992316 — 297691 + 419594 — 34303t
+17558t% — 5368t + 840)

(t—1)(t —2)(t> — 9t* + 36t> — 80t* + 101t — 59)

/7

2 + Tot + 923y + 1923 + 22293 + 142%y? + 3622y
+232% + x9°® + S8xy* + 252y + 462y? + 41ay
+102 + 37 + 5y8 + 14y° + 26y* + 3493
+28y2 + 10y



128

o (t) = h=(t —1)(2432(6 — 24161¢° + 110274¢* — 291001¢°

+472972t — 451140t + 195510)
@o (t) = =(2t — 1)(1216t° — 3648t° + 5176t — 4272
+2218t% — 690t + 105)
P(t)= (t—1)(t° — 1145 + 55t* — 159¢% + 282t% — 290t + 133)
Bo(t)= 1"
O (z,y) = 2°+ Tt + 8x3y + 2023 + 12222 + 3922y + 2522

vert6_19 +62y* + 242y3 + 52xy? + 462y + 112 + v + 59y°
+153° + 29y* + 40y3 + 32y* + 11y

o) = 155t —1)(t —2)(3059t* — 19992¢% + 52201¢>

—68268¢ + 41040)
0o () = (305018 — 917715 4 12560t4 — 9825¢3 + 472142
—1338¢ + 180)
)= (t—1)(t—2)t* — 7t +20t* — 29t + 19)
@ (t) = t°
S (z,y) 25 + 62* + 823y + 1323 + 22293 + 122212 + 2222y

vert6_i10 +1222 + 2y® + 6xy* + 1529 + 22292 + 182y
+4z + y° + 4y° + 8y* + 1133 + 10y* + 4y

o(t) = 55(t—1)(t—2)(1513t" — 9585t* + 26084¢>

—36258t + 22140)
2o (1) = -1 (302616 — 90785 + 12515t — 9900 + 47992
1362 + 180)
)= (t—1)(t—2)(t*— 7+ 211% — 32t + 21)
Do (t)= t°
P (x 25 + 62* + 83y + 1323 + 2279 + 112%y* + 232%y

vert6_ill +1222 + 2y® + Say* + 14ay® + 24xy? + 192y
+4z +1y° + 4y° + 9y* + 13y° + 11y* + 4y

= 2(t —1)(241° — 195t* + 715t — 1440¢% + 1622t — 816)

= g(zt —1)2(12t* — 24¢3 + 23t? — 11t + 3)

e (t)
©o ()
Pt)= (t—1)(t° —9t* + 36t> — 79¢* + 96t — 51)
@ (¢)
O (z,y) = 2°+ 62t + Tody + 1423 + 22%9° + 92%y? + 2322y
+152% + 29 + day* + 13293 + 24xy? + 24xy

= 6
vert6 112 +6a 4 y8 + 49° + 10y* + 1553 + 1592 + 6y
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p(t) = ah(t—1)(t —2)(5209t* — 39096t + 117500+

—173706t + 115560)
0o (1) = (520916 — 1562715 + 217451 — 1744563 + 868612
25681 + 360)
)= (t—1)(—2)(t* — 8t + 26t> — 42t + 30)
Bo(t) = ¢°
P (z,y) = 2°+ 62 + 623y + 152% + 9%y + 2422y + 1722 + 3y

vert6_il3 +14zy® + 27zy? + 27y + Tx + 3 + 5¢° + 1244
+18y3 + 17y% + Ty

e(t)= &t —1)(t—2)(t—3)(691t3 — 3210t2 + 5849t — 4320)

©o (1) = %(27641&6 — 8292t° + 11 545t* — 9270¢3 + 45912
—1338t + 180)
pt)= (@—1)(t—2)*t—3)(t*—3t+4)
Po(t)= t°
O (z,y) = 7+ 611+ 832 + 1313 + 26223 + 101222 + 241%2 + 12>

vert6 il4 +4t2Y + 14823 + 26122 + 20tz + 4t + 26 + 525
- +1523 + 1222 +112% + 42

o(t) = 555t —1)(t —2)(2651¢* — 1982413 4 594912

—88554t + 57240)
0o (1) = -L(265116 — 795315 + 11090t* — 8925¢% + 44392
1302t + 180)
)= (t—1)(—2)(t* — 8t + 26t* — 42t + 29)
Po(t)= ¢°
O (z,y) = 2°+62* + 723y + 1423 + 2%y + 92292 + 2422y + 1522

vert6_il5 +3zy* 4+ 13zy® + 27xy* + 252y + 62 + y° + 5y°
+12y* + 18y3 + 16y2 + 6y

@(t) = 5t —1)(t—2)(861t* — 6304¢® + 194414

—30594¢ + 20700)
@o (t) = 55(287t5 — 861> + 1205¢t* — 97513 + 4838¢*
—144¢ + 20)
)= (t—1)(—2)(t* — 8t + 27t* — 46t + 33)
Po(t)= ¢°
S (z,y) = 2°+ 62* + 62%y + 1523 + Ta?y? + 2622y + 1722

vert6_il6 +2xy* + 12293 + 302y? + 292y + Tw + 38
+59° + 13y + 21y + 199% + Ty



dy &2

— — N N

=235gd

Kz

o~~~
~+
— — N N

=356«

&
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£t —1)(t — 2)(643t* — 4677t> + 144231
—22557t + 15660)

5 (2572t5 — 7T716t° + 10 825¢* — 87904
+4423t% — 1314t + 180)

(t —1)(t —2)(t* — 813 4 27t* — 46t + 34)

t6

25 + 62% + 623y + 1523 + 223 + Tay? + 2422y
+1822 + 2zy* + 11ay3 + 28xy* + 30y + 8x
+4° + 5y° + 13y* + 219> + 20y + 8y

= (t — 1) (¢t — 2)(361¢3 — 1702t + 2777t — 1980)
(2t — 1)(361¢* — 722t* + 639¢* — 278t + 60)

(t—=1)(t—2)(t>-52+9t—7)
£
QJ

+ 5t 4 623y + 923 + 22 + 8a?y? + 1322y + T2
+2xyt + 8xy3 + 11zy? + 9zy + 22 + ¢° + 3y?
+4y® + 4y? + 2y

(t — 1)(t — 2)(35113 — 1592t + 2897t — 2160)
(2t — 1)(351t* — 7023 + 629¢? — 278t + 60)

(t 1)(t—2)*(t* — 3t +4)
t?

25 + bat + 623y + 922 + 223 + Tay? + 1422y + T2?
+2zy* + Tryd + 12292 + 10y + 22 + 9° + 3y*
+5y° + by* + 2y

L
30
Lo
60

& (t = 1)(t — 2)(618t> — 3491¢* + 7011¢ — 5580)
(2t —1)(309t* — 6183 + 571¢* — 262t + 60)
(t—1)(t —2)(t — 6t + 13t — 11)
£
ZL‘

Salle] lane

+ 5t + 5ady + 102 + 62%y? + 1522y + 922 + ay?
+7xy® + 1dzy? + 132y + 3x + 17 + 4yt + Ty
+7y% + 3y
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=(t —1)(t — 2)(98t* — 541t 4 1161t — 1020)
L (2t — 1)(49t* — 983 + 91¢2 — 42t + 10)

(1? 1)(t = 2)(* — 62 + 14¢ — 13)
1o

N N TN TN
S+~

25 + 5t + 43y + 1123 + 42%y? + 1622y + 1122
. +ay* + 62y + 152y% + 162y + 4o +1°
vert6 121 +4y* + 8y® + 9y + 4y

o

=356d s
S/\_/\_/\_/\_/
I I

o (t) = Z(t—1)(176t* — 1109¢° + 3101¢2

41941 + 2280)
po (t) = 12(2t — 1)(44¢2 — 44t + 15)(2t* — 2t + 1)
)= (t—1)* — 7t + 212 — 30t + 17)
Bo(t)= t°
O (z,y) = 2°+ 5zt + 623y + 92° + 2%y® + Tx%y? + 142?y

99 +722 + 2zy* + 62y3 + 132y* + 102y + 22

vert6
+4° 4+ 3y* + 6y° + 5y* + 2y

o(t) = gt —1)(t —2)(316t% — 1797¢
+3687t — 2700)
@o(t) = (2t — 1)(79¢* — 158t3 4 146t> — 67t + 15)
pt)= (=1~ 2)*(t* — 4t +5)
Po(t)= ¢t
O (z,y) = 2°+ bxt + 623y + 923 + 223 + 622y + 1522y
vert6 i23 +72% 4+ 2yt 4 62y3 + 1429y? + 11lay + 22

+y° + 4y + Ty + 67 + 2y

= L(t—1)(t—2)(153> — 836t + 1821t — 1485)
(2t — 1)(153t* — 306t + 2872 — 134t + 30)

(1) -
o (t) % -
()= (t—1)(t—2)*(t* -4t +6)
@ (1) t°
S (z,y) = 2°+ 52t + 523y + 1023 + 5y%2? + 1622y + 922
+ay* + 62y + 1529% + 1dyx + 32 +9°

vert6_i24 +Ay* + 8y + 8y? + 3y

—
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= (6 —1)(t —2)(98t* — 541¢* + 1161t — 1020)
= (2t — 1)(49t* — 983 + 9142 — 42t + 10)

)

) 10

)= (= 1)(t=2)(" ~ 6 + 14t~ 13)
)= 5

)

o
=356d s
NI

= 2% + 5zt + 5y + 1023 + 222 + 5a?y? + 1422y
+102? + zy* + bxy® + 13zy? + 152y + 4

vert6 125 P Ayt 4 8y + 02 + dy
= L(t—1)(t —2)(t - 3)(8Tt* — 313t + 440)
= (2t —1)(261¢* — 522¢3 4 499> — 238t + 60)

~

)
)
;z (t—1)(t —2)(t = 3)(t* — 4t +6)
t°
)= brt+ 323y + 1223 + 322y? + 1522y + 142% + 4oy
+152y% + 21ay + 62 + ¢ + 5yt + a® + 1193
vert6 126 +13y2 + 6y

o
=356d s
N I

) = =(t—1)(t —2)(136t* — 897¢* + 2207t — 1890)
) = (2t —1)(2t% — 2t + 1)(34¢? — 34t + 15)

)= (t—1)(t— 2 — 5t +8)
) t°
) 2

—

+ 5zt + 4ady + 1123 +2x2y2+18x y + 1122
' +4xy® + 18zy? + 18xy + 4x + y° + 5y
vert6_i27 +11y% + 11y? + 4y

o
=35 6d 6
NI

2(t—1)(t —2)(t — 3)(11¢* — 41t + 48)

1 (2t —1)(55¢4 — 110£* + 105¢2 — 50t + 12)

(t —1)(t—2)(t —3)(t* — 4t +5)

to

25 + 5zt + 53y + 1023 + 5z?y? + 1522y + 1022
+5x1° + 152y? + 162y + 42 + v° + 5y

vert6 128 +10y® + 10y? + 4y

o

=356d s
2 =EEEE
[ | 1

L(t — 1)(t — 2)(267t> — 17592 + 4274t — 3870)

(2t — 1)(89¢* — 178t% + 171t — 82t + 20)

(t 1)(t —2)(t3 — 7t* + 18t — 17)

o

25 + bt + 43y + 1123 + 32%y? + 1622y + 1222
+4zy® + 162y? + 192y + 5z + 3° + Syt + 1132

vert6 129 +1292 + 5y

o

=35ed s
L=EEEE
o 1



K7

=365 ¢

vert6

%

=236

vert6

2%

=235 s

vert6

X7

vert6

X7

vert6

130

i3l

i32

133

i34

Py Py

N N N TN

~+

— — N N

~+

— — N N

~+

— — — N

133

Z(t —1)(t — 2)(23t* — 41t + 36)
= (115t* — 230¢3 4 185¢t% — 70t + 12)
(t D)(t—2)(t? — 2t +2)

o
25 + 42t + 43y + 622 + 6222 + 622y + 422 + 4oy’
oy Ay +r+yt PP Py

Lt —1)(t —2)(49¢% — 135t + 126)

%(n2 — 8t + 3)(7t* — 6t + 2)

(t—1)(t —2)(t* — 3t + 3)

754

15+ Att + A3z 4 61° + 41222 + 8122 + 42 + 3t2°
+6t22 + 5tz +t+ 24 +223 + 222 4 2

Lt —1)(t — 2)(41¢2 — 151t + 180)

% (41¢* — 8213 + 73t2 — 32t + 6)

(t—1)(t —2)(t* — 4t + 5)

t4

5 4 4t + 2243 + 883 + 1222 + 10822 + Tt2 + 2t23
+8t2% + 9tz + 2t + 24 + 323 + 422 + 22

2(t — 1)(4t® — 18t% + 34t — 23)
(2t )2(2t2 —2t41)
(t— 1)( — 5t 4+ 10t — 7)
t4
5+ 4t + 432 + 613 + 3t22% + 922 + 4t + 3t
+6t22 + 6tz +t+ 2t +223 4322+ 2

S(t — 1)(t — 2)(87¢ — 337t 4 324)

1 (29¢* — 583 4 5112 — 22t + 4)

(t—1)(t-2)°

t4

10+ At + 4832 + 613 + 3t22% + 9?2 + 412 + 2t
+Tt2? + 6tz +t+ 2t + 3224+ 322 + 2
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23565 ¢

vert6

27

=236

vert6

7

=235 s

vert6

NI

=35gd

vert6

Vi

vert6

i35

136

37

|38

139

Py Py

N N N TN

P
~+~

— — N N

~+

— — N N

~+

— — N N

S+~

— — — N

$(t —1)(t — 2)(41¢* — 151¢ + 180)

G (412" — 821> + 731> — 32t 4 6)

( 1)(t—2)(t* — 4t +5)

t

15 4+ At + 332 + T3 + 26222 + 9122 + 612 + 2t23
+Tt22 + 8tz + 2t + 24 + 323 + 422 + 22

Lt —1)(t —2)(41¢? — 151t + 180)

% (41t* — 82t% 4- 73t — 32t 4 6)

(t—1)(t—2)(t* — 4t +5)

t4

5+ 4t* 4+ 332 4 T3 + 31222 + 8t2z + 62 4 2t 23
+6t22 + 8tz + 2t + 2 + 323 + 422 4+ 22

$(t —1)(t — 2)(18* — 86t + 117)

(3t — 3t +1)(2t> — 2t + 1)

(t—1)(t—2)(t*—5t+7)

t4

15 4 4t + 2132 + 813 + 1222 + 9242 4 812 + 23
+7t22 + 11tz + 3t + 2* + 423 + 622 + 32

S(t —1)(t — 2)(87t* — 337t + 324)
i (29t* — 5813 + 51¢2 — 22t + 4)
(t—1)(t—2)°
t4

2+ At + A3z + 613 + 3t222 + 922 4+ 412 + 2t23
Tt +6tz+t+ 24 +322+322 42

8(t — 1)*(t —2)(t — 3)
2t — 1)2(2t2 — 2t + 1)

(
(t—l) (t=2)(t=3)
4
(#°

+ 32+ Atz + 26+ 23 + 322+ 22) (P + t + 2)

134



7

vert6

N/

vert6

Kz

vert6

27

=3gd ¢

vert6

=

=356«

vert6

1§40

141

42

43

44

23563 =356

=365 ¢

o~~~
~+

~+

— — N N

o~~~
~+
— — N N

~+

o~~~
~+
— — N

Py
~+~
— — N N

S+~

o~~~

<

— — N N

1t —1)(t —2)(t —3)(19t — 36)
§ (19t — 38t3 + 35t% — 16t + 3)
( D)t —2)%(t-3)

tt

15+ 4t 4 332 + Tt3 + 222 + 10t%2 + 6t2
+123 + 8t22 + Otz + 2t + 2* + 423
+522 4+ 22

Lt —1)(t — 2)(41¢2 — 151t + 180)

% (41t* — 82t% 4- 73t — 32t 4 6)

(t—1)(t—2)(t* — 4t +5)

754

10 4+ At + 4132 + 613 + 1223 4 3222 4+ T2z
+5t2 + t23 + 5t2? 4 Ttz + 2t + 2*
+323 + 422 + 22

$(t —1)(t — 2)(18* — 86t + 117)

(3t2 — 3t +1)(2t*> — 2t + 1)

(t—=1)(t—=2)(t> =5t +7)

t4

15+ 4th + 332 4 T3 4 21222 + 8t%2 + T2
+t2% 4+ 6t2% + 10tz + 3t + 2% + 42°
+622 + 32

3(t —1)(t — 2)(7t? — 41t + 68)

1 (21¢* — 4263 4 39¢2 — 18t 4 4)

( 1)(t — 2)(t* — 6t + 10)

t

5 4+ At + 1083 + 922 + 1112 + 6t 22
+15tz 4+ 5t + 2* + 523 + 922 + 52

(t—1)(t —2)(t —3)(11t — 32)
(11¢* — 2263 + 2142 — 10t + 2)

1)(t = 2)(t = 3)?

15 4+ 4tt + 2632 + 813 + 9122 + 822 + Tt2?
+13tz + 4t + 24 + 523 + 92 + 4z

1
2
1
2
(t -
t4

135



7

=365 €

vert6

X%

=365 ¢

vert6
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Appendix B

Generating Functions for

Magic and Semi-magic 4-Squares

B.1 Magic 4-Squares by Cubical Count

If C4 (t) denotes the number of magic 4-squares with entries from {1,...,¢t — 1},

then the rational function representing ., Ca (t) 2* is equal to:

32 % (—3211412 % 2533 — 22967012 x 2"532 — 104775600 * 2531 — 373847822 x 2”530
—1144869440% 2529 — 3136121578+ 2" 528 — 7901527168 x 2~ 527 — 18619762038 * 2~ 526
— 41546594686 * 2" 525 — 88537605566 * 2" 524 — 181413153278 * 2523

— 359221699928 * 2”522 — 690247376746 * 2”521 — 1291297835284 * 2”520

— 2358435547724 * 2”519 — 4214900518578 * 2”518 — 7385192156126 * 2" 517
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— 12707649173790 * 2”516 — 21504095636652 * 2" 515 — 35831904242082 * 2”514

— 58855496590326 * 2”513 — 95387440225186 * 2”512 — 152670539252582 * 2”511

— 241496795397072 * 2”510 — 377796888291116 * 2" 509 — 584877918452952 * 2”508
— 896552696734208 * 2507 — 1361481148065544 * 2506 — 2049155528608666 * 2~ 505
—3058093029097068 * 2~ 504 — 4526983989296130 * 2~ 503 — 6649763574335616 * 2~ 502
—9695875402482962+ 2501 —14037353612738518* 2" 500 —20184830048584312+ 2~ 499
— 28835144860467476 * 2498 — 40933992358263550 * 2497

— 57757929238666274 * z"496 — 81021234544906546 * z~495

— 113014488272433334 * 2°494 — 156783498864264964 * 2" 493

— 216359293532185186 * 2" 492 — 297052519452340858 * z"491

— 405828705002158962 * z"490 — 551784706184811378 * 2" 489

— 746751208702864190 * z"488 — 1006051777296095894 * 2" 487

— 1349455508368078172 * 2~ 486 — 1802368381622834940 * 2”485

— 2397317753259009950 * 2”484 — 3175795777684842654 * 2483

— 4190540673645346596 * 2482 — 5508350549665954400 * z"481

— 7213542702924264986 * 2~ 480 — 9412193031132339410 * 2479

— 12237315102939312414 * 2”478 — 15855167938713805432 * 2~ 477

— 20472915216115033652 * 2476 — 26347898205187191382 x 2" 475

— 33798829683926195422 x 2474 — 43219268579127173110 x 27473

— 55093794375987974502 * 2" 472 — 70017369133197220242 x 2”471

— 88718452261785001248 * 2470 — 112086522344513662916 * 2~ 469

— 141204759931195962676 * 2~ 468 — 177388759384412426944 * 2z~ 467

— 222232264829418753260 * 2" 466 — 277661069795257729138 * 2”465

— 345996380085661666142 % z"464 — 430029120376469550834 * 2" 463

— 533106864230934040638 * z"462 — 659235291231257599226 * 2" 461

— 813196320157759094514 * z"460 — 1000685341289965604776 * 2~ 459

— 1228470269339691713122 * 2458 — 1504575470161683214318 * 2~ 457

— 1838493973317224549952 * 2456 — 2241431779048228750044 * 2~ 455

— 2726588494739390225854 * 2" 454 — 3309479004248581748614 * 2453

— 4008301374080093556430 * 2" 452 — 4844356746621403510236 * 2451

— 5842527550668936705026 * 2" 450 — 7031820988355200286098 * 2~ 449

— 8445985420557297717134 » 2" 448 — 10124207986966859515240 * 2447

— 12111902543962711314668 * z"446 — 14461597802395826367782 * 2" 445

— 17233936376004589194330 * 2z~ 444 — 20498796330874081388378 * 2" 443

— 24336547729960423124828 * 2442 — 28839457618217203017536 * 2" 441

— 34113257860540880895220 * 2" 440 — 40278891253419750343424 * 2" 439

— 47474452342698703701934 * 2”438 — 55857340424273288033102 * 2437
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— 65606643235401430775496 * z"436 — 76925770895326873343254 * 2" 435

— 90045360670466944067150 * 2434 — 105226474159361394435012 * 2" 433

— 122764109452227973433360 * z"432 — 142991051762020147400384 * 2431

— 166282086874582016988210 * z"430 — 193058602573255225612188 * z"429

— 223793603873358924945756 * 2" 428 — 259017168509458765774190 * 2~ 427

— 299322369556606759689496 * 2" 426 — 345371692398842796237404 * 2425

— 397903973374737749744378 x 2”424 — 457741887403129833415318 * 2~ 423

— 525800011599381259531454 * 2"422 — 603093491417085125423510 * 2421

— 690747335054752830933734 * 2z~ 420 — 790006360848359573870504 * z"419

— 90224582097622726 7578182 * 2" 418 — 1028982723144753823509126 * 2" 417

— 1171887869833807098783862 * 2”416 — 1332798632289320491039024 * 2415

— 15137324773573434710423970 * 2”414 — 1716901231770375910138532 * 2”413

— 1944726170698124602879690 * 2" 412 — 2199853801366722706544646 * 2" 411

— 24851724°72735618525727584 x 2" 410 — 2803829725256945433420336 * 2~ 409

— 3159250395013297418141982 * 2”408 — 3555155450200430545161444 * 2407

— 3995581535013418678079090 * 2" 406 — 4484901188936720326814708 * 2z~ 405

— 5027843701741562752397098 * 2" 404 — 5629516556463910087584864 * 2z~ 403

— 6295427403980569788578656 * 2" 402 — 7031506503867689748176044 x z"401

— 7844129556701654969766636 * z"400 — 8740140843241014111703762 * 2~ 399

— 9726876575673858768067974 x 2”398 — 10812188355771134135069520 * 2"~ 397

— 12004466623992738361067964 * 2" 396 — 13312663972845625433587466 * 2~ 395
— 14746318186704739118022106 * 2394 — 16315574859429626392023206 * 2~ 393

— 18031209430025441992901802 * 2”392 — 19904648465915791261478802 * 2" 391

— 21947990012666334234611362 * 2390 — 24174022818891151768420302 * 2~ 389
— 26596244235100283187465770 * 2”388 — 29228876576136670591130206 * 2z~ 387
— 32086881728072341768922336 * 2386 — 35185973772778994409970012 * 2" 385
— 38542629396276199395542000 * 2z~ 384 — 42174095841245197249390902 * 2" 383

— 46098396159140477929537566 * 2z~ 382 — 50334331514050548894968188 * 2" 381

— 54901480288152600473753672 * 2380 — 59820193738249126089210246 * 2~ 379
— 65111587953695360349847562 * 2378 — 70797531869059546010095240 * 2" 377
— 76900631089250647967798334 * 2”376 — 83444207291692204978604966 * 2~ 375
— 90452272978474594927623254 * 2”374 — 97949501362428058717909816 * 2" 373

— 105961191183685518088676886 * 2" 372 — 114513226268747457074182572 * 2z~ 371
— 123632029661174279172860450 * 2" 370 — 133344512173065690905912150 * 2" 369
— 143678015228180076408739458 * 2”368 — 154660247892200244690154162 * 2" 367
— 166319218011880920771701354 * 2" 366 — 178683157413967584214321634 * 2~ 365
— 191780441145341726230282416 * 2~ 364 — 205639500769223137036501010 * 2" 363
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— 220288731766796369912580944 * 2" 362 — 235756395130775213166696634 * 2~ 361
— 252070513275387663801407456 * 2360 — 269258760427556649023952982 * 2~ 359
— 287348347704738759102652022 * 2”358 — 306365903127523724593204364 * 2" 357
— 326337346857619276230408634 * 2z~ 356 — 347287761995871103189827840 * 2" 355
— 369241261318283094241899416 * 2~ 354 — 392220850372300463046233390 * 2" 353
— 416248287398547384571218070 * 2" 352 — 441343940586541646855370598 * 2" 351
— 467526643214159030669707706 * 2~ 350 — 494813547261648708130274656 * 2~ 349
— 523219976129200459657687692 * 2”348 — 552759277124394390401670098 * 2" 347
— 583442674419600430965609808 * 2" 346 — 615279123211610731437809838 * 2" 345
— 648275165843653584707008182 * 2" 344 — 682434790675651397495396842 * 2" 343
— 717759294509223524723971170 * 2" 342 — 754247149391835909895462812 * 2" 341
— 791893874636656945950523964 * 2~ 340 — 830691914903584416889543712 * 2”339
— 870630525189485112197153192 * 2" 338 — 911695663574594091125084832 * 2" 337
— 953869892564119826067932854 * 2" 336 — 997132289852229247902942468 * 2" 335
—1041458369316561258116000934 * 2~ 334 — 1086820013028260409420582524 * 2~ 333
—1133185415032015478021738110 * 2" 332 — 1180519037615946955628127968 * 2~ 331
— 1228781580749165839564415544 x 2”330 — 1277929965318839396603287270 * 2~ 329
— 1327917330745378044948724994 * 2" 328 — 1378693047497518432926953498 * 2~ 327
— 1430202744965332654008523346 * 2~ 326 — 1482388355082359241921679528 * 2~ 325
— 1535188172014821898026887692 * 2~ 324 — 1588536928160288261233554718 x 2~ 323
— 1642365886616797413372044900 * 2”322 — 1696602950200648440379502564 * 2~ 321
— 1751172787003342720817571608 * 2~ 320 — 1805996972389980021527426816 * 2z~ 319
—1860994147249340440746727480 * 2" 318 — 1916080192214468361028660786 * 2" 317
—1971168417478386046260979610 * 2" 316 — 2026169767737269263777776420 * 2z~ 315
—2080993041699535978583571630 * 2" 314 — 2135545125508614054349282058 * 2" 313
—2189731239336117168087957176 * 2~ 312 — 2243455196315644689896710172 x 2" 311
—2296619672901799425336053804 * 2" 310 — 2349126489659229072514348436 * 2~ 309
—2400876901408811973811673416 * 2" 308 — 2451771895587508465135164424 2~ 307
—2501712497611040177675505180 * 2" 306 — 2550600081969439268915036950 * 2~ 305
— 2598336687730652911798022434 x 2"~ 304 — 2644825337081783539440160260 * 2"~ 303
—2689970355497075814240573470 * 2~ 302 — 2733677692091381132017482434 x 2~ 301
— 2775855238693271470456586326 * 2~ 300 — 2816413146158135345516391436 * 2~ 299
— 2855264136434042442647463086 * 2298 — 2892323808896735403797118448 x 2297
—2927510939480208038332085406 * 2~ 296 — 2960747771150695590391093924 * 2”295
—2991960294299784128005419464 * 2294 — 3021078515671379973909992918 * 2" 293
—3048036714482559560941750540 * 2~ 292 — 3072773684454376585172606660 * 2~ 291
— 3095232960530483488587821942 x 2" 290 — 3115363029133351066912555206 * =~ 289
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—3133117520884757687317983702 * 2" 288 — 3148455384803384648865003100 * 2~ 287
— 3161341043082496830107481432 * 2”286 — 3171744525649023856503042712 * 2~ 285
— 3179641583806495030938023374 x 2" 284 — 3185013782372345925412147466 * 2~ 283
— 3187848569829648206520829536 * 2”282 — 3188139326128363165629282214 * 2" 281
— 3185885387886287949770252374 x 2z~ 280 — 3181092050858934401203569840 * 2279
— 3173770549665150401546972170 * 2" 278 — 3163938014875298459648089116 * 2~ 277
— 3151617407685766241141138522 x 2”276 — 3136837432521405162946311898 * 2" 275
—3119632428020751063622983796 * 2274 — 3100042236971469743612108158 * 2273
—3078112055870050223403404786 * 2”272 — 3053892264884238796722891330 * 2271
— 3027438239093842077918442724 x 2z~ 270 — 2998810141979245591789467350 * 2”269
—2968072702212211323975665698 * 2268 — 2935294974884183336753716844 * 2~ 267
—2900550088378524184014450506 * 2" 266 — 2863914978158817951212590452 * 2~ 265
— 2825470108800870666155382946 * 2264 — 2785299185645354292195789642 * 2”263
— 2743488857486637017686476956 * 2262 — 2700128411745308087316438548 * 2" 261
— 2655309463592909118655691590 * 2260 — 2609125640511560786352753210 * 2~ 259
— 2561672263774407486641653702 * 2”258 — 2513046028329269236817959702 * 2~ 257
— 2463344682553688449055197812 x 2256 — 2412666709328896541112614040 * 2”255
—2361111009849412319272892770 * 2" 254 — 2308776591548245188965444000 * 2~ 253
— 2255762261471526564566298610 * 2”252 — 2202166326385057449274646564 * 2" 251
— 2148086300835447066733160308 * 2250 — 2093618624324433017599020040 * 2249
— 2038858388683504545684609580 * 2”248 — 1983899076661263386418698800 * 2247
— 1928832312655100480244515452 x 2”246 — 1873747626435845335335513890 * 2~ 245
— 1818732230626251226261383326 * 2244 — 1763870812605532203251113030 * 2" 243
—1709245341419985481210112534 2”242 — 1654934890187925781319571372 x 2241
—1601015474393151342107476118 * 2”240 — 1547559906368736004641274882 * 2" 239
— 1494637666179610684721443978 x 2~ 238 — 1442314789021793324585270478 x 2z~ 237
— 1390653769165832840021104160 * 2" 236 — 1339713480385516228532223390 * 2" 235
— 1289549112727788787412879234 x 2”234 — 1240212125399441538298537390 * 2233
—1191750215468110776198 787188 x 2232 — 1144207302002606978860711610 * 2" 231
—1097623525208260950888176482 * 2”230 — 1052035260049739752990894494 * 2" 229
—1007475143794387010282237950 * 2" 228 — 963972116856274255557958212 * 2227
— 921551476272577718296865092 * 2226 — 880234941102107593271273744 * 2”225

— 840040728998601216537081312 * 2224 — 800983643181036341871620558 * 2223

— 763075168997535580006695662 * 2222 — 726323579260512245936569578 * 2221

— 690734047516387880090006884 * 2220 — 656308768405401351473683040 * 2”219

— 623047084263598208532251322 * 2”218 — 590945617121771409538633918 * 2" 217

— 559998405262831036315244638 * 2" 216 — 530197043511384693729708466 * 2" 215
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— 501530826445172074710272788 * 2" 214 — 473986893738843827119010304 * z"213
— 447550376874425968910814274 * 2" 212 — 422204546480962733195456486 * 2" 211
— 3979309595963 71958125153700 * 2" 210 — 374709606178658593526210712 * 2" 209
— 352519054229481811822508604 * 2208 — 331336592931740239904936956 * 2" 207
— 311138373242584450767096438 * 2" 206 — 291899545425081527217465686 * 2z~ 205
— 273594393043995987301253402 * 2" 204 — 256196462994738745337526706 * =~ 203
— 239678691177926720941032696 * 2~ 202 — 224013523476055453432699538 * 2201
—209173031732079292016755748 * 2" 200 — 195129024473035712323347716 * 2”199
— 181853152163917107910546992 * 2" 198 — 169317006818563629893735114 * 2”197
— 157492215834212260188055146 * 2" 196 — 146350529955237698670380774 * 2" 195
— 135863905308460472775649220 * 2" 194 — 126004579487898782592073334 * 2" 193
— 116745141700014349807889786 * 2" 192 — 108058597012049255806680428 * 2" 191
—99918424775088922845050994 * 2190 — 92298631320697229206404418 * 2" 189

— 85173797054573883019129624 * 2188 — 78519118093344740954484806 * =z~ 187
— 72310442610629325896756560 * 2186 — 66524302076581286435679496 * 2" 185

— 61137937590572307225565912 * 2”184 — 56129321520213628426630074 * 2" 183

— 51477174670968174679572096 * 2”182 — 47160979219804796503098450 * 2" 181

— 43160987653243289542923262 * 2" 180 — 39458227955315747752375246 * 2" 179

— 36034505294049651488612172 * 2178 — 32872400456616051906428328 * 2" 177
— 29955265282961370596476690 * 2" 176 — 27267215346080387445107096 * 2" 175

— 24793120123817769148019204 x 2" 174 — 22518590902701863008209562 * 2" 173

— 20429966648584346585988080 * 2z 172 — 18514298072245650985284238 * 2" 171

— 16759330110428781634220708 * 2170 — 15153483034411658328204598 * 2" 169

— 13685832389046960611904944 x 2”168 — 12346087955581432950277948 * 2" 167

— 11124571921361308910361012 * 2166 — 10012196429093450787726008 * 2" 165

— 9000440667526889806592810 * 2" 164 — 8081327654566947525774380 * 2" 163

— 7247400852810261925923408 * 2”162 — 6491700746578429251315660 * 2" 161

— 5807741498615979410219636 * 2~ 160 — 5189487793955074391948514 * 2" 159
—4631331967926727248350952 * 2”158 — 4128071505133548339434230 * 2" 157

— 3674886986289031942779688 * 2”156 — 3267320550359265962878694 * 2”155

— 2901254930315409990899416 * 2" 154 — 2572893112176706182461858 * 2" 153

— 2278738658797943061942806 * 2" 152 — 2015576732163370003335078 * 2" 151

— 1780455840697606482093182 * 2”150 — 1570670331400790239126376 * 2~ 149

— 1383743640369401167828590 * 2" 148 — 1217412309562803950958734 * 2" 147

— 1069610772430959596792318 * 2”146 — 938456906299840187512878 * 2" 145

— 822238345133675096923994 x 2" 144 — 719399542510735540556174 * 2" 143

— 628529571281673408999242 * 2" 142 — 548350643467046108719428 * 2" 141
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—477707331417726229439744 * 2" 140 — 415556469138409124176644 * 2" 139
— 360957710889384941168938 * 2" 138 — 313064722756656134677180 * 2" 137
— 271116981749573325843864 * 2”136 — 234432156163347116765338 * 2" 135
— 202399040370795865702644 * 2z~ 134 — 174471016893439104837494 % 2" 133
— 150160018491948831770574 * 2”132 — 129030963116345548946490 * 2" 131
— 110696634818315883615212 * 2”130 — 94812984155477410421466 * 2129
— 81074822167150321309110 * 2" 128 — 69211882675492830219110 * 2127
— 58985228427066867071020 * 2" 126 — 50183977439441444178928 * 2" 125

— 42622326822933499147140 * 2”124 — 36136852310112683874344 * 2" 123

— 30584062717822694100570 * 2" 122 — 25838189589310454797082 * 2" 121

— 21789193294730304829894 * 2120 — 18340967908182589631140 * 2”119

— 15409728209813410208564 * z" 118 — 12922563184118708864768 * 2”117
— 10816141385406404159482 * 2”116 — 9035554520590064747214 * 2”115

— 7533286546292517687188 * 2”114 — 6268296494269398625702 * 2113

— 5205204117379859381400 * 2”112 — 4313568290744970730070 * 2" 111

— 3567248902656294135248 * 2”110 — 2943843730524113553928 * 2”109

— 2424192513950895159168 * 2" 108 — 1991941113367029813948 * 2" 107

— 1633159275421131487720 * 2" 106 — 1336006119053286597352 * 2" 105

— 1090438007000685282944 * 2”104 — 887953979965695547732 * 2" 103

— 721374403888220716838 * 27102 — 584648918196119558960 * 2" 101

— 472690174352290447402 * 2" 100 — 381230222808323675050 * z"99

— 306696742919568988896 * 298 — 246106617599235391224 * 2" 97

— 196974633141978743988 * 2”96 — 157235337606243453074 * 2”95

— 125176319272164886052 * 2" 94 — 99381372591287871726 * 2”93

— 78682203684662089358 * 292 — 62117493146580777318 * 2" 91

— 48898281669463289986 * 290 — 38378775856998603192 * 2”89

— 30031788507696857718 * 2" 88 — 23428131390462877854 2”87

— 18219370003452088178 * 2”86 — 14123430509517277590 * 2”85
—10912619794856484278 * 2”84 — 8403681666039981616 * 2z~ 83

— 6449566305383314604 * 2”82 — 4932637294932409850 * 2" 81

— 3759081415387334136 * 2”80 — 2854321887796611106 * 2" 79

— 2159266275429996356 * 2~ 78 — 1627246595991742986 * 2" 77

— 1221531742465894446 * 2”76 — 913311629033485486 * 2”75

— 680068917766504902 * 2" 74 — 504268179040094644 * 2”73

— 372304174185190020 * 2" 72 — 273660962367676014 * 2”71
—200241945343073990 * 2" 70 — 145838033947301464 * 2”69
—105707019300090162* 2" 68 — 7624215670341 7768 * 2~ 67 — 54712050730032728 * 2~ 66
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—39057313000479050 * 265 — 27732246752986190 * 2~ 64 — 19582102627151858 * 2~ 63
— 13748319710478410 * 2”62 — 9595693234501556 * 2”61 — 6656647283453344 * 2z~ 60
— 4588793496946524 * 2”59 — 3142762079855868 * 2”58 — 2137938856055428 * 2”57
— 1444257636798088 * 2”56 — 968608085175728 * 2" 55 — 644743482283738 * 2" H4

— 425828902657602 * 2”53 — 278970444306112 * 2”52 — 181222746475682 * 2”51

— 116693152304692 * 2" 50 — 74454694216124 * 249 — 47051865906236 * 248

— 29438157506462 * z"47 — 18225938613006 * 2”46 — 11160798204014 * 2" 45

— 6755997820380 * 2" 44 — 4040320464406 * 2" 43 — 2385587358652 * 2”42

— 1389711553854 * z 41 — 798128367696 * 2z~ 40 — 451520550514 * 2" 39
—251386284678* 2" 38 —137602979952% 2" 37—73969612222x 2" 36 —39001695498x 2~ 35
— 20142939414 * 2”34 — 10174367958 * 2~ 33 — 5017538502 * 232 — 2411195934 * 2" 31
— 1126615868 * 2" 30 — 510542752 * 2" 29 — 223736200 * 2" 28 — 94498774 x 2" 27

— 38313008 * 2726 — 14839024 x 2”25 — 5456530 * 2" 24 — 1890252 * 223 — 609864 * 2" 22
—180436%2"21—47636%2"20—10808%2"19—1906% 2" 18 —220%2"17) /(2" 533+5%2"532
+ 18 % 27531 + 52 * 27530 4 133 * 27529 4 308 * 2" 528 4 666 * 2" 527 + 1358 * 27526
+2644 * 27525 + 4944 x 27524 4 8937 * 27523 + 15674 * 2”522 4 26777 x 2”521

+ 44670 * 27520 + 72955 * 27519 + 116858 * 2”518 + 183908 * 2”517 + 284748 + 2”516
+434315% 275154653248 % 2" 5144969859 * 2" 513 + 1422483 % 2" 512+ 2062659 * 2" 511
+ 2958906 * 2”510 + 4201700 * 2”509 4 5909341 * 2" 508 4 8235506 * 2”507

+ 11378092 * 2”506 + 15590359 * 2”505 4 21193871 * 2" 504 + 28594504 * 2" 503

+ 38300869 * z"502 + 50946713 * 2”501 4 67316465 * 2" 500 + 88375798 * z"499

+ 115306141 * z"498 + 149545350 * 2"497 4 192833153 * 27496 + 247263925 * 2" 495
+ 315345013 * 27494 + 400063487 * 2"493 4 504959034 * 2”492 4 634206177 * 2" 491
+ 792702882 * 27490 4 986168993 * 2489 4 1221250765 * 2" 488 + 1505635103 * 2487
+ 1848168812 % 2”486 + 2258986559 * 2" 485 42749641679 * 2~ 484 + 3333243516 * 2483
+4024594082 * 2" 482 44840327582 x 2" 481 + 5799044055 * 2~ 480 4- 6921440448 x 2~ 479
+ 8230428658 * 2478 4 9751243544 * 2”477 + 11511528631 * 2" 476

+ 13541402129 * 2°475 + 15873489130 * 2”474 4 18542922264 2" 473

+ 21587294847 x 2”472 4 25046568567 * 2z~ 471 + 28962918101 * 2”470

+ 33380514671 * 27469 + 38345229613 * 2”468 + 43904260295 * 2" 467

+ 50105658613 * 27466 + 56997765222 * 2~ 465 4 64628529581 * 2464

+ 73044720422 * 27463 + 82291007438 * 2”462 + 92408921065 * z"461

+ 103435672903 * 2"460 + 115402846838 * 2" 459 + 128334946377 * 2z~ 458

+ 142247812448 x 27457 + 157146901451 * 2"456 + 173025443062 * 2" 455

+ 189862473194 * 2”454 + 207620767864 * 2z~ 453 + 226244680305 * z~452

+ 245657914173 * 27451 + 265761243272 x 2" 450 + 286430218356 * 2449

+ 307512880394 * 2" 448 + 328827528777 * 2~ 447 + 350160573293 * =z~ 446



+ 371264525974 * 2" 445 + 391856171007 * 2" 444 + 411614975496 * 2443

+ 430181787910 * 27442 + 447157891982 * 2" 441 + 462104470030 * 2440

+ 474542545920 * 2”439 + 483953466425 * 2”438 + 489779990225 * 2" 437

+ 491428044893 * 2" 436 + 488269215832 * 2"435 + 479644025038 * 2434

+ 464866053306 * 2" 433 + 443226956495 * 2" 432 + 414002413357 * 2" 431

+ 376459042988 * 2”430 + 329862307119 * 2" 429 + 273485417096 * 2~ 428

+ 206619232245 * 2”427 + 128583145669 * 2" 426 + 38736909621 * 2425

— 63506632387 * 27424 — 178667994435 * 2”423 — 307186743989 * 2" 422

— 449406576180 * 2”421 — 605559868520 * 2420 — 775751893819 * 2419

— 959944830079 * 2”418 — 1157941791469 * 2”417 — 1369371054580 * z"416

— 1593670747777 * 2"415 — 1830074209074 * 2" 414 — 2077596318529 * 2" 413

— 2335021034496 * z"412 — 2600890469090 * z"411 — 2873495745761 * 2" 410

— 3150869991488 * z"409 — 3430783706539 * 2z~ 408 — 3710742866264 * 2~407

— 3987989981488 * 2406 — 4259508455919 * z"405 — 4522030432169 * 2~ 404

— 4772048428533 * 2403 — 5005830902949 * z"402 — 5219441988709 * 2" 401

— 5408765462309 * z"400 — 5569533108918 * 2" 399 — 5697357449768 * 2~ 398

— D78T768897384 * 2" 397 — 5836257188749 » 2" 396 — 5838317045030 * 2" 395

— 5789497778999 * 2394 — 5685456667716 * 2~ 393 — 5522015673005 * 2~ 392

— 5295221187878 x 2”391 — 5001406249447 * 2z~ 390 — 4637254755722 x 2" 389

— 4199866988924 * 2”388 — 3686825848467 * 2" 387 — 3096262971075 * 2~ 386

— 2426924022082 * 2”385 — 1678232231929 * 2" 384 — 850349367171 * 2" 383

+ 55766862682 * 2”382 + 1038309834735 * 2~ 381 + 2094576510458 * 2z~ 380

+ 3220926294142 x 2”379 4 4412747269792 * 2" 378 + 5664430680990 * 2~ 377

+ 6969354604379 * 2376 + 8319877600188 * 2" 375 + 9707343166429 * 2~ 374

+ 11122095643539 * 2~ 373 4 12553508214204 * 2”372 + 13990023453273 * 2" 371
+ 15419206834890 * 2" 370 + 16827813408464 * 2”369 + 18201867762680 * 2~ 368
+19526757201631 * 2" 367 4 20787337923112 * 2" 366 + 21968053801836 * 2z~ 365
+ 23053067209599 * 2”364 + 24026401133889 * 2”363 + 24872091655426 * 2z~ 362
+ 25574349701448 * 2”361 4 26117730768117 * 2" 360 + 26487311199329 * 2”359
+ 26668869372214 * 2”358 4 26649070082158 * 2”357 + 26415650178927 * 2”356
+ 25957603507419 * 2”355 + 25265362970430 * 2" 354 + 24330977601983 * 2" 353
+ 23148282317481 * 2”352 4 21713058155702 * 2" 351 + 20023180626772 * 2z~ 350
+ 18078754012784 * 2”349 + 15882229294162 * 2" 348 4 13438503694706 * 2~ 347
+ 10754999695569 * 2346 + 7841721776045 * 2" 345 + 4711289028271 * 2" 344
+ 1378942285219 * 2”343 — 2137475679262 x 2~ 342 — 5817567749355 * 2”341

— 9638458791509 * 2”340 — 13574900992399 * 2" 339 — 17599408536785 * 2" 338
— 21682421259654 * 2" 337 — 25792496937358 * 2”336 — 29896531153626 * 2~ 335
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— 33960003711805 * 2”334 — 37947249817939 * 2" 333 — 41821754313791 * 2~ 332
— 45546466495415 * 2" 331 — 49084133140918 * 2”330 — 52397646652482 * 2" 329
— 55450405354014 * 2" 328 — 58206682313551 * 2”327 — 60631999257413 * 2~ 326
— 62693501537743 * 2”325 — 64360330385659 * 2”324 — 65603988161712 * 2" 323
— 66398692667235 * 2322 — 66721716159094 * 2”321 — 66553705147937 * 2~ 320
— 65878976749440 * 2" 319 — 64685787881194 * 2" 318 — 62966573403643 * 2" 317
— 60718149907617 * 2”316 — 57941881773826 * 2" 315 — 54643806804689 * =z~ 314
— 50834718764631 * 2z~ 313 — 46530204895683 * 2" 312 — 41750636614156 * 2" 311
— 36521112361224 * 2" 310 — 30871351807812 x 2”309 — 24835541393796 * 2" 308
— 18452131479592 * 2”307 — 11763586153451 * 2”306 — 4816087084617 * 2305
+ 2340806464985 * 2”304 + 9654538985986 * 2303 4 17069978288905 * 2~ 302

+ 24529869785753 * 2" 301 + 31975321428742 x 2”300 + 39346314898580 * 2299
+ 46582238212434 * 2" 298 + 53622434615627 * 2”297 + 60406762348574 * 2~ 296
+ 66876159636683 * 2z~ 295 4 72973209146204 * 2”294 + 78642695981398 * 2293
+ 83832153373069 * 2292 4 88492390125590 * 2”291 + 92577994148974 * 2~ 290
+ 96047806406460 * 2”289 + 98865360050337 * 2" 288 + 100999279605798 * =z~ 287
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+ 102423635678086 * 2" 286 + 103118250818462 * 2”285 + 103068952956973 * 2284

+ 102267773027396 * 2”283 4+ 100713084316416 * 2282 + 98409681322938 * 228
+ 95368796925851 * 2280 + 91608056924151 * 2”279 + 87151372099146 * 2”278
+ 82028768198241 * 2277 4 76276155363889 * 2”276 + 69935038736925 * 2275
+ 63052173089466 * 2274 + 55679164476130 * 2”273 + 47872022984707 x 2”272
+39690670702990 * 2" 271 4 31198410044027 * 2”270 + 22461357487590 * 2”269
+ 13547848724938 x 2268 + 4527820972324 » 2" 267 — 4527820972324 x 2~ 266

— 13547848724938 * 2265 — 22461357487590 * 2”264 — 31198410044027 * 2”263
—39690670702990 * 2262 — 47872022984707 * 2”261 — 55679164476130 * 2" 260
— 63052173089466 * 2”259 — 69935038736925 * 2”258 — 76276155363889 * 2~ 257
— 82028768198241 * z"256 — 87151372099146 * 2" 255 — 91608056924151 * 2”254
— 95368796925851 * 2" 253 — 98409681322938 * 2”252 — 100713084316416 * 2" 251

1

— 102267773027396 * 2”250 — 103068952956973 * 2~ 249 — 103118250818462 * =z~ 248
— 102423635678086 * 2~ 247 — 100999279605798 * 2246 — 98865360050337 * 2" 245

—96047806406460 * 2z~ 244 — 92577994148974 x 2”243 — 88492390125590 * 2" 242
— 83832153373069 * 2241 — 78642695981398 * 2" 240 — 72973209146204 * 2”239
— 66876159636683 * 2" 238 — 60406762348574 * 2”237 — 53622434615627 * 2236
— 46582238212434 * 2”235 — 39346314898580 * 2”234 — 31975321428742 x 2233
—24529869785753 * 2”232 — 17069978288905 * 2" 231 — 9654538985986 * 2230

— 2340806464985 * 2”229 4 4816087084617 * 2228 4+ 11763586153451 * 2" 227

+ 18452131479592 2”226 + 24835541393796 * 2" 225 + 30871351807812 * 2”224



+36521112361224 * 27223 4 41750636614156 * 2" 222 + 46530204895683 * 2”221
+ 50834718764631 * 2z~ 220 + 54643806804689 * 2”219 + 57941881773826 * 2”218
+ 60718149907617 * 2" 217 4 62966573403643 * 2”216 + 64685787881194 * 2”215
+ 65878976749440 * 2" 214 4 66553705147937 * 2”213 4+ 66721716159094 * 2" 212
+ 66398692667235 * 2”211 4 65603988161712 * 2”210 + 64360330385659 * 2209
+ 62693501537743 * 2" 208 4+ 60631999257413 * 2”207 + 58206682313551 * 2~ 206
+ 55450405354014 * 27205 + 52397646652482 * 2" 204 + 49084133140918 * 2”203
+ 45546466495415 * 2" 202 + 41821754313791 * 2" 201 + 37947249817939 * 2”200
+ 33960003 711805 * 2”199 4 29896531153626 * 2" 198 + 25792496937358 * 2" 197
+ 21682421259654 * 2" 196 + 17599408536785 * 2”195 4 13574900992399 * 2" 194
+ 9638458791509 * 27193 + 5817567749355 * 2" 192 + 2137475679262 x 2" 191

— 1378942285219 * 27190 — 4711289028271 » 2" 189 — 7841721776045 * 2" 188

— 10754999695569 * 2" 187 — 13438503694706 * 2~ 186 — 15882229294162 * 2" 185
— 18078754012784 x 2" 184 — 20023180626772 * 2”183 — 21713058155702 * 2" 182
— 23148282317481 * 27181 — 24330977601983 * 2”180 — 25265362970430 * 2" 179
— 25957603507419 * 27178 — 26415650178927 * 2”177 — 26649070082158 * 2" 176
— 26668869372214 * 2”175 — 26487311199329 * 2”174 — 26117730768117 » 2”173
— 25574349701448 * 27172 — 24872091655426 * 2”171 — 24026401133889 * 2" 170
— 23053067209599 * 2”169 — 21968053801836 * 2z~ 168 — 20787337923112 * 2" 167
—19526757201631 * 27166 — 18201867762680 * 2165 — 16827813408464 * 2" 164
— 15419206834890 * 2" 163 — 13990023453273 * 2" 162 — 12553508214204 * 2" 161
— 11122095643539 * 2" 160 — 9707343166429 * 2" 159 — 8319877600188 * 2~ 158

— 6969354604379 * 2”157 — 5664430680990 * 2" 156 — 4412747269792 * 2”155

— 3220926294142 * 2”154 — 2094576510458 * 2" 153 — 1038309834735 * 2”152

— 55766862682 * 2”151 4 850349367171 * 27150 4 1678232231929 * 2" 149

+ 2426924022082 * 2”148 4 3096262971075 * 2" 147 4 3686825848467 * z" 146

+ 4199866988924 * 2" 145 + 4637254755722 * 2”144 4 5001406249447 * 2" 143

+ 5295221187878 * 2142 + 5522015673005 * 2" 141 + 5685456667716 * 2~ 140

+ 5789497778999 * 2" 139 + 5838317045030 * 2" 138 + 5836257188749 » 2" 137

+ 5787768897384 * 27136 + 5697357449768 * 2" 135 + 5569533108918 * 2" 134

+ 5408765462309 * 2" 133 4 5219441988709 * 2" 132 + 5005830902949 * 2" 131

+ 4772048428533 * 2”130 + 4522030432169 * 2”129 4 4259508455919 * 2" 128

+ 3987989981488 * 2127 4 3710742866264 * 2" 126 + 3430783706539 * 2" 125

+ 3150869991488 * 2124 + 2873495745761 * 2~ 123 4 2600890469090 * 2z~ 122

+ 2335021034496 * 2" 121 + 2077596318529 * 2" 120 + 1830074209074 * z"119

+ 1593670747777 * 2”118 4 1369371054580 * 2" 117 4 1157941791469 * 2" 116

+ 959944830079 * 2”115 + 775751893819 * 2”114 + 605559868520 * 2”113

150



151

+ 449406576180 * 2”112 + 307186743989 * 2111 + 178667994435 * 2110

+ 63506632387 * 2" 109 — 38736909621 * 2" 108 — 128583145669 * 2" 107

— 206619232245 * 27106 — 273485417096 * 2" 105 — 329862307119 x 2”104

— 376459042988 * 2”103 — 414002413357 * 2”102 — 443226956495 * 2~ 101

— 464866053306 * 2" 100 — 479644025038 * 2" 99 — 488269215832 * 298

— 491428044893 * 2”97 — 489779990225 * 296 — 483953466425 * 295

— 474542545920 * 2”94 — 462104470030 * 293 — 447157891982 * 292

— 430181787910 % 2"91 — 411614975496 * 2790 — 391856171007 * 2" 89

— 371264525974 * 2”88 — 350160573293 * 2”87 — 328827528777 * 2”86

— 307512880394 * 2”85 — 286430218356 * 2”84 — 265761243272 x 2”83

— 245657914173 % 2”82 — 226244680305 * 281 — 207620767864 * 2" 80

— 189862473194 * 2”79 — 173025443062 * 278 — 157146901451 x 2" 77

— 142247812448 % 2”76 — 128334946377 x 2”75 — 115402846838 * 2" 74
—103435672903 2~ 73 — 92408921065 % 2~ 72 — 82291007438 2" 71 — 73044720422 % 2" 70
— 64628529581 % 2769 — 56997765222 * 2" 68 — 50105658613 % 2~ 67 — 43904260295 * 266
— 38345229613 % 2" 65 — 33380514671 % 2" 64 — 28962918101 * 2" 63 — 25046568567 * 2~ 62
— 21587294847+ 2" 61 — 18542922264 % 2~ 60 — 15873489130 2" 59 — 13541402129 % 2" 58
— 11511528631 * 257 — 9751243544 % 2”56 — 8230428658 * 255 — 6921440448 * 2”54
— 5799044055 * 2" 53 — 4840327582 * 2" 52 — 4024594082 * 2”51 — 3333243516 * 250
— 2749641679 * 2749 — 2258986559 * z 48 — 1848168812 x z"47 — 1505635103 * 246
— 1221250765 * 245 — 986168993 x z 44 — 792702882 x 2" 43 — 634206177 * 2" 42

— 504959034 * 2”41 — 400063487 * 2”40 — 315345013 * 2”39 — 247263925 * 2" 38

— 192833153 * 2737 — 149545350 * 2”36 — 115306141 * 2”35 — 88375798 * 2" 34
—67316465%2"33—50946713x2"32—38300869*2 " 31 —28594504 2" 30—21193871x2"29
— 15590359 % 2" 28 — 11378092 % 2”27 — 8235506 % 2~ 26 — 5909341 x 2" 25 — 4201700 % 224
— 2958906 * 2723 — 2062659 * 2”22 — 1422483 x 2”21 — 969859 * 2”20 — 653248 x 2" 19
—434315%2" 18—284748+2"17—183908% 2" 16—116858+2"15—72955%2"14—44670%2"13
—26777%2"12—15674%2"11—8937x2"10—4944% 2" 9—2644%2"8—1358%2"7—666+2"6
—308% 25 —133%2"4—52%2"3—18%2"2 -5z —1)
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B.2 Semi-magic 4-Squares by Cubical Count

If C4 (t) denotes the number of semi-magic 4-squares with positive integer entries

and magic sum ¢, then the rational function representing >, Cs (t) 2! is equal to:

1152 % (16972282 % 27922 + 55124778 * 2" 921 + 166705790 * z~920 + 437085856 * 2" 919
+1054348331 %2918 42363737841 x 2" 917+ 5064279895 * 2" 916 +10330051348 x 2" 915
+ 20412253522 * 27914 + 39041718921 * 27913 + 72747908235 * 2" 912

+ 132295144958 * 2911 + 235664106083 * 2”910 + 411629001532 * 2~909

+ 706770208247 * 27908 + 1194069382853 * 2907 4 1988094683408 * 2" 906

+ 3265015714926 * 2905 + 5294895029565 * 2" 904 4 8485075997131 * 2" 903

+ 13447856082060 * 2" 902 + 21091158039468 * 2" 901 + 32755180995955 * 2z~ 900

+ 50397359710190 * 2"899 + 76861431919270 * 2”898 + 116241804879895 * 2" 897

+ 174403251965812 * 2”896 + 259680199626831 * =895 + 383856332150701 * 2894
+ 563477923125808 * 2”893 4 821662320157825 * 2" 892 + 1190509502966889 * 2" 891
+1714380261192333 * 2890 +- 2454236629778009 * 2~ 889 + 3493474037355803 * 2" 888
+4945596408102206 * 2z~ 887 + 6964415549935697 * 2~ 886 + 97573884 78434136 * 2~ 885
+ 13603177140733934 * 2”884 + 18874456413827336 * 2”883

+ 26067686820578904 * 2”882 + 35841545745093616 * 2”881

+ 49066688635370729 * 2”880 + 66889592215144776 * 2”879

+ 90814616335047192 * 2”878 + 122808653495982359 * 2”877

+ 165434726775022715 * 2876 + 222021388827652846 * 2875

+ 296877580808384328 * 2" 874 + 395563568729234845 * 2" 873

+ 525232520679570807 * 2872 4 695058925065073446 * 2" 871
+916775638352767914 * 2" 870 + 1205344023311506094 * 2" 869

+ 1579789446186680112 * 2" 868 + 2064238694887073477 * 2”867
+2689206741510197473 * 2~ 866 + 3493186875549728284 * 2~ 865

+ 4524613378805835024 * 2" 864 4 5844275842127668305 * 2”863

+ 7528285138437942816 * 2" 862 4 9671705855809267724 * 2”861

+ 12392998731526503945 * 2”860 + 15839438168105133769 * 2859
+20193709357768341027 * 2" 858 + 25681920474354788287 x 2”857

+ 32583319121009204491 * 2”856 + 41242046287871144659 * 2~ 855

+ 52081333869699679430 * 2”854 + 65620613686901290731 * 2" 853

+ 82496104318096817745 * 2”852 + 103485528065993266624 * 2" 851

+ 129537742416334325840 * 2”850 + 161808189056212986009 * z"849



+ 201701239803866979419 * 2~ 848 + 250920680957541578800 * 2~ 847

+ 311529812073380221827 * 2" 846 + 386022854815889364476 * 2~ 845

+ 477409677635815279526 * 2z~ 844 + 589316137628837240946 * 2" 843

+ 726102748873106244280 * 2z~ 842 + 893004781178651125756 * 2z~ 841

+ 1096297427629229676823 * 2~ 840 + 1343490202372775246628 * 2z~ 839

+ 1643555426493339151313 * 2”838 + 2007196349108290255981 * 2”837

+ 2447161353605930328898 * 2" 836 + 2978611601155298140216 * 2835

+ 3619550628962220657758 * 2834 + 4391325594220884607251 * 2”833

+ 5319211351383033921408 * 2”832 + 6433090068456064644067 * 2z~ 831

+ 7768241000902122662838 * 2" 830 + 9366256993985069140558 * 2" 829

+ 11276106718686618881223 * 2”828 4- 13555364142804428173461 * 2" 827

+ 16271629821858549469675 * 2~ 826 4 19504171770844274084702 * 2" 825

+ 23345817564356033121171 * 2~ 824 4 27905133332512721049870 * 2" 823

+ 33308930198662459971910 * 2822 4 39705143765993941426118 * 2" 821

+ 47266138356225374444430 * 2”820 + 56192494045543446829968 * 2" 819
+66717342126356713973990 * 2”818 4 79111322531386330157715 * 2" 817

+ 93688246150991548375261 * 2”816 4 110811554787885795204473 * 2”815

+ 13090168308069724 7375029 * 2" 814 + 154444438850860286999844 * z" 813

+ 182000532558145563110109 * 2" 812 4 214216401457728278471691 * 2”811

+ 251836491458050976191612 * 2”810 + 295717177927646634 734481 * 2~ 809

+ 346842527900597683040462 * 2" 808 + 406342128373659733742807 * 2807
+475511231105173237254623 * 2”806 + 555833491319861747879902 * 2”805

+ 649006608794045354963456 * 2" 804 + 756971212413903617191463 * 2803

+ 881943366685566032892497 * 2”802 4 1026451117926899179509703 * 2" 801

+ 1193375542675385668834719 * 2”800 + 1385996807881963640566277 * 2" 799
+ 1608045805946234880841446 * 2" 798 + 1863761983778368839341501 * 2" 797
+ 2157958048669400941340588 * 2" 796 + 2496092300465178044519764 * 2~ 795

+ 2884349414859917366243950 * 2”794 + 3329730581596 760757232340 * 2”793
+ 3840153990226407550029786 * 2" 792 + 4424566749179015510441249 * 2”791

+ 5093069428339274949696238 * 2”790 + 5857054524647698879508694 * 2" 789
+ 6729360272508789839873206 * 2~ 788 + 7724441348667608302801416 * 2" 787
+ 8858558163792525108371163 * 2~ 786 + 10149986581982870677153189 * 2”785
+ 11619250075051726058197768 * 2" 784 + 13289376491318151955461494 * 2" 783
+ 15186181810314845795912945 * 2" 782 + 17338583454648772124922737 * 2" 781
+ 19778945951211057008092574 * 2”780 + 22543461963998049076256471 * 2”779
+ 25672571974543230110621469 * 2" 778 4 2921142614979564 7177900508 * 2”777
+ 33210392227527968346952220 * 2”776 + 37725613550722202105412875 * 2" 775
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+42819621713107898899701852 * 2" 774 + 48562008620885074165257251 * 2”773

+ 55030163151039951659524508 * 2" 772 + 62310077975170135441840023 * 2" 771

+ 70497232542101061450414633 * 2" 770 + 79697558651034391906668610 * 2z~ 769
+90028495524813567409307891 * 2" 768 + 101620141785695382204226994 * 2" 767

+ 114616512271908616093170870 * 2" 766 + 129176908184883281595128120 * 2”765
+ 145477409655558644363 700689 * 2”764 4 163712500433001273630525192 * 2”763
+ 184096835064271272967104298 * 2" 762 + 206867159616825299076254506 * 2~ 761
+ 232284397732036227701984329 * 2”760 4 260635914552408645761842186 * 2" 759
+ 292237971878095312948979425 * 2”758 + 32743838873 7766489082519921 * 2" 757
+ 366619422451454691976978417 * 2" 756 + 410200886171238885568520205 * 2" 755
+ 458643519861054910624218468 * 2”754 4 512452632666741167182595521 * 2”753
+ 572182035688356930801779029 * 2" 752 + 638438285240249537453057462 * 2~ 751
+ 711885257832650778734205185 * 2”750 4 793249079266747297218861840 * 2" 749
+ 883323431471723501285168734 * 2”748 + 982975261955198369833946118 + 2" 747
+1093150922062959445431987303 * 2~ 746 4 1214882761570297384317091483 * 2" 745
+ 1349296208537973826306594455 * 2”744 + 1497617364772916750129964693 * 2~ 743
+1661181148727416828397181780 * 2”742 + 1841440019153793046535603769 * 2~ 741
+2039973314402975378226854741 * 2" 740 + 2258497243808266042931046543 * 2”739
+ 2498875569237635650801964713 * 2" 738 + 2763131016511595453 757948733 * 2" 737
+ 3053457458086895360067860521 * 2”736 4 3372232910069689392777750022 * 2" 735
+ 3722033388374065619712545243 * 2" 734 4 4105647670541073270650691808 * 2" 733
+4526093011519880196655013997 * 2~ 732 + 4986631863430968008269480243 * 2~ 731
+5490789651134209170912747449 x 2”730 + 6042373657142087797459092525 * 2”729
+6645493071216662717893510391 * 2" 728 + 7304580261682196972793352896 * 2~ 727
+ 8024413327254739334436646882 * 2" 726 + 8810139989832412284500402047 * 2”725
+ 9667302890402622679719713083 * 2" 724

+ 10601866351783668882750608686 * 2~ 723

+ 11620244673542166670690467491 * 2" 722

+ 12729332025873660168472341655 * 2”721

+ 13936534010733927201071920856 * 2~ 720

+ 15249800959801191883596253561 * 2" 719

+ 16677663040186738037795636171 * 2”718

+ 18229267239909224559422453155 * 2~ 717

+ 19914416306279607904894239689 * 2" 716

+21743609711201105331429168796 * 2" 715

+ 23728086718268190113625369280 * 2" 714

+ 25879871627116853954827136593 * 2" 713



+ 28211821271056066642603363614 * 2" 712
+ 30737674844237018121297061553 * 2" 711
+ 33472106134839520065031095363 * 2~ 710
+ 36430778240584636918910437432 * 2~ 709
+ 39630400842694705577160461657 * 2~ 708
+ 43088790113796543896676052486 * 2~ 707
+ 46824931334606843507537512199 * 2" 706
+ 50859044293098141522773802566 * 2~ 705
+ 55212651538657982927730833936 * 2" 704
+ 59908649562036268026259456754 * 2" 703
+ 64971382970099821794518732471 * 2" 702
+ 70426721722055878188491079323 * 2" 701
+ 76302141491378405305599481074 * 2~ 700
+ 82626807214611431481808966949 * 2" 699
+ 89431659885082688348195892858 * 2698
+ 96749506645736849247254269084 * 2~ 697
+ 104615114231383942862150094562 * 2z~ 696
+ 113065305806010166889964999092 * 2z~ 695
+ 122139061236054472432571076142 * 2" 694
+ 131877620835024661263944893186 * 2" 693
+ 142324592609199008098386201885 * 2" 692
+ 153526063027695780429496677161 * 2~ 691
+ 165530711333632719310631914471 * 2690
+ 178389927405653604961514649101 * 2”689
+ 192157933171563710616752701079 * 2”688
+ 206891907567349432098300428194 * 2" 687
+ 222652115026312218744238648213 * 2”686
+ 239502037473526922927745091330 * 2”685
+ 257508509791254116400695919509 * 2" 684
+ 276741858710340260907347791843 * 2”683
+297276045072008748174099514951 * 2”682
+ 319188809392762825366329475148 * 2" 681
+ 342561820653437437609264087730 * 2”680
+ 367480828220670885741869552090 * 2”679
+ 394035816796341103591527837252 * 2”678
+ 422321164276677569489900663150 * 2" 677
+ 452435802389017849670657918019 * 2676
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+ 484483379959308750995988366091 * 2675
+ 518572428648736780014956404738 * 2" 674
+ 554816530982017990594449318484 * 2”673
+ 593334490474249449051193693493 * 2672
+ 634250503646452311316533655718 * 2 671
+ 6776943337034 75886080785230576 * 2670
+ 723801485630329886824077020555 * z~ 669
+ 772713382445818501734119553931 * 2”668
+ 824577542334026027480247772033 * 2”667
+ 879547756356398212916459962295 * 2”666
+ 937784266428247211508743915032 * 2" 665
+ 999453943225232962929734684246 * 2”664
+ 1064730463666016450897822047758 * 2663
+ 1133794487598700086526659625556 * 2z~ 662
+ 120683383329904520087964 7368226 * 2~ 661
+ 1284043651369757838285970505278 * 2”660
+ 1365626596610435844979559423401 * 2”659
+ 1451792997409161182570074008439 * 2”658
+ 1542761022187166829507624553337 * 2”657
+ 1638756842409717616037643784229 * 2~ 656
+ 1740014791657170661973294065639 * 2~ 655
+ 1846777520232459766433235985326 * 2”654
+ 1959296144762711888639445799879 * 2653
+ 2077830392235819724623943426326 * 2”652
+ 2202648737895170278519005218633 * 2651
+ 2334028536399967693865822463358 * 2~ 650
+ 2472256145642167194980759269060 * 2z~ 649
+ 2617627042596698123926634 738900 * 2~ 648
+ 2770445930566739208949396213668 * 2z~ 647
+ 2931026837173205568456180788082 * =z~ 646
+ 3099693202424513332834175289482 * 2~ 645
+ 3276777956192140709441212496287 * 2~ 644
+ 3462623584406553983244432567353 * 2”643
+ 3657582183279903562808364649336 * =z~ 642
+ 3862015500853413646546457103041 * 2”641
+4076294965161938236806196198911 * 2z~ 640
+ 4300801698302468755297403519797 * 2”639
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+ 4535926515690966281061904970664 * 2~ 638
+ 4782069909789318494716883696202 * 2”637
+ 5039642017585166885143316622532 * 2”636
+ 5309062571108202010403608497936 * 2”635
+ 5590760830271134874193415538014 * 2" 634
+ 5885175497328126062802871702178 * 2633
+6192754612252018984478196530435 * 2”632
+ 6513955428340294847186249388168 * 2631
+ 6849244267372453381164921190579 * 2630
+ 7199096353654343128264126122780 * 2~ 629
+ 7563995626302212464758496124826 * 2~ 628
+ 7944434529136541059125306482194 * 2" 627
+ 8340913777577625275922401783424 * 2”626
+ 8753942101956832277852696573188 * 2625
+ 9184035966684184496565580282404 * 2~ 624
+9631719264739672066798874851207 * 2623
+ 10097522986987393186989920148841 * 2~ 622
+ 10581984865843248133612998965714 * 2" 621
+ 11085648992863642969852432853898 * 2”620
+ 11609065409859217833502196700433 * 2”619
+ 12152789673179391208905097128417 * 2”618
+ 12717382390854989767238209845553 * 2" 617
+ 13303408732333015582011674787434 x 2" 616
+ 13911437910583925577774255111990 * 2" 615
+ 14542042636413482339016632569318 * 2" 614
+ 15195798544862264405844923192291 * 2”613
+ 15873283593632340815884268 787280 * 2" 612
+ 16575077433536142741380037098998 * 2" 611
+ 17301760751023475610210148291822 * 2" 610
+ 18053914582902365689484176624275 * 2~ 609
+ 18832119603434529954047381116432 * 2”608
+ 19636955384049883291689961834755 * 2~ 607
+ 20468999625993394957782053598559 * 2”606
+ 21328827366284685856570242275697 * 2~ 605
+ 22217010157443005967203383086932 * 2~ 604
+ 23134115221500273685636155325533 * 2~ 603
+ 24080704578899931856535918780481 * 2”602
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+ 25057334152951818784508866637989 * 2" 601
+ 26064552850590557141366820682524 * 2~ 600
+ 27102901620259178404070962495049 * 2599
+ 28172912487818577034097495102804 * 2”598
+ 29275107571458680655766390373716 * 2597
+ 30409998076666948886288572018960 * 2596
+ 31578083272385429631616945642830 * 2~ 595
+ 32779849449567399093391245757118 * 2" 594
+ 34015768863419744704671108597927 * 2~ 593
+ 35286298660696289597798780712351 * 2~ 592
+ 36591879793481053077352493406660 * 2" 591
+ 37932935920977850397110875140940 * 2590
+ 39309872300894201370802603913292 * 2”589
+ 40723074672082388729640605211717 * 2" 588
+42172908130168920969061582396018 * 2~ 587
+ 43659715997975056601375058463640 * 2~ 586
+ 45183818692595365684189400726014 * 2”585
+ 46745512591068290558515996089568 * 2~ 584
+ 48345068896631940433436159924049 * 2”583
+49982732507619974115662877391925 * 2~ 582
+ 51658720891105702244934037282755 * 2" 581
+ 53373222963457851851987550680229 * 2”580
+ 55126397980017782791899048987254 * 2" 579
+ 56918374436156027258783066947793 * 2" 578
+ 58749248982004532666657084184504 * 2" 577
+ 60619085353200952000930840510424 * 2”576
+62527913320011129416234427575278 * 2575
+ 64475727657226933431069775349338 * 27574
+ 66462487137256873798644233753108 * 2" 573
+ 68488113548848201007714794172781 2”572
+ 70552490743889202906206709913341 * 2”571
+ 72655463714751224102632232767748 * 2”570
+ 74796837704629011225552533877375 * 2”569
+ 76976377353337721654373275771360 * 2”568
+ 79193805881012493963964242597492 * 2~ 567
+ 81448804312144607692816146376852 * 2~ 566
+ 83741010742363828230835154367786 * 2”565
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+ 86070019650352636559621436256648 * 2~ 564

+ 88435381257241256811264570718645 * 2z~ 563

+ 90836600935796171607714946345146 * 2~ 562

+ 93273138671665434477840739621632 * 2" 561

+ 95744408578895364420981412548620 * 2z~ 560

+ 98249778471871126497243852473362 * 2”559

+ 100788569495772438351896218963243 * 2”558
+ 103360055817560893003059480400825 * 2" 557
+ 105963464379441688369823704711567 * 2”556
+ 108597974716655313215743530029373 * 2" 555
+ 111262718841368853738672761628537 * 2" 554
+ 113956781194337179355907862359784 * 2”553
+ 116679198665906595580816001919399 * 2" 552
+ 11942896068782245818485564 7168843 * 2" 551
+ 122205009397193338840403672517172 * 2”550
+ 125006239873842178912456209446619 * 2~ 549
+ 127831500452155432469002161188669 * 2~ 548
+ 130679593108408764184 768690860753 * 2~ 547
+ 133549273924418750031641336358583 * 2z~ 546
+ 136439253628228234432507600304684 * 2”545
+ 139348198212395190032943158890998 * =" 544
+ 142274729630304836023685923081016 * 2" 543
+ 145217426570779401354949657623134 * 2~ 542
+ 148174825311102727814401024618016 * 2" 541
+ 151145420648425230775472571304101 * 2z~ 540
+ 154127666909351758947954636225953 * 2~ 539
+ 157119979037358280324752569801250 * 2”538
+ 160120733757515985802469742458234 * 2" 537
+ 163128270817841323799568430476318 * 2”536
+ 166140894306420306416017830026975 * 2" 535
+ 169156874043293446737692533344795 * 2" 534
+ 172174447045916279166310359919300 * 2”533
+ 175191819066848164444369981780661 * 2~ 532
+ 178207166202151103978752149207163 * 2" 531
+ 181218636568819455771354689255623 * 2”530
+ 184224352049392608871176454077188 * 2”529
+ 187222410101744981335773203304487 * 2" 528
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+ 190210885631882749004388082430190 * 2" 527
+ 193187832927423898906089771902968 * 2~ 526
+ 196151287649278862374727214210955 * 2”525
+ 19909926887890277999686328 7885686 * 2~ 524
+ 202029781218338456465394653313880 * 2523
+ 204940816940131176429690954416934 * 2~ 522
+ 207830358184053591137428896425451 * 2”521
+ 210696379197450972392534683170776 * 2”520
+ 213536848615884831315121954436229 * 2" 519
+ 216349731780636547691001962103197 * 2" 518
+ 219132993089512569103141482135204 * 2”517
+ 221884598377289446516814278659638 * 2”516
+ 224602517322030548218620691108807 * 2”515
+ 227284725873417448226331930642278 * 2" 514
+ 229929208699147551691842656159286 * 2" 513
+ 232533961645376378192227407011076 * 2" 512
+ 235096994207107672546691789459970 * 2”511
+ 2376163320043 78185202323544224467 * 2" 510
+ 240090019260025930215963843336614 * 2~ 509
+ 242516121274792161736620279595327 * 2" 508
+ 244892726895467356794823064447562 * 2" 507
+ 247217950971771453139626299253326 * 2~ 506
+ 249489936797637398067674271381188 * 2" 505
+ 251706858532566129936058785804586 * 2z~ 504
+ 253866923598719164394532013864692 * 2503
+ 255968375049433504140670100559031 * 2" 502
+ 258009493904861162248724123094606 * 2" 501
+ 259988601450473783931856100328398 * 2" 500
+261904061494210010449194457561814 * 2"499
+ 263754282578101024846587903970555 * z"498
+ 265537720140266316597003358466608 * z"497
+ 267252878623248836633066317933769 * 2~ 496
+ 268898313524734384654550061155461 * 2" 495
+ 270472633386796064324335784003811 * 2" 494
+ 271974501719898805638035275705433 * z"493
+ 273402638858013114746748011638222 * 2~ 492
+ 274755823741299078127928939566884 * 2”491
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+ 276032895622953077739802810699192 * 2"490
+ 277232755696938250075652419590183 * 2" 489
+ 278354368643467323281009910129327 * 2488
+ 279396764089250566713980527190628 * 2487
+ 280359037979684075773695511497946 * =~ 486
+ 281240353860311872458377505665983 * 2~ 485
+ 282039944065071220706227815983780 * 2~ 484
+ 282757110809001438650647207694 787 * 2483
+ 283391227183284224115829250539944 * 2”482
+ 283941738050665338512762042460717 * 2" 481
+ 284408160839505290650082154130571 * 2~ 480
+ 284790086234897627525699073936106 * 2~479
+ 285087178765499426033225332256210 * 2"478
+ 285299177284916764695552144466685 * 2477
+ 285425895346700162982510986137825 * z"476
+ 285467221472208378449200088480665 * 2~ 475
+ 285423119310815339117661793112524 * 2"474
+ 285293627692141544330647990730576 * 2" 473
+ 285078860570209741176079852518973 * 2" 472
+ 284779006859632290652549607849869 * z"471
+ 284394330164156080974 772891885528 * 2470
+ 283925168398097389976220883411479 * 2~ 469
+ 283371933301415393959932491090529 * 2" 468
+ 282735109849376401040226301233802 * z"467
+ 282015255557972943222428057680285 * 2z~ 466
+ 281212999686460014599673972071254 * 2~ 465
+ 280329042338576518520532278403312 * 2~ 464
+ 279364153464210911172521465815765 * 2~ 463
+ 278319171763467556363097673120619 * 2462
+ 277195003495272086881958565773472 * 2" 461
+ 275992621192841477411363917498630 * 2z~ 460
+ 274713062288515363292791009405028 * 2" 459
+ 273357427650620680425798322422887 * 2" 458
+ 271926880035199902103706012564148 * 2" 457
+ 270422642455595209141454763 777295 * 2”456
+ 268845996473024971961576060290506 * 2”455
+ 267198280411436049507338749187351 * 2~ 454
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+ 265480887500043930031191068095315 * 2"453
+ 263695263947103649943749553515113 * 2~ 452
+ 261842906948566242060664988363825 * 2 451
+ 259925362635389067050473277459013 * z~450
+ 257944223963362501907729795475950 * 2z~ 449
+ 255901128549410858410060271487625 * 2~ 448
+ 253797756458401042155229934207686 * 2447
+ 251635827944568970744242835770879 * 2z~ 446
+ 249417101151730348349718258579534 * 2”445
+ 247143369776499535688714037287445 * 2" 444
+ 244816460698777411989301286554163 * 2~ 443
+ 242438231583806642574452365619763 * 2~ 442
+ 240010568460110356224421506504362 * 2" 441
+ 237535383277648086281829363251074 * 2z~ 440
+235014611450520922716802387316129 * 2439
+ 232450209388556176117787994667490 * 2~ 438
+ 229844152022080731452326708582362 * 2" 437
+ 227198430324171507372155987412661 * 2~ 436
+ 224515048834631582977790930828805 * 2435
+ 221796023189901256950200974175948 * 2434
+ 219043377663055401281165437229494 * 2433
+216259142717981411247377984803483 * 2~ 432
+ 213445352581756967987382934498712 x 2”431
+ 210604042839172955803744502281038 * 2430
+ 207737248053255645402975758404175 * 2429
+ 204846999415552679761224617904627 * 2428
+ 201935322429841215623459361080333 * 2~ 427
+ 199004234632812559289723520887543 * 2~ 426
+ 196055743355167829856144499647050 * 2425
+ 193091843526442119094136422367352 * 2424
+ 190114515526742640341417226249299 * 2423
+ 187125723088457745337567481299320 * 2~ 422
+ 184127411250851090614866849902896 * 2" 421
+ 181121504370316662094953193704617 * 2~420
+ 178109904188918778717487073103968 * z"419
+ 175094487963694322794943922768048 * z"418
+ 172077106659035554506608165451282 * 2" 417
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+ 169059583204318401579780551821780 * 2" 416
+ 166043710818776647704884525664084 * 2" 415
+ 163031251405464116731838885218073 * 2" 414
+ 160023934015978645566573072117492 * 2"413
+ 157023453387460190646917163821406 * 2" 412
+ 154031468553205007034854893908968 * 2 411
+ 151049601528074992477339324805360 * 2"410
+ 148079436069710490619607440576932 * 2409
+ 145122516516392289406548357042487 * 2~ 408
+ 142180346702229024133285999360633 * z"407
+ 139254388950185558024893174250742 x 2~ 406
+ 136346063143301258272150992872795 * 2~ 405
+ 133456745874289931169425139630276 * 2~ 404
+ 130587769673550916299852573983357 * 2~ 403
+ 127740422315468639827839988567207 * 2~ 402
+ 124915946202721477859781865700898 * 2"401
+ 122115537828174904661641756460087 * 2~400
+ 119340347313784579248204867376213 * 2~ 399
+ 116591478025796724686573145010147 * 2" 398
+ 113869986265392152672106727600825 * 2~ 397
+ 111176881033790689971227247280500 * 2z~ 396
+ 108513123870701140793205917235486 * 2~ 395
+ 105879628764882017032636068254391 * 2~ 394
+ 103277262135456944858522210496917 * 2393
+ 100706842882519295635378451772061 * 2~ 392
+ 98169142505450339208840086624775 * 2391
+ 95664885287277098708636515822901 * 2”390
+ 93194748543297534515551245834064 * 2~ 389
+90759362932114357613855325602823 * 2~ 388
+ 88359312827132393042174945811139 * 2~ 387
+ 85995136746500276822849592866244 * 2" 386
+ 83667327839403385089971589924796 * 2~ 385
+ 81376334426553195422702478473375 * 2~ 384
+ 79122560592657064603329984148940 * 2~ 383
+ 76906366828603248855734113556874 * 2~ 382
+ 74728070721047474768724670779929 * 2”381
+ 72587947687050711400832959282826 * 2~ 380
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+ 70486231751381864349221684471554 * 2”379
+ 68423116364074779540118297081493 * 2" 378
+ 66398755255805361235298856569215 * 2~ 377
+ 64413263328642297298387338663059 * 2376
+ 62466717579713282868152595216255 * 2”375
+ 60559158055327922266460528613381 * 2~ 374
+ 58690588833098390172842301958837 * 2”373
+ 56860979029609292355742134714720 * 2z~ 372
+ 55070263831198989737807584628846 * 2~ 371
+ 53318345545435453403729278846753 * 2~ 370
+ 51605094670890792101940965668952 * 2z~ 369
+ 49930350982849131546727138459376 * 2~ 368
+ 48293924632613099061368999931100 * 2~ 367
+ 46695597258113655893856628979901 * 2~ 366
+ 45135123103567278110543435343622 * 2" 365
+ 43612230145972084898536895295343 * 2~ 364
+42126621226281587119385245313269 * 2z~ 363
+40677975183149547941906656557269 * 2~ 362
+ 39265947987193428337076609112686 * 2~ 361
+ 37890173873785008842426485854897 * 2" 360
+ 36550266472436731537403993123351 * 2" 359
+ 35245819930918782734587764333013 * 2”358
+ 33976410032306911203148701862366 * 2~ 357
+ 32741595303231861469955980353925 * 2~ 356
+ 31540918111670346011579770185395 * 2~ 355
+ 30373905752691826868024579323444 * 2" 354
+ 2924007152064 7548953915709127594 * 2”353
+ 28138915766365144899551208899336 * 2~ 352
+ 27069926937986507953589736110598 * 2~ 351
+ 26032582604165131969261405192302 * 2~ 350
+ 250263504584148067740263 77358829 * 2" 349
+ 24050689303480813283632405152759 * 2~ 348
+ 23105050014680911206268616129320 * 2~ 347
+ 22188876481242593725331065111553 * 2~ 346
+ 21301606524738884683476529485910 * 2~ 345
+ 20442672793803283319141705465302 * 2~ 344
+ 19611503634379162788794187099352 * 2~ 343

164



+ 18807523934835685508466317475020 * 2z~ 342
+ 18030155945355206625586703954332 * 2~ 341
+ 17278820071071662532222360758648 * 2~ 340
+ 16552935638509927922622565289183 * 2”339
+ 15851921634947827084076874120935 * 2~ 338
+ 15175197420389989178679508604546 * 2~ 337
+ 14522183411911092935267479936045 * 2~ 336
+ 13892301740190077193851423065997 * 2~ 335
+ 13284976878121450987385558498363 * 2~ 334
+ 12699636241449975851477569107008 * 2" 333
+ 12135710761435371984941949986674 * 2~ 332
+ 11592635429609600005814540301960 * 2~ 331
+ 11069849814745162502148157415336 * 2~ 330
+ 10566798552204255386063991380966 * 2~ 329
+ 10082931805889767711009103122741 * 2" 328
+9617705703065794479917185490853 * 2~ 327
+ 9170582742361603361308345509223 * 2z~ 326
+ 8741032175314804186542508691470 * 2”325
+ 832853036185075180603 7822668309 * =z~ 324
+ 7932561100132089527407399666600 * 2~ 323
+ 7552615931248587776437603912398 * 2~ 322
+ 7188194419249365313809131596399 * 2~ 321
+ 6838804407050812684506612183463 * 2~ 320
+ 6503962248780570360342223279086 * 2319
+ 6183193019144204742160962054243 * 2" 318
+ 5876030700423454094011554794030 * 2" 317
+ 5582018347736388492469162804004 * 2316
+ 5300708233207395776576183283082 * 2315
+ 5031661969711726063355455452153 * 2~ 314
+ 4774450614872418872144332620278 * 2" 313
+ 4528654755999812147194945887935 * 2~ 312
+ 4293864576672668355740439248406 * 2311
+ 4069679905668122325779485737327 * 2”310
+ 3855710248952487252092838702413 * 2309
+ 3651574805449186551762666393736 * 2~ 308
+ 3456902467301183614552377664165 * 2~ 307
+ 3271331805345864415249778394518 * 2”306

165



+3094511040518001484927136222445 * 2~ 305
+ 2926098001893669381804126185602 * 2~ 304
+ 2765760072082535554071148188223 * 2303
+2613174120670169905829742594841 * 2" 302
+ 2468026426403770971454414191067 * 2~ 301
+ 2330012588806229853206578929622 * 2" 300
+ 2198837429892733949426464247262 * 2299
+ 2074214886653268135457241817195 * 2298
+ 1955867894951503936151073858341 * 2297
+ 1843528265477682052147411624560 * 2~ 296
+ 1736936552378400515636797319928 * 2295
+ 1635841915171615843493762227797 * 2294
+ 1540001974538960172238011971633 * 2293
+ 1449182662571464677505232196244 * 2292
+ 1363158068027367841969260406673 * 2291
+ 1281710277143566462240897928420 * 2290
+ 1204629210523938632139324074005 * 2”289
+ 1131712456609824163680640593730 * 2”288
+ 1062765102218976872230097782540 * 2”287
+ 997599560620804128272147052000 * 2~ 286
+ 936035397596352213330416522622 * 2”285
+ 877899155912690796999949127277 * 2" 284
+ 823024178621844213314564461810 * 2283
+ 77125043157553459991 7318275488 * 2”282
+ 722424325527563957472807053520 * 2”281
+ 676398538176909811180254530649 * 2z~ 280
+ 633031836485433685356014552274 * 2”279
+ 59218889958566534 7845321402996 * 2" 278
+ 553740142575385871725471098346 * 2" 277
+ 517561541477776244182469028764 * 2”276
+ 483534459627744988985277239281 * 2275
+ 451545475727713753307168343228 * 2" 274
+ 421486213798702493309709934968 * 2”273
+ 3932531752359634775618314 70878 * 2”272
+ 3667475731618000134421 71829887 * 2" 271
+ 341875169252454782040861544285 * 2270
+ 318546113200250923659744059171 * 2" 269

166



+ 296674784957338568023 767106399 * 2”268
+ 276179639892677303575826118199 * 2" 267
+ 256983056980035320053686412844 * =" 266
+239011190121092833947581175385 * 2”265
+ 222193822694910536060767887995 * 2~ 264
+ 206464225412392124022397902071 * 2" 263
+ 191759017542591639583398529878 * 2" 262
+ 178018031566162640222225430764 * 2" 261
+ 165184181300526927442708212558 * 2z~ 260
+ 153203333530867026052382920406 * 2z~ 259
+ 142024183171383149763338484233 * 2" 258
+ 131598131971851354647122239187 * 2" 257
+ 121879170775896621170437321019 * 2”256
+ 112823765329038031058089411105 * 2”255
+ 104390745626954771353929601366 * 2z~ 254
+965411987870807147368 77861829 * 2" 253
+ 89238365420006293511066794297 * 2" 252
+ 82447539470800800806586285292 * 2”251
+ 76135971494675831706080080533 * 2250
+ 70272775325973286121328396037 * 2" 249
+ 64828838094656523537640192814 * 2" 248
+ 59776733539921637277132020842 * 2~ 247
+ 55090638566574636292238121903 * 2246
+ 50746252986077551607640791485 * z"245
+46720722380971382192308053011 * 2"244
+ 42992564028400056146069289969 * 2" 243
+ 39541595815980538086498954991 * 2" 242
+ 36348868080977817941677373535 * 2" 241
+ 33396598301919110552150614714 * 2240
+ 30668108570130024461670999467 * 2239
+ 28147765767443853795425316920 * 2~ 238
+ 25820924375255942442593103281 * 2" 237
+ 23673871839394889171242332784 * 2~ 236
+ 21693776414713940041094588087 * 2" 235
+ 19868637413076972641080547328 * 2" 234
+ 18187237778295843420877740135 * 2”233
+ 16639098911759826600255520677 * 2~ 232

167
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+ 15214437672773198814006392974 * 2" 231

+ 13904125478157944851578471841 * 2" 230

+ 12699649426291673056817694123 * 2229

+ 11593075371595607781426060325 * 2" 228

+ 10577012876386322619141386423 * 2227

+ 9644581968103588017457931768 * 2”226 + 8789381631062432846949636405 * 2225
+ 8005459963183686690697685382 * 2~ 224 + 7287285929484740482600999046 * 2z~ 223
+ 6629722645583028021214537767 * 2”222 + 6028002125942481004902085510 * 2”221
+ 5477701433189430842324942597 x 2220 + 4974720166414765631193665752 * 2219
+4515259228065450255752584366 * 2~ 218 4- 4095800810697518742665553672 * 2217
+ 3713089546607378431824976285 * 2216 + 3364114765075748885988112510 * 2”215
+ 3046093803733725232625898193 * 2”214 + 2756456322299861959670029372 * 2”213
+ 2492829568718327647560204019 * 2”212 + 2253024549466436685000991757 * 2211
+2035023057565938725568772572 * 2z~ 210 + 1836965513549802270663929159 * 2209
+1657139576369353315235873378 * 2~ 208 4 1493969482906455700469020772 * 2~ 207
+1346006076440724796532495923 * 2206 + 1211917486050334681763508205 * 2205
+ 1090480420550366680583924138 * 2~ 204 + 980572042138914454756078992 * 2~ 203
+ 881162386477072297108401049 * 2202 + 791307297424295719969020232 * 2~ 201
+ 710141846129809707235614376 * 2~ 200 4 636874205598794060806426479 * 2" 199
+ 570779953249353943005902216 * 2”198 + 511196775312596208817285228 * 2197
+ 457519548240151393543558033 * 2" 196 + 409195773535351652301420574 * 2195
+ 365721343649292779355203993 * 2" 194 + 326636617749242979771148005 * 2”193
+ 291522787304522095638422182 * 2" 192 + 259998512515678881250577079 * 2”191
+ 231716811663920715386617475 * 2~ 190 4 206362186454122229905455376 * 2" 189
+ 183647967391144197934190907 * 2" 188 + 163313864143337389466646373 * 2" 187
+ 145123706731408175323977891 * 2”186 + 128863364215576981628742584 * 2”185
+ 114338828359419816156552532 * 2~ 184 4 101374450507564411118052619 * 2”183
+ 89811320644785124073264652 * 2”182 + 79505778290698089119501091 * 2”181

+ 70328045543661580317524562 * 2180 + 62160973206180121518955294 * 2" 179

+ 54898891516904215788821473 * 2”178 + 48446557569405879206738664 * 2~ 177

+ 42718192028595067640926804 * 2176 4 37636598251584349240815600 * 2" 175

+ 33132357392939960071476120 * 2174 + 29143093515534911413436508 * 2173

+ 25612803148327094574381567 * 2”172 + 22491244123431234705978647 * 2" 171

+ 19733378896385146540413492 * 2”170 + 17298867898651803354268974 * 2" 169

+ 15151608798668021940935368 * 2z~ 168 + 13259317851164423871609312 * 2”167

+ 11593149801625981923685716 * 2166 4 10127353078441239225302208 * 2" 165

+ 8838957256242305254596791 * 2" 164 + 7707490005660364501588690 * 2" 163



+ 6714720963192496775949561 * 2”162 + 5844430156191520306124094 * 2" 161
+ 5082198807444353193196428 * 2" 160 + 4415220518021357617059183 * 2" 159
+ 3832130990733096079490648 * 2" 158 + 3322854606708410596357606 * 2" 157
+ 2878466308427975123401294 * 2”156 + 2491067371497656195402930 * 2”155
+ 2153673768148158521635254 * 2”154 + 1860115935738424230816657 * 2~ 153
+ 16049488665964 77123286977 * 2" 152 + 1383371529493213640272124 x 2”151
+ 1191154720691944298321717 * 2" 150 + 1024576522251801308946128 * 2" 149
+ 880364619513327400268069 * 2" 148 4 755644797090022445257367 * 2~ 147
+ 647894995342932732021970 * 2”146 + 554904366053775546091078 * 2”145

+ 474736818670601480986810 * 2" 144 + 405698596075064293 737259 * 2" 143

+ 346309462901723914155591 * 2" 142 4 295277129170420449850069 * 2z~ 141

+ 251474568745575478053875 * 2”140 + 213919925180400006597177 * 2" 139

+ 181758728022422898430079 * 2" 138 4 154248170026470849053567 * 2" 137
+ 130743220958786212292021 * 2”136 + 110684376251438215664158 * 2" 135

+ 93586859550148092916170 * 2" 134 4 79031116741074290817858 * 2" 133

+ 66654456086758095849942 * 2" 132 4 56143704266280915103737 * 2" 131

+ 47228762033354856950568 * 2" 130 + 39676955555036956386408 * 2" 129

+ 33288090810842725555177 » 2" 128 4 27890128443775989552864 * 2" 127

+ 23335405616528364896779 * 2" 126 4 19497339506777256918039 * 2" 125

+ 16267554459501671110163 * 2”124 4 13553381306852782191362 * 2" 123

+ 11275683290548250326014 * 2122 4 9366968214337066432805 * 2 121

+ 7769751185815760567386 * 2" 120 + 6435136440236864980530 * 2”119

+ 5321590500505041177770 * 2" 118 + 4393882202107819990202 * 2" 117

+ 3622168087869313412512 * 2”116 + 2981204258933224442600 * 2" 115

+ 2449668111813245172597 * 2" 114 + 2009575416378455376699 * 2" 113

+ 1645780025793405282694 * 2”112 + 1345545089910044927383 * 2”111

+ 1098176075074588970768 * 2" 110 + 894707120411771116958 * 2109

+ 727633370950370439347 * 2108 + 590682875616030722333 * 2107

+ 478622494802198274796 * 2106 + 387092990136240593846 * 2z~ 105

+ 312469126519206220267 * 2104 + 251741172501622684935 * 2103

+ 202414686892389034775 * 2" 102 + 162425901727911534182 * 2”101

+ 130070392626345322594 * 2z~ 100 + 103943046339124063579 * 2" 99

+ 82887622753963631939 * 2”98 + 65954447832503024640 * 297

+ 52364989621449827412 x 2”96 - 41482247879706710424 * 295

+ 32786048682842722754 x 2”94 4 25852467568577702585 * 2" 93
+20336723965174026026 * 292 4 15958986961132669947 * 2" 91

+ 12492620240254453650 * 2"90 4 9754465150042739033 * 2~ 89
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170

+ 7596825079281271346 * 2" 88 + 5900865970404594245 * 2" 87

+ 4571194445537945095 * 2”86 + 3531412247947778427 x 2”85

+ 2720479367658156444 x 2”84 + 2089744840161695385 * 2”83

+ 1600528327992056679 * 2z~ 82 + 1222154486559033326 * 2" 81

+ 930359266903148032 * 2”80 + 706000605398202138 * 2”79

+ 534018054867084596 * 2~ 78 4+ 402595190403187111 * 2”77

+ 302487097940542108 * 2" 76 + 226481672733845121 * 2”75

+ 168969338444037733 * 2" 74 4+ 125600197401348791 * 2" 73

+93011673413771228 * 2" 72+ 68612694420541278 * 2~ 71 + 50413226545875771 x 2" 70
+ 36889977806234861 * 2~ 69 4 26880957983984055 * 2" 68 + 19502915614013662 x 2~ 67
+ 14086923976685420 * 2”66 + 10128265189415792 * 2”65 + 7247590678250068 * 2z~ 64
+ 5160906482824844 x 2”63 4 3656475430094017 * 262 + 2577094336633797 * 2"61
+ 1806556914093752 * 2”60 4 1259344992996952 * 2”59 + 872816619413251 * 2”58
+601304612212699 * 2”57 + 411682101148321 * 2" 56 + 280040960322252 *x 2”55

+ 189218325496785 * 2”54 4 126960627404582 * 2”53 + 84569535063645 * 2" 52

+ 55906615966000 * 2”51 4+ 36666838286076 * 2" 50 + 23850076869318 * 249

+ 15379661079885 * 2”48 4+ 9827989981323 * 2”47 4 6220872599178 * 2”46

+ 3898488386409 * 2”45 + 2417541432539 * 2”44 + 1482640469853 * 2" 43

+ 898699750109 * 2”42 + 538038461677 x 241 4+ 317915388562 * 2" 40

+ 185246464839 % 2”39 + 106350504743 * 2" 38 + 60095224039 * 2" 37

+ 33386504410 * 2”36 4+ 18213103612 * 2" 35 + 9742681914 * 2" 34 4+ 5102193038 * 2" 33
+ 2611258119 * 2732 + 1303355195 * 2”31 + 632958946 * 2~ 30 + 298278811 * 229

+ 135961213 x 2728 4+ 59731041 * 2”27 4 25178481 * 2”26 4+ 10136465 * 2"25

+ 3869420 * 224 + 1393384 % 2723 + 467777 x 2”22 4+ 146193 x 2”21 + 40982 % 2”20
+ 10706 % 2°19 + 2214 % 2" 18 + 477 % 2°17) /(—27922 — 27921 — 3% 27920 — 6 % 27919
—11%2"918 =20 % 27917 — 35 % 27916 — 57 % 27915 — 96 % 27914 — 151 * 27913
—237% 27912 — 364 % 27911 — 551 % 27910 — 818 x 27909 — 1205 * 2”908 — 1745 x 2" 907
—2505 * 27906 — 3554 * 27905 — 4995 * 27904 — 6951 * 27903 — 9600 * 2" 902

—13136 % 27901 — 17851 x 27900 — 24073 * 2"899 — 32248 % 2”898 — 42910 * 2”897
—5H6755 * 27896 — 74607 * 2”895 — 97540 * 2" 894 — 126815 * 2”893 — 164041 * 2892
—211123 % 27891 — 270446 * 2" 890 — 344823 x 2" 889 — 437741 x 2z~ 888 — 553306 * 2" 887
—696534 * 2”886 — 873328 x 2”885 — 1090829 x 2"884 — 1357398 * 2883

—1683072 % 2”882 — 2079563 * 2”881 — 2560799 * 2880 — 3142987 x 2”879
—3845262x% 2" 878 —4689779x% 2" 877—5702535% 2" 876 —6913523% 2" 875—8357679% 2" 874
— 10075172 % 2"873 — 12112525 % 2872 — 14522973 % 2”871 — 17367869 * 2" 870

— 20717132 % 27869 — 24650878 * 2" 868 — 29260095 * 2" 867 — 34648504 * 2" 866

— 40933394 * 2”865 — 48247884 * 2”864 — 56741889 * 2”863 — 66584743 * 2862



171

— 77966455 * 2861 — 91100654 * 2860 — 106226109 * 2" 859 — 123610153 * 2" 858

— 143550397 * 2”857 — 166378625 * 2”856 — 192462844 * 2”855 — 222211571 * 2”854
— 256076190 * 2”853 — 294555770 * 2”852 — 338199622 * 2”851 — 387612617 * 2850
— 443458045 * 2849 — 506463299 * 2”848 — 577422992 * 2”847 — 657205076 * 2”846
— 746754035 * 2”845 — 847097375 * 2" 844 — 959348907 * 2”843 — 1084715406 * 2~ 842
— 1224499844 * 2" 841 — 1380108199 * 2~ 840 — 1553052383 * 2~ 839 — 1744956995 * 2 “838
— 1957561879 * 2”837 — 2192728483 + 2~ 836 — 2452441782 2" 835 — 2738816135 * 2 "834
— 3054096118 * 2”833 — 3400661569 * 2~ 832 — 3781027149 * 2" 831 — 4197846028 * 2" 830
— 4653907806 * 2829 — 5152140560 * 2~ 828 — 5695606511 * 2~ 827 — 6287501994 * 2 " 826
—6931150515* 2”825 — 7629999938 x 2~ 824 — 8387612453 * 2~ 823 — 9207658559 * 2~ 822
— 10093903156 * 2”821 — 11050195816 * 2~ 820 — 12080452535 * 2”819

— 13188641447 * 2”818 — 14378759751 * 2”817 — 15654814338 * 2”816

— 17020793080 * 2”815 — 18480639909 * 2" 814 — 20038219949 * z"813

— 21697288278 * 2”812 — 23461448540 * 2”811 — 25334114925 * 2”810

— 27318463626 * 2" 809 — 29417387782 x 2" 808 — 31633441495 * 2”807

— 33968787249 x 2”806 — 36425132490 * 2~ 805 — 39003669410 * z~804

— 41705003905 * 2”803 — 44529088008 * 2" 802 — 47475141451 » 2" 801

— 50541576865 * 2”800 — 53725914683 * 2”799 — 57024701681 * 2" 798

— 60433419832 * 2”797 — 63946399365 * 2" 796 — 67556722671 * 2" 795

— 71256132981 * 2" 794 — 75034935137 * 2”793 — 78881901478 * 2" 792

— 82784171248 * 2”791 — 86727156105 * 2”790 — 90694440431 * 2" 789

— 94667688832 * 2”788 — 98626550531 * 2" 787 — 102548571711 » 2”786

— 106409107122 * 2”785 — 110181241091 * 2”784 — 113835709888 * 2" 783

— 117340835169 * 2" 782 — 120662461677 * 2781 — 123763907145 * 2”780

— 126605919824 * 2”779 — 129146649913 * 2”778 — 131341631504 * 2" 777

— 133143780455 * 2" 776 — 134503406296 * 2" 775 — 135368241387 * 2" 774

— 135683488087 * 2”773 — 135391884836 * 2" 772 — 134433793582 * 2" 771

— 132747308045 * 2”770 — 130268387032 * 2”769 — 126931009522 * 2" 768

— 122667358913 * 2”767 — 117408030009 * 2”766 — 111082268283 * 2" 765

— 103618233020 * 2”764 — 94943295831 * 2”763 — 84984362900 * 2~ 762

— 73668235909 * 2" 761 — 60921996140 * 2”760 — 46673429274 x 2" 759

— 30851472750 * 2”758 — 13386705389 * 2~ 757 4 5788142705 * 2" 756

+ 26737636428 * 2”755 + 49523064734 * 2754 + 74201826073 * 2”753

+ 100826799899 * 2”752 + 129445675601 * 2" 751 + 160100272834 * 2~ 750

+ 192825820478 * 2”749 + 227650233516 * 2" 748 + 264593351810 * 2" 747

+ 303666183554 * 2~ 746 + 344870115165 * 2" 745 + 388196134867 * 2~ 744

+ 433624027358 * 2”743 + 481121592639 * 2~ 742 + 530643842760 * 2" 741



+ 582132233277 * 2”740 + 635513880942 * 2" 739 + 690700828742 x 2" 738

+ 747589305388 * 2”737 + 806059046279 * 2”736 + 865972619042 * 2" 735

+ 927174824283 x 2”734 + 989492112423 % 2" 733 + 1052732091113 x 27732

+ 1116683059529 * 2" 731 + 1181113649733 * 2" 730 + 1245772506979 * 2”729
+ 1310388092367 * 2" 728 4 1374668537454 * 2" 727 4 1438301637055 * 2" 726
+ 1500954905461 * 2”725 + 1562275787097 * 2”724 + 1621891942135 * 2723
+ 1679411700531 * 2" 722 4 1734424602554 * 2”721 4 1786502121005 * 2”720
+ 1835198478746 * 2" 719 + 1880051660347 * 2" 718 4 1920584526673 * 2" 717
+ 1956306132326 * 2" 716 + 1986713152552 * 2" 715 + 2011291519441 * 2”714
+ 2029518170001 * 2”713 4 2040863008033 * 2z~ 712 4 2044790977490 * 2" 711
+ 2040764349071 * 2”710 4 2028245115728 * 2" 709 4 2006697596975 * 2" 708
+ 1975591144340 * 2" 707 + 1934403048050 * 2" 706 + 1882621533050 * 2" 705
+ 1819748942614 * 2704 + 1745304996476 * 2" 703 4 1658830217943 * 2" 702
+ 1559889414778 * 2" 701 + 1448075306910 * 2" 700 + 1323012182376 * 2z~ 699
+ 1184359671450 * 2”698 4 1031816520525 * 2" 697 + 865124450145 * 2" 696
+ 684071978695 * 2~ 695 + 488498292989 * 2”694 + 278297045779 * 2" 693

+ 53420157354 * 27692 — 186118496728 * 2z 691 — 440239441299 * =" 690

— 708794116018 * 2"689 — 991561482404 * 2”688 — 1288244837695 * 2”687
— 1598468774110 * 2”686 — 1921776392859 * 2" 685 — 2257626718932 * 2" 684
— 2605392420012 * 2”683 — 2964357780509 * 2" 682 — 3333717029640 * 2z~ 681
— 3712572979217 x 2”680 — 4099936061931 * 2" 679 — 4494723733472 x 2”678
— 4895760319139 * 2677 — 5301777273662 * 2”676 — 5711413926480 * 2”675
— 6123218685593 * 2 674 — 6535650760481 * 2" 673 — 6947082384492 * 2”672
— 7355801583057 * 2”671 — 7760015473435 * 2”670 — 8157854130033 * 2~ 669
— 8547375004891 * 2668 — 8926567921996 * 2" 667 — 9293360642204 * 2" 666
— 9645624999212 x 2”665 — 9981183608857 * 2" 664 — 10297817136436 * 2”663

— 10593272127691 * 27662 — 10865269370311 * 27661 — 11111512798421 * 2”660
— 11329698885835 * 2" 659 — 11517526546789 * 2”658 — 11672707471468 * 2~ 657
— 11792976918937 * 2" 656 — 11876104875330 * 2”655 — 11919907607396 * =~ 654
— 11922259496815 * 2" 653 — 11881105192878 * 2”652 — 11794471949851 * 2651
— 11660482191548 * 2" 650 — 11477366150536 * 2~ 649 — 11243474633421 * 2~ 648
—10957291737610 * 2" 647 — 10617447581302 * 2" 646 — 10222730853814 * 2645

— 9772101255450 * 2644 — 9264701617621 * 2~ 643 — 8699869783646 * 2~ 642

—8077150022004 * 2”641 — 7396304065912 * 2640 — 6657321536049 * 2639

— 5860429851148 * 2 638 — 5006103371235 * 2" 637 — 4095071892925 * 2" 636
— 3128328227171 * 2”635 — 2107134996526 * 2" 634 — 1033030372397 * 2”633
+ 92167096147 * 27632 + 1266354847263 * 2~ 631 + 2487143695376 * 2" 630

172



+ 3751856537672 * 2629 + 5057528186866 * 2628 + 6400906627482 * 2~ 627

+ 7778455486260 * 2626 + 9186358012841 * 2625 + 10620522340555 * 2~ 624

+ 12076588324744 x 27623 4 13549935703909 * 2”622 + 15035693878664 * 2”621
+ 16528753033503 * 2" 620 4 18023776888530 * 2”619 + 19515216784310 * 2”618
+ 20997327382107 * 2 617 + 22464183657108 * 2”616 + 23909699459384 * 2" 615
+ 25327647299940 * 27614 + 26711679623313 * 2" 613 + 28055351204177 * 2”612
+ 29352142919670 * 2”611 4 30595486511632 * 2”610 + 31778790579727 * 2”609
+ 32895467402479 * 2”608 4 33938960811183 * 2”607 + 34902774698810 * 2”606
+ 35780502376859 * 2" 605 4 36565856344995 * 2”604 + 37252698674939 * 2”603
+ 37835071563313 * 2" 602 + 38307228238637 * 2”601 + 38663663771083 * 2~ 600
+ 38899145958847 * 2" 599 + 39008745831825 * 2”598 + 38987867937319 * 2”597
+ 38832279948406 * 2" 596 + 38538141746294 * 2”595 + 38102033523137 * 2" 594
+ 37520983048241 * 2" 593 + 36792491648904 * 2”592 + 35914559044038 * 2" 591
+ 34885706594588 * 2”590 + 33704999100320 * 2”589 + 32372064726571 * 2”588
+ 30887113187211 * 2”587 + 29250951785983 * 2”586 + 27464999443454 * 2" 585
+ 25531298338173 * 2" 584 + 23452523286181 * 2”583 + 21231988521449 * 2”582
+ 18873652002760 * 2" 581 + 16382116941950 * 2”580 + 13762630685431 * 2" 579
+ 11021080682633 * 2”578 4 8163987675111 * 2”577 4 5198495886065 * 2~ 576

+ 2132360348853 * 2575 — 1026068802098 * 2" 574 — 4267864930037 * 2”573

— 7583546512870 * 2”572 — 10963101626399 * 2”571 — 14396015368005 * 2" 570
— 17871300063747 * 2" 569 — 21377528282686 * 2~ 568 — 24902868492491 * 2" 567
— 28435123328032 * 2”566 — 31961770304709 * 2”565 — 35470004891211 * 2”564
— 38946785772444 x 2" 563 — 42378882165911 * 2”562 — 45752923018659 * 2" 561
— 49055447898002 * 2560 — 52272959406997 * 2”559 — 55391976884742 * 2”558
— 58399091230056 * 2" 557 — 61281020562627 * 2" 556 — 64024666566369 * 2~ 555
— 66617171187055 * 2" 554 — 69045973543565 * 2”553 — 7129886668153 * 2~ 552
— 73364054048841 * 2”551 — 75230205286587 * 2”550 — 76886511234815 * 2”549
— 78322737717973 * 2”548 — 79529278036997 * 2" 547 — 80497203704759 * 2”546
— 81218313386226 * 2545 — 81685179560341 * 2”544 — 81891192898956 * =z~ 543
— 81830603868092 * 2542 — 81498561588480 * 2”541 — 80891149449145 * 2" 540
— 80005417559818 * 2539 — 78839411532550 * 2”538 — 77392197725764 » 2" 537
— 75663884446393 * 2" 536 — 73655639296540 * 2”535 — 71369702165159 * 2”534
— 68809394111079 * 2”533 — 65979121649301 * 2”532 — 62884376743521 * 2" 531
— 59531732036652 * 2" 530 — 55928831681657 * 2”529 — 52084377322774 * 2”528
— 48008109654030 * 2"527 — 43710785126953 * 2" 526 — 39204148293913 * 2525
— 34500899387926 * 2524 — 29614657683820 * 2”523 — 24559920267434 * 2" 522
—19352016819002 * 2521 — 14007060063855 * 2" 520 — 8541892550283 * 2" 519

173



174

— 2974029439178 * 2”518 + 2678401985583 * 2" 517 + 8396726374997 x 2”516

+ 14161787182506 * 2" 515 4 19954016606589 * 2" 514 + 25753507810139 * 2”513

+ 31540089654790 * 2" 512 4 37293403120573 * 2”511 + 42992979628597 * 2”510

+ 48618320407237 * 2”509 + 54148977104672 * 2”508 + 59564632769592 * 2”507

+ 64845183386312 * 2" 506 + 69970819078295 * 2”505 + 74922105157115 * 2" 504

+ 79680062125888 * 2" 503 + 84226244812497 x 2”502 4 88542819748542 * 2" 501

+92612640966147 * 2" 500 + 96419323347865 * 2"499 + 99947313706064 * 2~ 498

+ 103181958748830 * 27497 4 106109570121666 * 2~ 496 + 108717485714578 * 2" 495

+110994127434743 * 27494 4 112929054679827 * 2~ 493 + 114513013728410 * 2" 492

+ 115737982329708 * 27491 + 116597209733715 * 2”490 + 117085251499206 * =~ 489

+ 117197999342231 * 27488 4 116932705429178 * 2487 + 116288001401534 * 2~ 486

+ 115263911602478 * 2”485 4 113861860823686 * 2484 + 112084676113403 * 2" 483

+ 109936582989912 * 2”482 4 107423195681730 * 2481 + 104551501763773 * 2~ 480

+ 101329840887539 * 2"479 + 97767878004692 * 2478 4 93876570859121 2~ 477

+ 89668132169332 * 2"476 + 85155986359556 * 2”475 4 80354721279612 2" 474

+ 75280034848995 * 27473 4 69948677085624 * 2" 472 + 64378387528208 * 2471

+ 58587828523189 * 2470 + 52596514461970 * 2" 469 + 46424737442634 * 2~ 468

+ 40093489509295 * 2 467 + 33624381947278 x 2”466 + 27039561847385 * 2~ 465

+ 20361626409881 * z"464 4 13613535262876 * 2”463 + 6818521248172 * 2" 462

— 6818521248172 x 27460 — 13613535262876 * 2~ 459 — 20361626409881 * z"458

— 27039561847385 * 2"457 — 33624381947278 x 2”456 — 40093489509295 * 2" 455

— 46424737442634 * 27454 — 52596514461970 * 2”453 — 58587828523189 * 2”452

— 64378387528208 * 2”451 — 69948677085624 * 2”450 — 75280034848995 * 2449

— 80354721279612 * 2448 — 85155986359556 * 2”447 — 89668132169332 * 2~ 446

— 93876570859121 * z"445 — 97767878004692 * z"444 — 101329840887539 * 2" 443

— 104551501763773 * 2" 442 — 107423195681730 * 2" 441 — 109936582989912 * =~ 440

— 112084676113403 * 2”439 — 113861860823686 * 2" 438 — 115263911602478 * 2437

— 116288001401534 * 27436 — 116932705429178 * z"435 — 117197999342231 * 2" 434

— 117085251499206 * 2"433 — 116597209733715 * z"432 — 115737982329708 * 2431

— 114513013728410 * 27430 — 112929054679827 * 2z~ 429 — 110994127434743 * 2428

— 108717485714578 * 2" 427 — 106109570121666 * 2~ 426 — 103181958748830 * 2~ 425
—99947313706064 * 2424 — 96419323347865 * 2" 423 — 92612640966147 * 2422

— 88542819748542 x 2421 — 84226244812497 x 2”420 — 79680062125888 * 2"419

— 74922105157115 * 27418 — 69970819078295 * 2”417 — 64845183386312 * 2416

— 59564632769592 * z"415 — 54148977104672 x 2”414 — 48618320407237 * 2413

—42992979628597 * 2412 — 37293403120573 * 2”411 — 31540089654790 * z~410

— 25753507810139 * 27409 — 19954016606589 * 2~ 408 — 14161787182506 * 2~ 407



— 8396726374997 * 2"406 — 2678401985583 * 2"405 4 2974029439178 x 2~ 404

+ 8541892550283 * 2403 + 14007060063855 * 2~402 4 19352016819002 * z"401
+ 24559920267434 * 2" 400 + 29614657683820 * 2" 399 + 34500899387926 * 2z~ 398
+ 39204148293913 * 2" 397 4 43710785126953 * 2" 396 + 48008109654030 * z"395
+ 52084377322774 * 2" 394 + 55928831681657 * 2" 393 + 59531732036652 * 2~ 392
+ 62884376743521 * 2”391 4+ 65979121649301 * 2”390 + 68809394111079 * 2" 389
+ 71369702165159 * 2" 388 4 73655639296540 * 2" 387 + 75663884446393 * 2z~ 386
+ 77392197725764 * 2”385 4 78839411532550 * 2”384 + 80005417559818 * 2”383
+ 80891149449145 * 2”382 4 81498561588480 * 2”381 + 81830603868092 * z" 380
+ 81891192898956 * 2379 + 81685179560341 * 2" 378 4 81218313386226 * 2~ 377
+ 80497203704759 * 2”376 4 79529278036997 * 2" 375 + 78322737717973 * 2”374
+ 76886511234815 * 2”373 4 75230205286587 * 2”372 + 73364054048841 * 2”371
+ 71298866681553 * 2" 370 4 69045973543565 * 2”369 + 66617171187055 * 2" 368
+ 64024666566369 * 2z~ 367 4 61281020562627 * 2”366 + 58399091230056 * z" 365
+ 55391976884742 * 2”364 + 52272959406997 * 2”363 + 49055447898002 * 2"~ 362
+ 45752923018659 * 2" 361 + 42378882165911 * 2”360 + 38946785772444 * 2" 359
+ 35470004891211 * 2" 358 4 31961770304709 * 2" 357 + 28435123328032 * 2z~ 356
+ 24902868492491 * 2”355 4 21377528282686 * 2" 354 + 17871300063747 * 2" 353
+ 14396015368005 * 2~ 352 4 10963101626399 * 2”351 + 7583546512870 * 2z~ 350
+ 4267864930037 x 2”349 4 1026068802098 * =z~ 348 — 2132360348853 * 2~ 347

— 5198495886065 * 2" 346 — 8163987675111 * 2" 345 — 11021080682633 * 2~ 344

— 13762630685431 * 2" 343 — 16382116941950 * 2" 342 — 18873652002760 * 2”341
— 21231988521449 * 2”340 — 23452523286181 * 2”339 — 25531298338173 * 2”338
— 27464999443454 * 2z~ 337 — 29250951785983 * 2”336 — 30887113187211 * 2" 335
— 32372064726571 * 2z~ 334 — 33704999100320 * 2”333 — 34885706594588 * 2~ 332
— 35914559044038 * 2331 — 36792491648904 * 2" 330 — 37520983048241 * z~ 329
— 38102033523137 * 2" 328 — 38538141746294 * 2" 327 — 38832279948406 * 2~ 326
— 38987867937319 * 2325 — 39008745831825 * 2”324 — 38899145958847 * 2" 323
— 38663663771083 * 2" 322 — 38307228238637 * 2”321 — 37835071563313 * 2”320
— 37252698674939 * 2”319 — 36565856344995 * 2”318 — 35780502376859 * 2" 317
— 34902774698810 * 2”316 — 33938960811183 * 2”315 — 32895467402479 » 2" 314
— 31778790579727 x 2" 313 — 30595486511632 * 2" 312 — 29352142919670 * 2" 311
— 28055351204177 * 2”310 — 26711679623313 * 2" 309 — 25327647299940 * =z~ 308
— 23909699459384 * 2" 307 — 22464183657108 * 2" 306 — 20997327382107 * 2~ 305
—19515216784310 * 2" 304 — 18023776888530 * 2" 303 — 16528753033503 * 2~ 302
— 15035693878664 * 2" 301 — 13549935703909 * 2" 300 — 12076588324744 * 2~ 299
— 10620522340555 * z"298 — 9186358012841 * 2”297 — 7778455486260 * 2~ 296

175



— 6400906627482 * 27295 — 5057528186866 * 2" 294 — 3751856537672 * 2”293
— 2487143695376 * 2292 — 1266354847263 * 2" 291 — 92167096147 * 2290

+1033030372397 * 2" 289 + 2107134996526 * 2”288 + 3128328227171 * 2287

+ 4095071892925 * 27286 + 5006103371235 * 2”285 4 5860429851148 * 2" 284
+ 6657321536049 * 2”283 4 7396304065912 * 2z~ 282 4 8077150022004 * 2”281
+ 8699869783646 * 2”280 + 9264701617621 * 2279 4 9772101255450 * 2" 278

+ 10222730853814 * 2" 277 4+ 10617447581302 * 2"276 + 10957291737610 * 2z~ 275
+ 11243474633421 * 2274 4 11477366150536 * 2”273 + 11660482191548 * 2”272
+ 11794471949851 * 2" 271 4 11881105192878 * 2”270 + 11922259496815 * 2z~ 269
+ 11919907607396 * 2268 + 11876104875330 * 2”267 + 11792976918937 * 2266
+ 11672707471468 * 2"265 + 11517526546789 * 2”264 + 11329698885835 * 2~ 263
+ 11111512798421 * 2262 4 10865269370311 * 2”261 + 10593272127691 * 2z~ 260

+ 10297817136436 * 2~ 259 4 9981183608857 * 2" 258 4 9645624999212 * 2" 257
+ 9293360642204 * 2”256 + 8926567921996 * 2”255 + 8547375004891 * 2”254
+ 8157854130033 * 27253 4 7760015473435 * 2”252 4 7355801583057 * 2" 251
+ 6947082384492 * 2”250 + 6535650760481 * 2249 + 6123218685593 * 2”248
+ 5711413926480 * 2" 247 4 5301777273662 * 2”246 + 4895760319139 * 2" 245
+ 4494723733472 * 2”244 + 4099936061931 * 2243 4 3712572979217 x 2242
+ 3333717029640 * 2”241 + 2964357780509 * 2”240 + 2605392420012 * z"239
+ 2257626718932 x 27238 4 1921776392859 * 2”237 4 1598468774110 * 2236
+ 1288244837695 * 2”235 4 991561482404 * 2" 234 4 708794116018 * 2" 233

+ 440239441299 * 2"232 + 186118496728 * 2" 231 — 53420157354 * 2”230

— 278297045779 * 2”229 — 488498292989 * 2”228 — 684071978695 * 2" 227

— 865124450145 * 27226 — 1031816520525 * 2225 — 1184359671450 * 2224
— 1323012182376 * 2223 — 1448075306910 * 2" 222 — 1559889414778 x z"221
— 1658830217943 x 27220 — 1745304996476 * 2" 219 — 1819748942614 * 2" 218
— 1882621533050 * 2217 — 1934403048050 * 2”216 — 1975591144340 * 2" 215
— 2006697596975 * 2”214 — 2028245115728 * z"213 — 2040764349071 * 2"212
— 2044790977490 * 2211 — 2040863008033 * z"210 — 2029518170001 * z"209
— 2011291519441 * 2208 — 1986713152552 * 2" 207 — 1956306132326 * 2" 206
— 1920584526673 * 2”205 — 1880051660347 * z"204 — 1835198478746 * 2" 203
— 1786502121005 * 2202 — 1734424602554 * 2" 201 — 1679411700531 * 2" 200
— 1621891942135 * 27199 — 1562275787097 * 2”198 — 1500954905461 * 2" 197
— 1438301637055 * 27196 — 1374668537454 * 2" 195 — 1310388092367 * 2" 194
— 1245772506979 * 27193 — 1181113649733 * 27192 — 1116683059529 * 2" 191
— 1052732091113 * 27190 — 989492112423 x 2" 189 — 927174824283 x 2" 188

— 865972619042 * 2”187 — 806059046279 * 2”186 — 747589305388 * 2”185

176



— 690700828742 * 2”184 — 635513880942 * 2”183 — 582132233277 * 2”182
— 530643842760 * 2181 — 481121592639 * 2z~ 180 — 433624027358 * 2179
— 388196134867 * 2178 — 344870115165 * 2”177 — 303666183554 * 2" 176
— 264593351810 * 2”175 — 227650233516 * 2174 — 192825820478 * 2173
— 160100272834 * 2”172 — 129445675601 * 2”171 — 100826799899 * 2" 170

177

—74201826073%2"169—49523064734+2" 168 —26737636428+ 2" 167—5788142705%2 166

+ 13386705389 * 2" 165 + 30851472750 * 2”164 4 46673429274 x 2”163

+ 60921996140 * 27162 + 73668235909 * 2" 161 + 84984362900 * 2z~ 160

+ 94943295831 * 27159 + 103618233020 * 2z~ 158 4+ 111082268283 * 2" 157
+ 117408030009 * 2”156 + 122667358913 * 2”155 + 126931009522 * 2" 154
+ 130268387032 * 2”153 + 132747308045 * 2" 152 + 134433793582 * 2" 151
+ 135391884836 * 2" 150 + 135683488087 * 2" 149 + 135368241387 * 2”148
+ 134503406296 * 2" 147 + 133143780455 * 27146 + 131341631504 * 2" 145
+ 129146649913 * 2" 144 + 126605919824 * 2" 143 + 123763907145 * 2z~ 142
+ 120662461677 * 2" 141 + 117340835169 * 2" 140 + 113835709888 * 2" 139
+ 110181241091 * 2”138 + 106409107122 * 2”137 + 102548571711 * 2”136
+ 98626550531 * 27135 + 94667688832 * 2" 134 + 90694440431 * 2”133

+ 86727156105 * 2”132 + 82784171248 x 2”131 4 78881901478 * 2”130

+ 75034935137 * 27129 + 71256132981 * 2”128 + 67556722671 * 2" 127

+ 63946399365 * 2”126 + 60433419832 * 27125 4 57024701681 * 2" 124

+ 53725914683 * 2”123 + 50541576865 * 2" 122 4 47475141451 x 2”121

+ 44529088008 * 2”120 + 41705003905 * 2" 119 + 39003669410 * 2”118

+ 36425132490 * 27117 + 33968787249 * 27116 + 31633441495 * 2" 115

+ 29417387782 % 2”114 + 27318463626 * 2”113 + 25334114925 % 2”112

+ 23461448540 * 2”111 4 21697288278 * 2z~ 110 + 20038219949 * 2109

+ 18480639909 * 2" 108 + 17020793080 * 2~ 107 4 15654814338 * 2" 106

+ 14378759751 * 27105 + 13188641447 x 2104 4 12080452535 * 2" 103

+11050195816* 2" 1024-10093903156 * 2" 101 +9207658559 * 2~ 100 48387612453 * 2~ 99
+ 7629999938 * 2798 4- 6931150515 * 2797 + 6287501994 * 296 + 5695606511 * 2" 95

+ 5152140560 * 2" 94 + 4653907806 * 2" 93 4 4197846028 * 2”92 4 3781027149 * 2" 91

+ 3400661569 * 290 + 3054096118 * 2”89 + 2738816135 * 2" 88 + 2452441782 x 2”87

+ 2192728483 * 2786 + 1957561879 x 2”85 4 1744956995 * 2”84 4 1553052383 * 2" 83

+ 1380108199 * 282 + 1224499844 x 2”81 4 1084715406 * 2" 80 4 959348907 * 2" 79

+ 847097375 * 2”78 + 746754035 * 2”77 + 657205076 * 2”76 + 577422992 * 2”75
+ 506463299 * 2”74 4 443458045 * 2773 + 387612617 * 2”72 + 338199622 x 2" 71
+ 294555770 * 2770 4+ 256076190 * 269 + 222211571 * 2”68 + 192462844 * 267
+ 166378625 * 266 + 143550397 * 265 + 123610153 * 2" 64 + 106226109 * 2”63
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+ 91100654 * 2" 62 + 77966455 * 2”61 + 66584743 * 2" 60 + 56741889 * 2" 59

+ 48247884 % 2”58 + 40933394 * 2”57 4 34648504 * 256 + 29260095 * 2”55

+ 24650878 x 254 + 20717132 * 2°53 4+ 17367869 * 2" 52 + 14522973 * 2”51
+12112525% 2”50+ 10075172 % 2" 4948357679 2" 48 + 6913523 % 2" 47+ 5702535 % 2~ 46
+ 4689779 * 2" 45 4+ 3845262 * 2z~ 44 + 3142987 * 2z~ 43 + 2560799 * 2" 42 + 2079563 * 2" 41
+ 1683072 % 2740 + 1357398 *x 2”39 + 1090829 * 2" 38 + 873328 * 2”37 + 696534 * 2" 36
+ 553306 * 2"35 4+ 437741 * 2" 34 + 344823 x 2”33 + 270446 % 2”32 + 211123 % 2”31
+164041% 2" 3041268152 29497540 2" 28+ 74607 2" 27+56755% 2" 26+ 42910* 2" 25
+ 32248 % 2724+ 24073 % 2”23 + 17851 % 27224+ 13136 % 2" 21 + 9600 * 2" 204+ 6951 * 2" 19
4+ 4995 % 2718 + 3554 % 2”17 + 2505 % 2716 + 1745 % 2”15 4+ 1205 x 214 4+ 818 x 2" 13
+551%2712+4+364%2"114+237*x2"10+151%2"9+4+96% 2" 8+57* 2" 7T+35*xz2"6+20%2z"5
+11%2"446%x2"3+3%x2"2+2+1)



