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a generating function which encodes the number of elements with word length & in L.
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Chapter 1

Introduction

1.1 Lattices and Growth Series

A lattice L is a discrete subgroup of R" for some n € Z-o. The rank of a lattice
is the dimension of the subspace spanned by the lattice. We say that a lattice L is
generated as a monoid by a finite collection of vectors M = {ay,...,a,} C R”
if each point u € L is a non-negative integer combination of the vectors in M. For
convenience, we often write the vectors from M as columns of a matrix M € R™*" and
to make the connection between £ and M more transparent, we refer to the lattices
as Ly. The word length of u with respect to M, denoted w(u) is the min()_ ¢;)
where u = ) ¢;a;. The growth function S(k) is defined to be the number of points
u € L with word length w(u) = k with respect to M. The growth function of a lattice

generated as a monoid allows us to determine how rapidly the lattice expands. We



define the growth series to be the generating function G(z) := >7,.,S(k)z*. From

4], G(x) = (ffi))d where h(x) is a polynomial of degree less than or equal to the rank
d of Ly;. We call h(z) the coordinator polynomial of the growth series. Explicit
formulae for the growth series for the root lattices A,_1, C,, and D,,, which we will
define below, are given by Baake and Grimm in [1]; the formulae for A,,_; and D,, are
proven in Conway and Sloane [5].

In this paper we examine the growth series for the classical root lattices in terms
of their standard set of generators. We rederive formulae for A, _; and for C, and
conjecture a method for determining the formula for the growth series for D,. The
approach presented here is a natural extension of the proofs related to the growth series
of cyclotomic lattices presented in [2]. Using regular triangulations of the polytopes
formed by the convex hull of the generating vectors in M, we both determine the
growth series and extend the given set of lattice generators. Along the way, we will show
specific triangulations of these contact polytopes which facilitate these calculations and
determine that the coordinator polynomials arising from these constructions must be
palindromic. Finally we provide an argument for the application of this technique to
proving the growth series for D,,.

The majority of the material presented here is an explanation and synthesis of
theorems and techniques proved elsewhere. The results proven in this thesis are sum-
marized in the following theorems. The terms in these theorems are fully defined in

subsequent chapters.

Theorem 1.1. Given the lattice A,_1, generated as a monoid by the vector config-
uration My, = {e; —e; : 1 < i,j < n}, the coordinator polynomial of the growth

series of A,_1 is the h-polynomial of the boundary complex of any regular, unimodular



triangulation of P4, = conv(Ma, ).

Corollary 1.2. The coordinator polynomial for the growth series of A,,_1 generated as

a monoid by M, ={e; —ej,: 0<4i,j <n withi#j} is

2

Theorem 1.3. The coordinator polynomial for the lattice C,, generated as a monoid

by the standard generators M¢, = {xe; £e;: 0 <1i,j <n} is given by

While two different sets of generators M; and My may generate the same lattice,
the rate at which the lattice grows relative to these generators might be quite different.

The growth functions for £y, and Ly, allow us to quantify this difference.

01 -1 01 -1 0 1 -1
Example 1.1. Let M, = and My =
1 0 —1 10 0 -1 -1 1

Then Ly, = Ly, = Z*. Figure 1.1 shows the lattices generated by these matrices with
the generators shown in bold and points with word length less than 2 indicated on the
lattice. Let S;(k) and Sy(k) denote the growth sequence for £y, and Ly, respetively.
In every lattice, the origin is the only point with word length 0, so S1(0) = S2(0) = 1.
We can easily compute that for n > 1, S;(k) = 3k while Sy(k) = 6k. That is, Ly, is

growing twice as fast as Ly,

In many cases it is easier to work with the growth function embedded in a series.



~—g-----e

2 e -
2, 0 el 2 2 @1 0 B
N - - ~ 1
- - ) .. i
s/ @1 2 . . . vy  eyTUey )
- - [
N 1
II N :
‘S N 1
) . . . . . . RS etk ey----"9

Figure 1.1: Ly, and Ly, with generators.

Rather than looking for an explicit formula for S(k) in terms of k, we define the

generating function

G(z) =) S(k)z*.

k>0

As cited above, G(z) = (lh_(?y where h(x) is called the coordinator polynomial of

L with respect to M. The degree of h(z) is <.

1.2 Polytope Basics

The theory that we use to determine the growth series for the root lattices depends on
some basic knowledge of polytopes and cones. The definitions and theorems summa-
rized here are from [3],[15], and [13], where the proofs and motivation are explained
more fully.

A polytope P C R™ can be defined either as the convex hull of a finite set of points

or as the bounded intersection of a finite collection of halfspaces.



Definition 1.1. A V—polytope Py, is the convex hull of a finite collection of points

in M ={vy,...,v.} CR" Formally,

= conv({vy,..., v, }).
A hyperplane H C R" is a subset of the form
H={xeR": a1x1 + asXg + - -+ + a,x, = b} where ay,as,...,a,,b € R.

A hyperplane H separates R" in two halfspaces H™ and H~ given by the points

satisfying the following inequalities:

H" = {xeR":a1x; + asxs + -+ + a,x, > b}

H = {XER":a1X1+a2X2—|—---+anxn§b}.

Any halfspace H' can be written as H~ by multiplying the both sides of the defining
inequality by —1. Thus we can write any finite collection of m halfspaces in R" as
H={H,...,H,,} where H, = {x € R" : agx; +a;pXa+- - -+ a;nx, < b;}. We collect

the coefficients from these inequalities in the m x n matrix

(055 QA1np

Am1 -+ Qmnp

and let b = (by,...,by).



Definition 1.2. An H—polytope Py is the bounded intersection of a finite collection

of halfspaces ‘H. Formally,

Py :={x € R": Ax < b},

where A € R™*"™ and b € R™.

The following theorem establishes that definitions 1.1 and 1.2 describe the same set

of objects.

Theorem 1.1. [15] Every V-polytope can be described by a finite set of inequalities as
an H-polytope. Every H-polytope is the convex hull of a minimal finite collections of

points called its vertices and is thus a V-polytope.

The proof of this theorem takes considerable work and is explained in fully [15].
As a result of this theorem, it makes sense to use the term polytope denoted P to
describe either a V-polytope or an H-polytope. We scale the polytope P by a factor k

to form the k*" dilate of a polytope P given by

kP = {(kxy, kxy, ... kx,) : (x1,29,...,2,) € P}.

The dimension of a polytope P is one of the most fundamental invariants of P. To
precisely define the dimension of a polytope, we first consider the notion of an affine

space.

Definition 1.3. An affine space is any set of the form 4 = {x € R" : Ax = b}.

In other words, a non-empty affine space is simply a translation of a vector space



{x € R": Ax = 0}. The dimension of an affine space U is the same as the dimension

of the translated vector space.
dim({x € R": Ax = b}) =dim({x € R" : Ax = 0}).

The affine hull of a set of points M = {vy,...,v,} is the set of all affine combi-

nations of the points in M denoted

aff( M) := {i)\ivi : )\ € Randi)\i = 1}.
i=1 i=1

Thus every affine hull is an affine space.

Definition 1.4. The dimension d of a polytope P is the dimension of the affine hull
of P. We denote this dim(P) = d and call P a d-polytope.

Given a polytope P € R", dim(P) < n. If dim(P) = n we say that P is full
dimensional. A supporting hyperplane of P is any hyperplane H = {x € R" :

cx = ¢} such that P is completely contained in either H~ or H*.

Definition 1.5. A face of P is a set of the form F = P N H where H is a supporting
hyperplane of P. If we let H be the degenerate hyperplane {x € R" : 0x = 0}, then P
is a face of itself. If we let H be any hyperplane that does not intersect P at all, then
() is a face of P.



Ifwelet P={reR": Ax <b}and H = {x € R": cx = ¢y} then

A b
F=PNH= r € R": C XS Co
—C —Cp

It follows that every face of a polytope is itself a polytope. A face F of P is considered
a proper face if dim(F) < dim(P). The 0-dimensional faces of P are called vertices,
the 1-dimensional faces are edges and the (d — 1)-dimensional faces are facets of P.
The set of vertices of P is called the vertex set of P denoted vert(P). The boundary

of P, denoted 9P, is the union of all proper faces of P.

Definition 1.6. Given a d-polytope P € R™ where n > d,and a point vy ¢ aff(P), we

call the polytope @ = conv({vy} UP) the cone over P from vy.

Definition 1.7. A d-polytope P is a d-simplex if P has exactly d + 1 vertices. In

this case we denote P by Ay.

When listing several simplices, we use §; to denote the i*" simplex regardless of the

dimension.

Definition 1.8. A simplicial complex C is a finite collection of simplices in R™ such

that
1. the empty polytope 0 is in C
2. if 6 € C, then every face of § is in C

3. if 61 € C and 65 € C, then d; N J, is a face of both d; and J,.



Each § € C is called face of C. A simplicial complex is pure if all maximal faces of C

have the same dimension.



Chapter 2

The Root Lattice A,,_1

We now take a closer look at the lattice A,,_; and examples of the growth series for
specific values of n. In this chapter, we also define the contact polytope of A, _; and

examine the structure of this contact polytope.

2.1 Monoid Generators and Growth Series of A,,_1

The lattice A,_; is a subgroup of Z" given by A,y = {z € Z"| > _, xx = 0}. The
rank of this lattice is d = n — 1. To simplify the subscript, we will refer to this lattice

as Ag.

Proposition 2.1. The lattice A, is generated as a monoid by the set of vectors My, =

{ei—e;,|0<i,j<d+1 withi#j}

10
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Proof. Let L, be the lattice generated by My,,. Choose u € Ly, , so u =

Zi .cl-j(ei — ej) = Zl 1 Cij€; — C;5€;. Then
3J »J

fe-slre) 5z

2

Thus u € A; and ‘CMAd C Ay
Now choose u = (uy, ug, ..., u;) € Ag. Then Vk, uy € Z. Also

n n—1
g uk:Oorun:—g U
k=1 k=1

We now construct the coefficients ¢;; such that u = 3, ; ¢;;(e;—e;). If (>0 ug) > 0let

Ci(it1) = Zk LU If (Zk Luk) <0, let ey (Zk L Ug). Otherwise let ¢;; = 0.

Zcij(ei — ej) = ul(el — 82) + [(UQ + ul)(eg — eg)] + -+ (Z Uk> (€n,1 — en)

n—1
= wuje; +useg+ - -+ Up_1€p_1 + (— uk> en
= u.
ThusuE/JMAd and Ad:'CMAd- ]

We represent the d(d + 1) vectors in M 4,, one for each possible combination of i

and j, as the columns in a (d + 1) x d(d + 1) matrix My,.
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Example 2.1. A, is a rank 2 lattice in R? generated as a monoid by the vectors

While the rank of A, is 2, this lattice, shown in Figure 2.1,is not a subset of Z2.

Instead, A, lies in the hyperplane H = {z € R3 : 2y + 2o + 23 = 0} in Z3.

Figure 2.1: The hexagonal lattice A,.

Recall that for the lattice Ay, the word length w(p) of a point p € A, is the minimum
number of generators from M4, used to obtain p. The growth function S,(k) is the
number of points p € A; with word length w(p) = k with respect to M 4,. Since the
origin is always considered to have word length 0, S4(0) = 1. Each generating vector
in M4, has word length 1, so Sy(1) = d(d + 1). Figure 2.2 shows the points in Ay with
word length < 3 as sets of radiating hexagons. The hexagon Py = conv(Ms) is called
the contact polytope of A;. The radiating hexagons are dilations of Py around the

origin. All of the points p € A such that w(p) = k will lie on 9(kPa,); that is, the



13

number of points on the boundary of the k" hexagon equals So(k). By observation,

we see that Sy(k) = 6k for k > 1.

Figure 2.2: Dilations of the contact polytope P4, in As.

2.2 The Contact Polytope of Ay

Definition 2.1. Let £ be a lattice generated as a monoid by the columns of M € R™*".
The contact polytope of L is Py, = conv(M), the convex hull of the column vectors

in M. That is,

PMZ{pGR”:p:i)\iai, A > 0 and Z)‘izl'}'

i=1
where q; is the i-th column of M.

For the lattice A; we denote the contact polytope P4,. Since Ay is a lattice of rank
d in R¥ P, C R¥! is d-dimensional.

In the example above, Py, is a regular hexagon containing only the lattice points

in M4, UO0. But what can we say about Py, for d > 27 To get an idea about these,



14

we examine a larger example.

Example 2.2. Consider P4, C R®. The generators of this polytope are given by

1 1 1 1 -1 0 0 0o -1 0 0 0o -1 0 0 0o -1 0 0 0

-1 0 0 0 1 1 1 1 0o -1 0 0 0 -1 0 0 0 -1 0 0

M4 — 0o -1 0 0 0o -1 0 0 1 1 1 1 0 0o -1 0 0 0o -1 0
0 0o -1 0 0 0 -1 0 0 0o -1 0 1 1 1 1 0 0 0o -1

0 0 0o -1 0 0 0o -1 0 0 0o -1 0 0 0o -1 1 1 1 1

Pa, = conv(M,). Consider the hyperplane Hj, = {x € R® : 1 — x5 = 2}. Then
Py € Hyy and

So e; — ey is a vertex of Pyy.

For any choice of i and j, Pa, intersects the supporting hyperplane H;; = {z €
R g — x; = 2} in the point e; — e;, so the generalization of Example 2.2 is that
the columns in My, are exactly the vertices of P4,. We call these vertices v;; = e; —e;
and reorganize them in the (d + 1) x (d + 1) matrix V,,whose entries are v;; for i # j
and 0 if ¢ = j. In this context we write P4, = conv(V,) to mean that Py, is convex
hull of the entries in V;. While this notation may initially seem a bit awkward, we

will shortly see that it is quite powerful.

Example 2.3. The contact polytope Py, from Example 2.2 can be written as conv(Vy)

where

0 wviz wviz Vvia Vis

Va1 0  wva23 vag Vs

V4l V42 V43 0 w5

V51 V52 V53 Va4 0
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Whether we are referring to the vertices v;; or the components of a vector x € R”,
we often want to identify a subset of the indices. Let [d + 1] := {1,2,3,...,d+ 1} and
S C [d+ 1] is a proper subset of {1,2,3,...,d+ 1}.

Proposition 2.2. P, is contained the hyperplane Hy = {x € R4 : Zjill x; =0} and

for every S C [d+ 1], S # {0}

Hg = {XERd+1: in: 1}

ies

is a facet defining hyperplane. Also, each facet of Pa, is equal to Pa,NHg for some S C
[d+1].

Proof. Since P4, = conv(V),each vector v;; € Hy, then Pa, C Hy. Fix S C [d + 1]
with |S| > 0. For Hg to define a facet of Pa,, dim(P4, N Hg) = d — 1. That is, there
must exist d affinely independent vertices of P4, that also lie on Hg. Fix s € S. Let
T=[d+1—S8. Then Vt € T, (vg)s = 1 and (vy); = —1 and (vg); = 0 when
i# s, i#t Since ), ¢(vy); =1, then vy € H. For a fixed s € S, the set of vectors
{vs; : j € T} is affinely independent with |T'| = n — k vectors. Now fix a ¢t € T" and
consider {v;; : i € S, i # s}. These form an affinely independent set with k£ —1 vectors.
So {vsjlj € TU{vul|i € S,i # s} is the desired set of (d+1—k)+ (k—1) = d affinely
independent vectors. So Pa, N Hg is a facet of Py,.

Let F be a facet of P4,. Then there exists
H ={xeR":cqx +cry+ -+ cpx, < b}

such that P4, C H~ and F = (Pa, N H™). Since the Py, contains the origin, we can

assume that b = 1. Without loss of generality, let vi2 € F. Since every point in Py,
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satisfies the equation >  x; = 0, we can add enough copies of this equation to make
cg=1 LetT=j:vy;€F. Foreachje€T,1—c; =1s0c; =0, in particular ¢, = 0.
Now consider vy, where k,m ¢ T and k # 1. Then 1 —¢,, < 1so ¢, > 0. If vy, € F
then ¢ — ¢, = 1,80 ¢, > 1. But then ¢; — ¢y > 1 means that v;2 ¢ H~, a contradiction
to the assumption Py, C H~. Therefore Vk,m ¢ T, vpym ¢ F. Finally, since F is a
facet, there must be d affinely independent vertices that satisfy x1+coxo+---+c,x, < 1
with equality. Thus for each k ¢ T', at least one vector vg; with j € T must lie on F.
Socy, =1 Let S=[d+ 1] —T. Then H={x € R : Y x; =1 fori € S}.

Corollary 2.3. The integer points in Pa, are evactly My, U O.

Proof. By the definition of P4, the points in M4, are contained in Py,. Since e; —e;
and ey — e; are both in M ,,, then 0 = %(el —ey) + %(eg —e1) € Py,. Let x be an
integer point in Py,, so x = > A\;;v;; with Y A;; = and Vk |zi] < 1. If x # 0, then
there exists ¢ such that z; = 1 or x; = —1. Without loss of generality, assume that

21 = 1. Then
> =1
J

and \;; = 0if ¢« # 1. Choose s such that A\;; > 0. Then z, = —\;,. Since z; is an

integer, then A\, = 1. Thus, x = e; — e,. O

Given any S C [n], the vertices of each of the facets of P4, are the columns of M,
where z, = 1 for exactly one s € S and x; = 0 for all i € S, i # s We denote this facet

by Fg, and the corresponding set of vertices Vg. The vertices of Fg are

Vs={v;:ie€S, and j €T =[n]—S}.
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There is a one-to-one correspondence between the vertices of a facet Fs and the entries
in k x (n — k) submatrices of V; with rows given by the indices in S and columns from

the indices in T'. We will call these submatrices Vs.

Example 2.4. The vertices of Fj; 43, the facet given by the intersection of P4, and
the hyperplane x; + x4 = 1, appear in the 2 x 2 matrix formed by rows 1 and 4 and
columns 2, 3, and 5 of the matrix V,:

Viz Vi3 Vis
Fpy.4y = conv(Vyy 43) = conv . (2.1)

V4o V43 Vys

Definition 2.2. [15] The product of two polytopes P and Q is given by

P x Q.= XEPyeQ

P x Q is a polytope of dimension dim(P) + dim(Q) whose faces are the products of
faces of P and Q.

Continuing with the example of P,,, the vertices vi2,vy3, and vy; are affinely
independent and the convex hull of these points is a triangular face, Ay, of Fy 4.
The vertices vio and vy are also affinely independent with convex hull a segment,
A1, forming an edge of Fi4. In this case, F14 = conv(vis, Vi3, Vi5) X conv(vig, Vyo) =

Ao x Aq. This example is generalized in the following proposition.

Proposition 2.4. Every facet of the contact polytope of Ay is a product of simplices

ANp_1 X Dgpg—yy for 1 <k <n—1.
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Proof. Let Fg be a facet of Py, with S = {i1,ia,...,9} C [n] and T = [n] — S.
Without loss of generality, we can assume that S = {1,2,..., k}and T = {k+1,...,n}.
Consider only the vertices in the first row of the submatrix of vertices of this facet. All

of the these vertices will be of the form

where exactly one of the first £ components is 1 and exactly one of the last n — k
components is —1. If [, is the k& x k identity matrix, then let P = conv(l;) = Ay
and Q = conv(—1(,—)) = Am—k—1)- Then the vertices v;; of Fg are exactly the vertices

of P x Q thus .'FS = Akfl X A(n—k—1)~ ]

Summarizing, we know the following about the combinatorial structure of Py,: it
is a d-polytope with d(d+ 1) vertices, all of the vectors in M y,. Each vertex v;; shares
an edge with the vertices of the form vy; or v;. There are 2(d — 1) such vertices, so v;;
lies on 2(d — 1) edges. To find the total number of edges we multiply d(d + 1) vertices
by 2(d — 1) edges per vertex and divide by two, since every edge contains two vertices.
P4, has (d —1)d(d + 1) edges and the Pythagorean theorem gives the length of each
edges as V2. Pa, has (dzl) facets of the form A1y x A1) foreach 1 <k <n-—1

for a total of 2F — 2 facets. The integer points in P4, are M4, U 0.
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2.3 Triangulations and Unimodularity of Py ;

In the next chapters, we will explore how embedding the monoid structure of a lattice
in an algebra will enable us to use more tools to determine the growth series of this
lattice. A critical step is a triangulation of the polytope P4,. In Chapter 4, we will use
a specific triangulation of P4, to derive a formula for the coordinator polynomial of
Ag. In this section, we develop the notion of triangulating a polytope and examining

when this triangulation has a special property called unimodularity.

Definition 2.3. [3] A triangulation 7 of a convex d-polytope P is a pure simplicial

complex where P is the union of the simplices in 7.

The fact that every convex polytope P can be triangulated using only the vertices
of P is proven in the appendix of [3]. For a contact polytope P, of a lattice L, we are

primarily interested in triangulations which use only the points in P, N L.

Example 2.5. Consider the hexagon P4, with vertices {via, 13, Va1, V23, V31, V32 }. T =
{61, 02, 03,04} is a triangulation of Py, as shown in Figure 2.3 with
01 = conv({vi2, V13, V23}), d2 = conv({via, Va3, Va1 }),

03 = COHV({U12,U217U31}), 0y = COHV({U127 U317U32}).

Definition 2.4. A simplex with vertices vy, v1,...,vs € Z" is unimodular in a given
lattice L if for any ordering of the vertices, {v; — v, v2 — vy, ..., Vg — Vo } generates L.

In the case where £ is isomorphic to Z4, this characterization is equivalent to

| det(v1 — vo,va — Vo, ..., Vg — vp)| = 1
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Vi Vop

Vi3 V23

Figure 2.3: A triangulation 7 of Py,

In other words, given a d-simplex in with vertices Z¢, this simplex is unimodular if
when you translate the simplex so that any one of the vertices is at the origin, then

the set of vectors from the origin to the other translated vertices will span Z.

Definition 2.5. A unimodular triangulation of a polytope P is a triangulation

into unimodular simplices with vertices in P N Z<.

Definition 2.6. A matrix M is called totally unimodular if every square submatrix

of M has determinant 0, +1, or —1.
Proposition 2.5. The matriz My, is totally unimodular.

For the proof of proposition 2.5 we use an alternate characterization of totally

unimodular matrices proven by Schrijver in [9].

Theorem 2.6. [9, Theorem 19.3] If M is an n x m matriz with entries 0,+1 and —1,

then M is totally unimodular if each collection of columns of M can be split into two
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parts By and By so that the sum of the columns in By minus the sum of the columns

By is a vector with entries only 0,+1 and —1.

We abuse the notation slightly to create the following shorthand for this condition:
Sia = ZBl — Z B,y € (—17 0, +1)n

1 -1
Proof of Proposition 2.5. For d = 1, M; = is totally unimodular by
-1 1

simply applying Definition 2.6. We proceed by induction on the dimension d. Assume
that for d < k, My, is totally unimodular. Let B = by,...,b, be a collection of
columns of My, so by = e; — e; for some i, j € [n]. We use the following algorithm to
transfer the vectors from B into the sets B; and Bs one at a time so that the property

Sz € (—1,0,+1)k*1 is preserved at every step. We begin with B; and B, empty.

(1) For every pair of vectors by and b, such that bg + b, = 0, place both b, and b, in
By. Go to (2)

(2) Let ¢ = 1. Choose any of the remaining vectors e;, —e;, in B and add it to Bj.

Go to (3)
(3) At this step there are three cases:

(3a) If all of the vectors from B have been distributed to either By or Bs, go to
(5);
(3b) If there are no remaining vectors in B of the form e;, — e, ., go to (4);

(3c) If there remains vectors in B of the form e; —e;_,,, add this vector to B;.

There are now two new cases.

i. If joy1 =11, then > By — > By = 0, so return to (2).
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. If jey1 # 01, let c:=c+ 1 and go to (3).
(4) Again, there are two cases:

(4a) If there are no remaining vectors with a 1 or —1 in the j. position, go to
(5);
(4b) If there is still a vector in B are of the form e; ., — e, , add this vector to

By, let ¢ := ¢+ 1 and return to (3).
(5) Either

(5a) All of the vectors from B have been separated into B; and Bsy; or

(5b) All of the remaining vectors have entry 0 in the j. row.

In both cases, either S12 = 0 or Si3 = e;, —ej,. In case (5a), we are done. In case (5b),
let the matrix B’ be the remaining vectors in B with the j; row eliminated. The vectors
in B’ are a subset of the columns of Mj_;. By the induction hypothesis, M;_; is totally
unimodular, and thus the vectors in B’ can be divided into two sets B} and Bj) such
that S4, = >_ By —>" B} € (—1,0,+1)*"1. Thus, we separate the remaining vectors in
B into the same two groups, Bz and By such that S3; = Y B3 — Y. By € (—1,0,+1)*
and the j. component of this sum is 0. If the 7; component of this sum is —1 or 0, then
we simply add all of the columns from Bs to By and the columns from B, to By and
we are done. If the 7, component of S34 is 1, then we switch and add the columns from
B4 to By and the columns from Bs to B, and again we are done. Thus, we conclude
that M}, is totally unimodular, and by induction, M4, is totally unimodular for all
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Example 2.6. Let B C My, be given by

1 1 1 0 0 -1 0 0
-1 0 0 -1 1 1 0 0
0

1

B = 0 -1 0 1 0 o0 1
0 0 -1 0 0 0 O
0 0 0 0 -1 0 -1 -1

= {V12>V13>V41,V32,V25,V21>V35,V45}-

The results for each step in the algorithm above are as follows:

e (1) vi2 4+ vo; = 0; place both in By,and go to (2).

B, = {V12>V21} By = {} B = {V13>V41>V32,V25,V35,V45}

ZBlzo ZBQZO 251220

e (2) Place vi3 in By, c=1, 4, =1 and j; = 3. Go to (3)

B, = {V12>V21>V13} By = {} B = {V41>V32,V25,V35,V45}

ZB1:V13 23220 2512=V13

e (3c) Place vs5 in By, ¢ =2 and j, = 5. Go to (3)

B, = {V12>V21>V13,V35} By = {} B = {V41,V32,V25,V45}

ZB1:V15 ZB2:0 2512=V15
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e (3b to 4b) Place vy5 in By, ¢ = 3 and j3 = 2. Go to (3)

By = {Vv12,Vo1,V13,V35} By ={vas} B ={vy, Vs, Vys}

> B1=vis > Ba=0 > Sia=vi;
e (3b to 4b) Place vsp in By, ¢ =4 and j4 = 3. Go to (3)

By = {Vv12,Va1,V13,V35} By = {vas,vaa} B ={vy, vy}

Z By =vi5 Z By = v35 Z S12 = Vi3

o (3bto 4b)B’ = {v31,vss} € My,. Let B} = {vs1} and B} = {v34},50 S}, = vu.

Then Bz = {v41} and B} = {vy5} and S34 = v5; in R® and the final result is

B, = {V12,V21,V137V35,V41} B2{V257V32,V45}

Z By = vys Z By = v Z S12 = V35

So the entries of Y~ By + > By are only —1,0 and 1.

We now consider the simplicial complex formed by the boundary of P4,. Let 7 be
a triangulation of 0(P4,) using only the vertices of P4,. A maximal simplex of 7 is
a (d — 1)-simplex with d vertices {vy,...,vq} which are a subset of columns of M4,.
Since 0 € P4, we can construct a triangulation 7" of P4, by coning over each of the
maximal simplices in 7 from the origin. Then the vertices of any d-simplex in 7" are
{0,v1,...,vq}. Since m is totally unimodular, then | det(v; —wvg, va — g, . .., vg—vo)| =

1. From this we conclude the following proposition.

Proposition 2.7. Any triangulation of Pa, constructed by coning from the origin over

a triangulation of the boundary using no new vertices is unimodular.
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2.3.1 The rational cone over Py,

In many cases, it is easier and more natural to work with a cone rather than a polytope.
The cones that we are defining in this section differ from those defined in Definition
1.6 in that these are unbounded polyhedra. We construct the rational cone over a

polytope P as follows. If Vp = (vy,va,...,V,) are the vertices of P in R™ then let

Define the rational polyhedral cone generated by M’ as

r+1 :
7
Ky, = cone(V') = E ¢ ¢ € Ry

Let us take a closer look at case we are concerned with here: when P is the contact

polytope of a lattice L. Then {MU{0}} is the set of lattice points with word length

M 0
< 1 contained in P. In this case we let M’ = . Since P = conv(M), then

1 1

Kv;, = Kar. This construction can be interpreted geometrically as follows. We embed
the contact polytope P in R"*! in the hyperplane z,,; = 1 and draw a ray from
the origin through each of the vertices of P, and find the convex hull of these rays.

IC% N{x : x,41 = k} is an isomorphic copy of kP.

We would like to say, therefore, that the integer points in Ky N {z : z,11 = k}

are in bijection with the set of points in the £;; with word length less than or equal
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Figure 2.4: Dilations of P4, as cross-sections of K),.

to k, however this is not always the case. This equality does hold when Py, has a
unimodular triangulation [2, Lemma 11]. Theorem 2.7 guarantees that the polytope
P4, has a unimodular triangulation, thus the integer points x € K, are an exact copy

of the points in A; with word length < k.



Chapter 3

Translating to Commutative Algebra

In this chapter, we consider a different problem, that of determining the number of
basis vectors of a given degree in a monoid algebra. The theory outlined in this chapter
is explained in depth in [7] and [13] and is the backbone of the proofs of coordinator

polynomials of cyclotomic lattices in [2].

3.1 From Lattices to Monoid Algebras

Thus far, we have considered the points in a lattice £, € R™ as vectors generated by
non-negative integer combinations of M = (ay, as, ..., a,). Alternately, we can choose

to consider these points as exponents of monomials in a K-algebra as follows. Let

K[x| = K[x1,...,2y,Z,41] be the ring of polynomials with coefficients in an arbitrary
field K. A monomial of K[x] is a product of powers of variables, 2" = "2 ... 2,7}

27
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where u = (uy,ug, ..., u.41) is the exponent vector. Let t = (¢1,%5,...,t,) and the
Laurent polynomial ring T = K[t;,t;',...,t,, 1!, s] where the monomials can have
exponent vectors with negative coordinates (except in the last position.) The variable
s is a distinguished variable which we will use to keep track of the degree of monomials

in a subring of 7. As in Section 2.3.1, let

We now define the ring homomorphism ¢ : K[x] — T by ¥ (x) = M’(t, s) which gives
the monomial mapping

P(x;) = t%s = 7152 . thns.

The image of the map ¢ is the monoid algebra K[M'] = K[t"s,t*s,...,t%s,s]. Let
I be the kernel of 1. By the first isomorphism theorem for rings, I, is an ideal of
K [x] called the toric ideal, K[M'] is a sub-ring of T and K[x|/Iy; = K[M’]. Elements

in K[M’] are monomials of the form tVs" where

vV = Z c;u; with ¢; € Z>( and ZC" =r.
u;, EMU{0}
We define a grading on the monomials in K[M’] by letting the degree of the monomial
tvs" ber. K[M']; is a K vector space generated by the set of monomials in K[M'] with
deg(tVs*) = k. The dimension of K[M’]; as a vector space, written dimg (K[M'];,) is
equal to the number of monic monomials with degree k in K[M’]. Let us step back
and look at a geometric interpretation of this construction in relationship to the lattice

L. By construction, we see that the set of vectors {v : tVs* € K[M']} are in bijection
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with the points in £,; with word length less than or equal to k. Thus counting the
number of basis vectors of K[M']; is the same as finding the number of lattice points

in £, with word length less than or equal to k; that is,

k

dim g (K [M);) = Z S(i).

Example 3.1.

M, =
0o -1 0 -1 1 10
1 1 1 1 1 11
Then K[M}] = K[%s, %3, ce i—fs, s]. The monomials

3
{0243 s WhereZvi =0 and |v;| < k}

=1

form a basis for K[M}]y.

3.2 The Hilbert Series

Definition 3.1. Let V be a finitely generated graded K-algebra, with grading by

degree. Then the function Hy : N — N given by

is called the Hilbert function of V.
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We apply this definition to the algebra K[M’'] and simplify the notation by letting
H(k) = dimg (K[M']y).

As with the growth function, we embed the Hilbert function in a generation function.

Definition 3.2. The Hilbert series of K[M’] is the generating function

H(K[M');2) =Y H(k)a* = dim(K[M'])z".

k>0 k>0
The following theorem is a standard result from algebraic geometry.

Theorem 3.1. [6] If H(K[M'];z) is the Hilbert series of the finitely generated graded
standard K -algebra K[M'], then

where h(z) is a polynomial of degree at most d.
Here we call h(z) the Hilbert polynomial of K[M'].

Proposition 3.2. The Hilbert polynomial of K[M'] is precisely the coordinator poly-

nomial of the growth series of L.

Proof. Since the number of elements in £); with word length less than or equal to k

is dimg (K [M']),) then S(k) = dimg (K[M']x) — dimg (K [M']x—1). The growth series of
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Ly is given by

G(z) = Z S(x) z*

= ) (dimg(K[M]y) — dimg (K[M]_y)) 2*
— H(K[M);z) — a(H(K[M);2)) = (1 — 2) H(K[M']; )
__h(z)

(1 =)t

3.3 Initial Ideals and Regular Triangulations

In section 3.1, we established that ker is the toric ideal 1), of the polynomial ring
K[x] = Klz1,...,2,41]. We now take a closer look at this ideal with the goal of
building a connection between the initial ideal of I, and regular triangulations of the

polytope Py;.

Definition 3.3. A term order < is a well ordering of all the monomials in K [x]| with

the following properties:
1. there exists a minimum element z° = 1;
2. for any monomial x%, if x"* < x¥ then x"x" < xVx".

We can think of the term order < either as applying to the monomials in K[x] or
as applying to the exponent vectors in N**1. Since the exponent vectors that we are
considering are elements in the lattice £, this term order induces an ordering on the

points in the lattice, and in particular on the lattice points in contact polytope Py .
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Definition 3.4. Given a nonzero polynomial f € K[x] and a term order <, we let
in<(f), the initial term of f, be the largest monomial of f with respect to <. If I is an
ideal of K[x], the initial ideal of I with respect to the term order < is the monomial

ideal generated by all the initial terms of polynomials in / denoted by

ing(I) :=(ing(f) : fel).

Theorem 3.3. [6] Let I be a homogeneous ideal in K[x] and < any term order. Then
for all k, (K[x]/1), and (K[x]/inx(I)), are isomorphic K-vector spaces, and therefore
H(K[x]/T;2) = H(K[)/in(D); 2)

The implication of this proposition for our problem is as follows:

h(z)

H(K[M'];2)H(K[x]/in<(Iar); ) = A= gyt

for any term order <. The next task is to identify a term order that enable us to

determine h(z). For this we introduce the notion of a weight vector.

Definition 3.5. For w € R""! <, is the term order induced by w given by
2® <, 27 if w-a < w- B. For a polynomial f € I, in,(f)) is the sum of the terms c,z®

of f where w - a is maximal. So we define the initial ideal with respect to w by

in,(I) :=(in,(f) : felI).

We can also use weight vector w to induce a triangulation of P,; by first trian-
gulating the cone ICj; into simplicial cones and then finding the intersection of these

cones with the hyperplane H; = {x € R"™! : z,,,; = 1}. Geometrically, given a generic
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weight vector w and set of vectors M, we construct 7, the regular triangulation of

P induced by w, as follows:
a. Lift each vector u; € M U{0} C R" to (w;,1) € M’ C R™*,

b. Lift the points in M’ into R"*? again using the weight vector w to construct M =

{(ala 1aw1)a R (ar7 1,(,(}7‘), (07 17wr+1>}-

c. Form the cone K, then project the lower hull of this cone back onto the first (n+1)

i

coordinates. This projected image is a triangulation of M’ written 7, (M’).

d. The intersection of 7,(M’) with H; yields 7, a triangulation of Py, in R".

In section 2.3 we defined a unimodular triangulation of a polytope. The following
theorem establishes the connection between the initial ideal in,(/y;) and the regular
triangulation 7;,. A monomial ideal such as in,(I;) is squarefree if the minimal

generators are monomials not divisible by z? for any i.

Theorem 3.4. [7, Theorem 6.2] The initial ideal in,(Inp) is squarefree if and only if

the reqular triangulation T, is unimodular.

From Theorem 2.5, we know that M, is totally unimodular, thus every triangu-
lation of Py is unimodular. In particular, any regular triangulation of Py, is uni-
modular, so every initial ideal in, (1) will be squarefree. To complete the connection
between the triangulation of Py, and the toric ideal I}, we need a few more definitions.
In Section 1.2, we defined the terms faces, facets and simplicial complex for polytopes.

Here we generalize these definitions to work in that context of abstract algebra.

Definition 3.6. [13, Chapter 13] An abstract simplicial complex I' on the set [n]

is a collection of subsets of [n] such that if ' € I" and G C F, then G € I as well.
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The elements F' € T" are called the faces of ['. The dimension of a face F' € T is
|F| — 1 and maximal dimensional faces are called facets. If all of the facets of I' have
the same dimension, then we say that I' is pure. Any set H C [n] such that H ¢ T’
is called a non-face of I'. A minimal non-face of I' is a non-face H such that for
all G C H, G € I". Notice that when the set [n] is the subscripts of the vertices of a
polytope, these definitions agree with those in Section 1.2.

We now return to the discussion of the columns of M’ as a set of r + 1 vectors in
R"™!. Any triangulation 7, of M’ is a simplicial complex on [r+1]. Then T}, is also a

triangulation of P,; which uses all of the lattice points in Py,.

Definition 3.7. The Stanley-Reisner ideal of a simplicial complex T" on [n] is the

squarefree monomial ideal

Ir = (zy,xi, ... xy, 2 {i1,19,...,1, s a minimal non-face of T').

In this context, the face ring of I' is given by

Example 3.2. The simplicial complex

C = {{z1, 2, z3}, {ws, x4}, {xs, 25}, {23, 25} }

is shown in Figure 3.1. If we consider x1, z9, x3, x4, 5 as indeterminants and form the
ring K[z, x9, 3,24, x5], then the Stanley-Reisner ideal . is generated by the mono-

mials {124, T125, ToT4, ToT5, 32425}, corresponding to the minimal non-faces of C.
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Xs

Figure 3.1: The simplicial complex C.

The following theorem connects the squarefree ideal in, (1) with the Stanley-

Reisner ideal of a simplicial complex.

Theorem 3.5. [11, Theorem 8.3] Let I}, be the toric ideal of M’ and let w € R™!
such that in<(Inp) = in, (L) is squarefree. Then ing,(Iyp) is the Stanley-Reisner ideal

of the simplicial complex T induced by T, of M'.

3.4  From h-vectors to Coordinator Polynomials

The f-vector of a simplicial complex T" is given by f(I') = (fo, f1,---, fn_1) Where
fo1 =1, fo = r+ 1, and f; = the number of i-dimensional faces of I'. The f-
polynomial is given by

fr(z) = Z fioz®h
=0
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We define the h-polynomial in terms of the f-polynomial by

he(@) = frla =1) = finale =1

The following theorem from Stanley makes the final link in the connection between the

coordinator polynomial of £,; and the h-polynomial of a simplicial complex.

Theorem 3.6. [10, Theorem I1.1.4] For a simplicial complex T with vertex set

{1,292, ..., 2.} and Stanley-Reisner ideal Iy, the Hilbert series of K[I'] is given by

where hr(x) is the h-polynomial of the complex I

We summarize the results from this chapter as follows: By Theorem 3.1, the nu-
merator of the Hilbert series H (K [M']; z) is equal to the coordinator polynomial of the
growth series for £y,. From Theorem 3.3, H(K[x]/I;x) = H(K[x]/inc(I); x) for any
term order <. Next, we consider the triangulation I'(Py;) induced by a weight vector w
(called regular triangulations.) Theorem 3.4 tells us that if I'(Py;) is unimodular, then
in,(I) is squarefree and by Theorem 3.5 in,(I) is the Stanley-Reisner ideal It of the

boundary complex of I'(Py/). Finally, with Theorem 3.6, we get the full connection:

Gle) = (- 2)H(K[M;x) = HK[X/I;w) = H(K[x/in, < (I);)

hr(l‘)

= H(K[x]/Ir);z) = 1= )i

This chain of reasoning depends on the unimodularity of the regular triangulation

induced by w.
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Now consider the lattice A,,. By choosing a weight vector such that the origin is the
lowest point in the lifting, we can induce a regular triangulation of P4, equal to a union
of cones from the origin over a triangulation of the boundary of P4, . By Theorem 2.7,
every such triangulation will be unimodular. Thus, we have completed the proof of

Theorem 1.

Theorem 1.1. Given the lattice A,_1, generated as a monoid by the vector config-

uration My the coordinator polynomial of the growth series of A,_1 is the h-

n—17

polynomial of the boundary complex of any regular, unimodular triangulation of Py =

conv(May, ,).

The Dehn-Sommerville Relations [15, Theorem 8.21] give that the coefficients
of the h-polynomial of the boundary complex of a simplicial d-polytope satisfy the

relationship

hk = hdfk-

Thus, the h-polynomial is palindromic. Hence, we conclude that the coordinator poly-
nomial for the growth series for A, is palindromic. In the next chapter, we describe
a specific regular triangulation of P4, and use the face numbers resulting from this
triangulation to derive the explicit formula for the Hilbert polynomial for K[, | and
thus the coordinator polynomial for the lattice Ay.

The formulae for the coordinator polynomial of the root lattices C), and D,, given
in [1] are also palindromic, leading to the conjecture that the growth series for these
lattices can also be derived using regular, unimodular triangulations of the contact
polytopes. Conversely, since the coordinator polynomial for B,, is not palindromic, we

know that it is not the h-vector of a simplicial polytope, hence this method for deriving
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the coordinator polynomial will not apply. In Chapter 5, we will define C),, derive
the growth series using Ehrhart theory, and also demonstrate the specific unimodular
triangulation that can be used to form the Hilbert series proving that the coordinator

polynomial is palindromic.



Chapter 4

The Growth Series of Ay

We now describe a specific regular, unimodular triangulation of the boundary of Py,
and apply the theorems from Chapter 3 to derive an explicit formula for the coordinator
polynomial of A;. To simplify notation in this chapter, we describe a polytope (or face

Y

of a polytope) using only its vertex set and leave the “conv” implied.
Let M be a totally ordered set of points a; € R?, where a; < ay < --- < a,. We
define a face F of this point configuration to be an ordered subset of points given by

the intersection of M and a face F € Py,.

Definition 4.1. [11, Proposition 8.6] The reverse lexicographic triangulation

(also called the pulling triangulation) I, (M) is defined recursively as follows:

e If M is affinely independent, then T'yeper (M) = {M}.

39
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e Otherwise,

Frevlex(M) = U{{al} U g : g € Frevlez(f)}

where the first union is taken over all facets F of M not containing a;.
We use the following example to illustrate this definition.

Example 4.1. Let M = {vi2, V13, V15, V42, V43, Va5 } C M4, with term order vy <
Vig < Vi < Vg < Va3 < Vys. Py is the facet Fiy of Py,, shown on the left in Figure
4.1. Since M is not affinely independent, we look at each facet of Py, that does not

contain vi5. There are two such facets:

Fi = {V427 V43, V45}

Fo = {V137 V15, V43, V45}-

Figure 4.1: Reverse lexicographic triangulation of Fi4.
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JF is affinely independent, $o T'yeprer (F1) = {F1}. Fo is not affinely independent, so
we apply the second part of the definition to F5. The facets of F, that do not contain
vz are Fy = {vy5,vas} and Fy = {vy3, vy} both of which are affinely independent.

Assembling the pieces we get

Drevter(F2) = {{{vis} UF3}, {{vis} UF4}}
= {{V13,V15,V45},{V13,V43,V45}}

Lrevtea(M) {{viz} UFA L, {{vi2} U {vis, vis, vas ), {{vie} U {vis, Vas, vas }}

= {{V12,V42,V43,V45},{V12,V13,V15,V45},{V12,V13,V43,V45}}-

The tetrahedra on the right of Figure 4.1 show the facets of I';cper(M).

By [11, Chapter 8] we know that every reverse lexicographic triangulation can be
induced by some weight vector w and is therefore regular. In [11], Sturmfels describes
a specific reverse lexicographic triangulation, the staircase triangulation, on a poly-
tope that is a product of simplices. In Chapter 2 we proved that every facet of Pg,
is the product of simplices. By ordering the integer points in P4, appropriately, we
can use the staircase triangulation on each of the facets to create a reverse lexico-
graphic triangulation for P4,. Recall that the integer points in P4, are 0U M 4, where
vij € My, is given by v;; = e; —e;. Let vo = 0 and define a partial ordering on these

lattice points by:

vo < vi; and vi; < Vi, if ¢ < kand 5 <m.

Letting vy be the minimal element in this ordering allows us triangulate each of the
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facets of P4, and then cone over them from the origin to construct the triangulation
['(Pa4,). We will see that these cones match up; that is, their intersections are faces of
both cones.

The staircase triangulation on a polytope P = A1 x /\;_; is obtained as follows:
Label each of the vertices of x;; € P so that for any fix k, conv({xy;}) = A,_1.
Similarly for a given m, conv({X;,}) = A¢w1. Let X = [x;;] € R be the matrix
whose entries or the vertices of P. Order the vertices by x;; < xj; whenever ¢ < k and
J < [. The facets of the staircase triangulation are the convex hull of sets of vertices
that form maximal chains in this poset. These sets of s+t — 1 vertices will lie on each
of the maximal increasing paths from x1; to z4. In the matrix X, these paths appear

as staircases, hence the name staircase triangulation.

Example 4.2. If the matrix

X11 X12 X13 X4
X = X21 X2 X3 X4

X31 X32 X33 X34

represents the vertices of a polytope P = conv(X) = Ay x As. The set
{X11,X12, X229, Xo3, X33, X34 } is the vertices of one facet Q of the staircase triangulation
['(P). Placing these vertices in the original matrix X, it is obvious that they form a

staircase from the top left corner to the bottom right.

X111 X120 — -
Q= — X22 X23 —

- — X33 X34
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There are 10 facets in I'(P) corresponding to the 10 increasing paths from x;; to

X34-

4.1 Triangulating Py,

We now apply the staircase triangulation to each facet Fg of Pa,. We let I'(Fs) denote
the triangulation of a facet Fg and I'(0Pa,) represent the simplicial complex formed
by U SCln] ['(Fs). It will follow from Proposition ?? that by ordering the vertices in V,
as above, the triangulations of the facets will patch together nicely so that I'(Fg) and

['(Fr) induce the same triangulation on Fg N Fr.

Example 4.3. Fi4 and Fjo4, shown in Figure 4.2 are facets of P, given by:

Viz Vi3 Vis
f14 = conv

V4o V43 Vyj

Vi3 Vis

Floa =conv | vos Vo

V43 V45

. . Viz Vis .
These facets intersect in the square Fiy N Fioy = conv As we saw in

V43 V45



Figure 4.2: The intersection of I'(Fy4) and T'(Fiay) is T'(Frq N Fiag).

Example 4.1, I'(F14) is the simplicial complex with facets:

0 = {Vi2, Vi3, V15, Vas }
dy = {Vi2,Vi3, Va3, Vas }
03 = {Vlz, V42,V43, V45}

Using the same term order, I'(Fja4) is the simplicial complex with facets:

0y = {V13, Vis5,Vas, V45}7
05 = {V13, V23, Vas, V45}7
0 = {V13, V23, V43, V45}~

In both cases, I'(F14 N Fiaa) = {{V13, V15, Vas }, { V13, Va3, Va5 }.

44



45

The total number of facets in I'(P4,) can be found by triangulating each of the
facets Fg € Pa,, then summing across all facets Fg. For S C [n] with |S| = k, there

are () distinct facets Fg corresponding to k x (n — k) submatrices of V; C V,;. Each

n—2

of these matrices contains (k71

) staircases, thus in the staircase triangulation, these

facets are divided into (Z:f) simplices. Summing over all k£ < n yields

< (0 [n—2
k)\k—1
k=1
facets in I'(Pa,).
While this approach works for determining the number of facets of I'(Py,), we
need a more global approach to count the lower dimensional faces of the triangulation.
Simply counting the number of m-faces in each facet will result in serious over-counting.

Rather, we will count the number of m-faces that belong to I'(Py4,) by determining the

locations of the vertices of these faces in the matrix V;.

4.2 The f-vector of I'(OPa,)

If F is an m-face of I'(Pa,), F will be the convex hull of m + 1 affinely independent
vertices and F must be contained in a facet of I'(Pa,). So there exists an S C [d + 1]
such that the vertices of F are all contained in a staircase (an increasing path) of Fg

as defined in Section 2.2.

Proposition 4.1. The m-dimensional faces of the triangulation I'(Pa4,) are the poly-
topes of the form F = conv({v;, ;. € Vq for 1 <r < m+ 1}), that meet the following

conditions:
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1. is# 5, 1 <s,t <m-+1, and
2. 1§11§12§§2m+1§d+1 and1§j1§]2§§]m+1§d+l

Proof. Let F be an m-face of I'(Py4,). Then F is an m-simplex with m + 1 vertices
given by {v;, ;. € Vgl <r < m+ 1}. Since F is a face of I'(Py,), the vertices of F
must all be contained in a common facet of P4,. From Section 2.2, the vertices of a
facet of Pa, are given by v;; where i € S and j € T' = [n] — S for some S C [n]. This is
precisely the same condition as is given in 1. Further, 7 must be contained in a facet
of I'(Pa,), so v, j. < Vi, j.,, forall 1 <r < m. By the definition of <, we have that
1 < 1p41 and j,. < 7,11 which give condition 2.

Assume that F satisfies conditions 1 and 2. Let S = {i : 37 such that v;j € F} and
T = {j : 3 such that v;j € F}. By condition 1, SNT =0, s0 T C [d+ 1] — S. Thus
{vi,j, € Vgfor 1 <r <m+ 1} C vert(Fs) where Fg is the facet of Py, defined by S.
By condition 2,{v; ; } lie on an increasing path in the matrix of vertices of Fg. Thus,

F is a face of the triangulation I'(Pa,). O

The problem of counting the m-faces of I'(P4,) has now been reduced to counting
the possible choice for indices i,j, of the vertices v; j that meet the conditions in
Proposition 4.1. From condition 2, the possible choices for {ii, ..., i1} must satisfy
1 <idp <ig <ol <y < n. We can replace this weakly increasing condition with

the following strictly increasing condition:
1<ii<im+l<ig+2<... <2m+1+m§d+1+m

There are (dfnlrlm) possible choices for the set of indices {i1,...,%n11}. Similarly, we
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change condition 2 for the j’s to the strictly increasing condition
1§]1 <]2+1<Z3+2 <]m+1+m§d+1+m

But condition 1 gives that the choices for 7 must be distinct from the choices for the i,
thus there are ((d+1+n"1‘)+_1(m+1)) = (mil) possible choices for the indices {ji, ..., jmi1}-
The resulting number of possibilities for the vertices v; ; € Vg for 1 <r < m+1is

(d+1+m) ( d

ma1 ) \m +1)' We summarize this result as a proposition.

Proposition 4.2. Let I'(Pa,) be the simplicial complex resulting from the reverse lex-
icographic triangulation of the boundary of Pa, with the ordering 0 < v;; Vi,j and

vij <= vig if i <k and j <. The f-vector of I'(Pa,) is f(I') = {fo,---s fmns---s fa—1}

fon = (d ;1++1m) (mi 1) - (m+1)! E;Zwill;r! Z)!— m— 1)l

Then the h-polynomial of I'(P,,) is

where

d—1
he(z) = fr(z = 1) = Y fulz — )",
m=—1
where f 1 = 1 and f,, = (m+1)!(£sii)—~!_$§(m+l))!' From Theorem 3.4, the coordinator

polynomial of the growth series of the lattice A4 with respect to the generators M =

{e; —e;: 0 <14,j <d+ 1} is the precisely hr(x). So the growth series of A is

-1 (d+1+m)! (1
G(z) = h(z) — 2im=1 (m+1)!(m+1)1(d_(m+1)),(x — 1)d=(m+1) )
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4.3 Simplifying h(x) with a WZ Proof

While we have reached our goal of finding an explicit expression for the coordinator
polynomial hy(x), this formula is still quite complicated. In the paper Low-Dimensional
Lattice VII: Coordination Sequence[5], Conway and Sloane prove the coordinator poly-

nomial for Ay is given by
d 2
d
h(z) = Z <k:) i (4.2)

We now show that these formula for h(x) given in equations (4.1) and (4.2) are equiva-
lent. First we simplify equation (4.1) by the change of variable m = r —1 and rewriting

the fraction as a product of binomials.

(d+1+m)!
L (m+Dim+Dl(d - (m+1))!

h(l‘) — 1>d7(m+1)

(z —

e (D)
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Next, we expand the binomials (z — 1)4~" to obtain hy, the coefficient of 2* in h(x).

d 2\ (d+1\[(d—-1
h —_ -1 d—k -1 (d—1)—k
= o () o () (G ()
g f2r\ [(d+7r\[(d—7 2(d—k)\ (d—k
—1)d=r)=k
e ()0 Cand) ()
d—k
_ Z(—l)(d””)’k 2r\ (d+r\[(d—r ‘
s r)\d—r k
To show that Equations (4.1) and (4.2) are the same, it suffices to prove the following

g(_l)(dr)k (2:) (;l J_r 77:) (d ; r) _ (Z) 2. s

We now employ a technique for proving combinatorial identities known as the WZ

+

identity.

(Wilf, Zeilberger) method. For more details and a proof of this method, we refer
the reader to [14]. We are grateful to Akalu Tefera [12] for the WZ proof we present

here. Rewrite the summand from Equation 4.3 as

- () ()

Divide both sides of the identity by (2)2 and set f(d, k,r) = S((dj;’;). Let F(d, k) =
k

Zf;g f(d, k,r). Proving the identity in 4.3 is equivalent to showing F'(d, k) = 1. It is

sufficient to show

F(d+1,k)— F(d,k) =0 and F(0,0) = 1.
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This second condition is trivial since

Courtesy of the WZ method and Akalu Tefera, we introduce the function g(d, k,r)

given by

(2d +2 — k)
gld-kr) = k) G a1y

(_1)(d_k+r)<2d + 9 _ k?)?“g (2r) ( d+r ) (k+2r—1) |

r k+2r—1 k
(d+1)2

The magic of the function g(d, k,r) is that it satisfies the WZ-equation
f(d+ ].,k},’f’) - f(d,k’,?") - g(d,k’,?"—f— 1) —g(d,kﬂ”).

Letting (7:) = 0 when b > a, gives that

f(d7k’d+1_k):(_1)(2(d+1—k)> (2d+1—k) (2d+2> .

d+1—k 2d+2 —k k
Finally
d+1—k d+1—k
DA+ 1 k) = f(dk,r)] = D [g(d ke +1) = g(d, 7))
r=0 0

= 0.
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This completes the proof that the formula that we obtained for the coordinator poly-

nomial of the growth series of A,, is equivalent to the formula presented by in [5].



Chapter 5

The Root Lattice Cy,

We now investigate the structure and the growth series of another of the root lattices,
C,,. In this chapter, we demonstrate a regular unimodular triangulation of Pe, and use
the Hilbert series of the facets of P, to derive a formula for the coordinator polynomial
for C,, with respect to the natural generators. We also apply Ehrhart theory to derive

the coordinator polynomial for C),.

5.1 The Lattice C,, and Contact Polytope Pc¢,
The lattice C,, € R" is defined by C, := {x € Z" : ), x; is even}.

Proposition 5.1. The lattice C,, is a rank n lattice generated as a monoid by M =

{i—?ei, +e, + €; fOTi < ]}

52
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To prove this proposition, we denote the vectors in M by

as follows: e; +ej = Vi,j7 (—ez) + ej = V_i,j,<—ei) + (—Ej) = V—i,—ja €e; + (—ej) = Vi,—ja

2ez- =V and —261' =V_

Proof of Proposition 5.1. For all v;; € M,y "} v;; is —2,0 or 2. Choose u € L.
Then u = Z” ¢ijvij. Thus

DS (z ) Y, (Z ) _ (z k) |

k 1,7 ,J k

where a is —2,0 or 2. Thus u € C,.

Choose u € C,,. Construct the coefficients ¢;; such that u = Z” cijvi ;. For each
u;, if u; > 0 then ¢;; = [%(uz)J and w; = u; — 2{%(%” If u; <0 thenc_, ; = L%(ul)J
and w; = u; — QL%(UZ)J Consider the vector w = (wq,...,w,). Each wy is 1,0 or
—1, and since ), uy is even, then we also know that ), wy is even. Hence the total
number of non-zero coordinates of w must be even and we can pair them up. For

each pair w; and w; of non-zero coordinates of w, let ¢y, ., = 1. All other coefficients

cij = 0, so

Z CijVij = Z CiiVig + Z CijVij = (u — W) + (W) = u.
4,7 7,0 i#£]

]

Now that we have established that the vectors in M generate C,,, we will refer
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to these generators as Mc,. Since M consists of 2n? vectors, we let the matrix

M¢g, € R™*27* he the matrix whose columns are the generators in Me,.

Example 5.1. The lattice C is a rank 2 lattice generated by

210 -1 -2 -1 0 1
Me, =
6012 1 0 -1 -2 -1

= [V1,1,V172,Vz,z,V—1,1,V—1,—1,V—1,—2,V—2,—2,V1,—1]-

The bold points in Figure 5.1 show a portion of Cy as a subset of the lattice Z2. Since

(1,0) is not contained in Cy,then C, is a proper subset of Z2.

L ] @ L ]
Q L]
] L] L L]
L] ® L L
L] L LA ® L
@ L ] [ ] L
L] L @ 9
@ [ ]
& @ o

Figure 5.1: Oy as a subset of Z2.

Definition 5.1. The cross-polytope <,, in R? is given by the hyperplane and vertex

descriptions

Op 1= {X e R": Z |z;] < 1} = conv({e1, —e1,...,€e,,—€e,}).

%
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As in Section 2.2 we define the contact polytope Pr, = conv(Mc,). It turns out

that P, is simply a dilation of the cross-polytope, P, = 20,.

Example 5.2. The 3-dimensional cross-polytope <3 is a regular octahedron. Figure
5.2 shows the contact polytope P, along with the generators Mg, in blue. The six
gray integer points inside of P¢, are not contained in the lattice C'5. These points are

the vertices of ¢3. Here we can see that Pe, = 203,

X2

(0,2,0)

50,-2,0)

Figure 5.2: The contact polytope Pg, in R?.

Since the hyperplane H = {x € R" : x;, = 2} intersects P¢, in exactly the point
Vi, We generalize that the vertices of Pc, are vy where —n < k <n, k # 0. For any

v,j € Mg, with i # j, v;; = %V“ + %ij thus v, ; is contained in an edge of Pc,.
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Therefore, all of the points in M, are in 0P¢, and these are the only integer points
contained in OP¢,. The only other integer points contained in Pg, are the vertices of

<, and the origin.

5.2  The Zig-Zag Triangulation of P,

In order to apply the theorems from Chapter 3 to the lattice C,, we must have a
regular, unimodular triangulation of P . As with A,, we can do this by constructing
a reverse lexicographic triangulation I'( Pg, ) using only the points in { Mg, UO0}. If we
let vo = 0 be the least element in the ordering, then the triangulation I'(Pr,) comes
from triangulating each of the facets and then coning over these facets from the origin.
Since each facet of P, is standard simplex dilated by a factor of two, we will choose
to order the vertices in M, in a manner which yields a nice triangulation on these
simplices.

The zig-zag triangulation is a reverse lexicographic triangulation on 24\, _; where
the lattice points are labeled z; ; with 7 < j as follows: each of the vertices is x;; for
i € [k] and the point in the middle of the edge joining x;; with x;; is labeled x; ;

(where ¢ < j). Define the term order <, by
Xiy o =z Xiy,js if i1 <19 and .jl > j2_

The vertices of the facets of the zig-zag triangulation are given by the maximal chains

in this poset.

Example 5.3. Figure 5.3 shows the polytope P = 2/, with integer points V =

{x11, X122, X1,3, X2,2, X233, X33}. Order the integer points in P using the term order <,
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Figure 5.3: The zig-zag triangulation of 2/\,.

described above. Then x; 3 is the smallest element in this set. F; = {X11, X1.2, X22}
and Fy = {X29, Xa3, X33} are the facets of P not containing x; 3. The minimal ele-
ments of F; and F, are x; 2 and Xg 3 respectively. Again we look at the facets of F;
and J5 not containing these minimal elements. Since the F; and JF; are vertices, which
are trivially affinely independent sets, we are ready to work our way back up by coning

over faces of the triangulation from the minimal elements.

F(]:l) = {{X1,2,X2,2}7{X1,2,X1,1}}
F(fl) = {{X2,3,X3,3}7{X2,3,X2,2}}

F(Pcn) = {{X1,37 X1,2, X2,2}7 {X1,3, X1,2, X1,1}7 {X1,3, X92,3, X3,3}, {X1,37 X2.3, X2,2}}

The polytope P = 24 has k vertices x;; for ¢ € [k+1] and (’;) = @ points x;

with ¢ < 7, one in the middle of each edge. When these integer points are ordered by <.,



o8

the point x; j is the minimal point of all chains in the poset. Of the k facets in 24\, only
2 will not contain x; 5. Since all of the facets of a k—simplex are (k—1)—simplices, each
of these two will have a minimal point contained in all but two facets. This process
will repeat until the facets that are examined are O-simplices, that is vertices of P.
When we build up the triangulation by coning over the triangulated facets, there are
2% facets of the triangulation I'(P).

The triangulation I'(P¢, ) is formed by ordering all of the vertices in v, ; € Mg,
by <., forming the triangulation I'(0P¢,) of the boundary of Pc,, then coning over
each of facets of I'(OP¢,) from the origin. Since each of the n-simplices in I'(Pc,)
contain the origin and n — 1 affinely independent points from M, these simplices
will be unimodular in the lattice generated by M¢,,. From the theorems in Chapter 3,
the coordinator polynomial for C,, must be the A-polynomial of a simplicial complex.
The Dehn-Sommerville Relations imply that the coordinator polynomial must also be

palindromic.

5.2.1 A Patchwork of Hilbert Series

While the zigzag triangulation is quite simple to explain and apply, it does not provide
an easy method for counting the face numbers. Here we give a different derivation of
the formula for the coordinator polynomial using the Hilbert series of the facets.

We have already shown that for 0 < k < n every k-face of P¢, is 2A;. The Hilbert

series for 24\ is given in [8, Corollary 2.6] as

H(K20,2) = D~ o)

(1 —a)*



29

Note. Here we are following the convention (;:L) =0if m > n.

The Hilbert series for the boundary complex of P¢, can be constructed by a series
of inclusions and exclusions. The product
hn_l(ZE)

fnqm

is the sum of the Hilbert series for each of the facets; however, this product double
counts the series on each of the (n — 2)-faces. So we must subtract those. Then add
back in the sum of the series for the (n — 3)-faces and so on. The resulting growth

series for C), is
n

Gla) =) (=1)"7 (f;-1)

_ )il
g (1—x)
where f_1 = 1 and f;_; is the number of j — 1-faces of Fr,. By the duality of the
n-dimensional cross-polytope and the n-dimensional hypercube, we can replace f;_;
with g,—; the number of n — j-faces of the n-dimensional hypercube. The number of
n — j-faces of an n-dimensional hypercube is given by g,_; = (Z) — 727, thus

n i—1 (5—1 ;
i n I (05
G — —1)J 9] &=2=0 A 21 /7
=2 (1) R
7=0
Example 5.4. For the lattice C5, we first compute the Hilbert series for the faces of
Pe,: ho =143z, hy =1+ 2 and hg = 1. The f-vector for Pg, is (6,12,8) so the

growth series for C,, is

- 6(1)  12(1+2)  8(1+31)
C@) = g e Ty
1+ 15z + 1522 + 2°

(1—x)3
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While this formula is correct and makes good use of the Hilbert series, it is quite
cumbersome to use in practice. In the next section we use the Ehrhart series of Pg,

to re-derive the concise formula for the coordinator polynomial of C,, given in [1].

5.3 Finding the Growth Series from the Ehrhart Polynomial

The growth function S¢, (k) will count the number of point in the lattice C,, with word

length £ relative to the generators Mg, .

Proposition 5.2. Foru € C,,, w(u) = k if and only if u is contained in the boundary

the k™ dilate of Pc, .

Proof. Choose u € C,,. Since Y u; is even, then u must be an even combination of the
generators of ¢,. The w(u) with in the lattice generated by the vertices of ¢, is 2m for
some integer m, thus u € 9(2meo,) = d(m(2¢,)) = d(mP¢,). So every u € C, lies on
the boundary of a dilate of P¢,,.

Assume w(u) = k with respect to M, . 3{c;;} such that

u= E CijVi; where E cij = k.
1,J .

Ciq Cii
u= Z ?J(kvu) where Z # =1.
ij

1,
Thus, u € k(P¢,). If u is not on the boundary of kP¢, , then u € k'P¢, where k' < k
so u can be represented as a sum of fewer than k vectors, which contradicts w(u) = k.
So u € 9(kP¢,). Conversely, if u € d(kPc,) then u € 9(2k<C,,). If w(u) = &/, then by
writing each of the vectors v;; as a sum of two vertices of ¢,, we can see that u must

lie on 0(2k'<C,,). Hence 2k' = 2k and w(u) = k. O
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Since kPc, = 2k<,,, Proposition 5.2 implies that the growth function S¢, (k) actu-
ally counts the number of integer points on the boundary of 2k<,,. It turns out that the
question of counting integer points contained in any dilation of k<, is quite straight
forward. To count only the points on the boundary, we can simply count all of the
integer points in k<, and then subtract the points in the interior of £<,,. Fortunately,
the points in the interior of £<,, are just the integer points contained in (k —1)<,,. To
show just how this works, we need a few definitions about counting integer points in

polytopes.

Definition 5.2. [3] Given a finite set S, the function #(S5) counts the number of
elements in S. For a polytope P € R", the lattice-point enumerator Lp(t) is
a function that counts the number of lattice points contained in the t** dilate of P.
Formally, Lp(t) := #(tPNZ). The Ehrhart series of P is defined to be the generating

function

The cross polytope <, has a particularly nice feature which will help with deter-
mining a formula for Ehre, (z). For any n > 0,0, is a bipyramid over <(,_;). Thus,
the number of lattice points in ¢, can be found as a sum of lattice points in dilations

of L<>(n71> as follows.

= 243 2o, () + Lo, (1) (5.1)

This identity allows us to compute the Ehrhart series of <,, recursively resulting in the
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following formula.

Theorem 5.3. The Ehrhart series of the n-dimensional cross polytope is

Proof. Ehre, () = >, Lo, 2" = 1+ 5 Lo, o', Substituting equation 5.1 into the

definition of the Ehrhart series for <,, gives

Ehro, (1) = 14 Y Lo, (2" =1+ (2 + i 2L, ,(j) + Lon_l(t)> !

t>1 t>1
t—1
= 14> 20+ > N 2Lo, ()2t + ) Lo, (£)2!
t>0 t>0 j=1 t>0
2 )
= T+ 2y <L<>n1(j) th> - (1 + ZLQ“(t)xt>
T =7 =1
2 +23" Lo, ,(j) U ()
= — Ehr x
1 —x j>1 <>n—1 j 1 _ <>n—1
B 2(1+> Lo, ,29) (1 —x)Ehre, ()
- 11—z 1—=x
B 2Ehre, () — (1 — ) Ehre, ()
a 1—=x
1
i i_i Ehre, ,(2).

A bit of induction will yield the desired result. Since & is simply the origin, Lo, = 1

and Ehro, =1+ 37, 2" = 1 (420 Agsume that for k < n, Ehre, () = (Ltz)®

1-z = (1—-z)!- (1—z)k+1"
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Then, by the recursive relationship above,

Ehre () = 8 i_ g Ehre, ()
_ (420t
(=) Q=)
()
(1)t

]

We now make the connection back to the growth series for C,,. By Proposition 5.2,
the points u € ), with word length k are exactly the integer points contained in the
boundary of (2k)<,. So S., (k) = Lo, (2k) — Lo, (2k — 1). This gives the growth series
of C,, as

G(z) = S(k)a* =14 (Lo, (2k) — Lo, (2k — 1)) 2*

k>0 k>1

The change of variable y = /z, gives

G(’) =) Lo, 2k)y™ —y > LO(2k — 1)y*".
k>0 k>1
The coefficients in the series » ;- Lo, (2k)y** are simply the coefficients of the even
terms of Ehr,, (y) and the coefficients of ~, ., L, (2k — 1)y** ! are the coefficients of

the odd terms of Ehr,, (y). We now use a little trick from [14] to pick out the desired
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> Lo, (2k — 1)y

> Lo, (2k)y™
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1

5 (Ehre, (y) + Ehre, (—y))

k>0

k>1

5 (B, () — Bhwo, (~)).

Replacing these expressions in the growth series G(y?) gives

G(y)

= Y Lo 2k —y ) LOu(2k — 1)y* !
- % [Ehro, (y) + Ehro, (—y) — y(Ehro, (y) — Ehro, (—y))]
- % [(1 —y) Ehre, (y) + (1 +y) Ehre, (—y)]
o (1+y)" (1—y)"
) _(1 N y)(l T 1+ 1’)W]
_ 1@ty @ —W]

21—y (L+y)r
_ 1[4y + (- y)Q"}

20 (A+y(d—yr
sl )P+ (1= y)*

(I—y?)"

(5.2)

Replacing y with y/z gives the following formula for the growth series of C,,.

MOV -
(=)

G () V)]

We simplify the coordinator polynomial a bit further by expanding and combining like

terms:
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hea(a) = S04V + (1 - V)]
— 2+2(2;)x+(21)x2+---+<;Z>x"

_ zn: @Z) ().

k=0

We summarize this section with the final theorem:

Theorem 1.3. The coordinator polynomial for the lattice C,, generated as a monoid

by the standard generators Mc, = {te; £ e; : 0 <1,j < n} is given by

3
Do
S

h(z) = k.
k=0 \ 2k



Chapter 6

Conclusion

In this thesis, we have derived the growth series using Hilbert series and triangulation
of the polytopes formed by the natural monoid generator, or roots, of these lattices.
In the case of C,,, while we were able to produce a regular unimodular triangulation
to satisfy Theorem 3.4, we did not use that triangulation to produce the formula for
the coordinator polynomial. We are still interested in finding a method for counting
the faces of the zig-zag triangulation of P, or finding another triangulation which is
more easily counted.
The coordinator series for the root lattice D,, is given in [1] by

o =3 [(Ge) =252 (1))

k=0

Since this formula is palindromic, the Dehn-Sommeruville Relations suggest that it is
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the h-polynomial for a simplicial complex. We would like to extend the results from
this paper to include a specific triangulation of D,, that would enable us to compute

the growth series.
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