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Abstract

The descent and inversion statistics are two well-studied statistics in combinatorics that are defined

for the permutation group S,. P.A. MacMahon introduced the major index maj 7w = nle ix(m>miy)
i—
on S, (more generally on words of a totally ordered alphabet), and proved that the inversion and
major index statistics of S, are equidistributed. Foata and Zeilberger (1995) generalized these
statistics to directed graphs. In 2023, Celano et al studied the evaluations of the Eulerian polynomials
(for digraphs) at -1 and found that the inversion statistic can be viewed as the descent statistic on a
complete graph. Therefore, the Eulerian and Mahonian polynomials are captured as just Eulerian
polynomials on the path and the complete graph, respectively. We generalize the descent and

inversion statistics on signed permutations to bidirected graphs, and extend properties of Eulerian

polynomials on digraphs to bidirected graphs.
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Introduction

We generalize Eulerian polynomials to the structure of bidirected graphs (Definition 3 below).
We present basic properties and results of this generalization. Previous work by [2, 3] generalized
the Eulerian polynomials to digraphs and we capture these as a special case.

The Eulerian polynomial is a well-studied topic in combinatorics that encodes information about
the descent permutation statistic, and a historical motivation for studying them is presented in Chap-
ter 2. Permutation statistics refer to numerical quantities of interest associated with permutations.
We are interested in two permutation statistics: the descent statistic and inversion statistic. There
are two versions of each statistic: type-A (Definition 7) corresponding to unsigned permutations,
and type-B (Definition 1) corresponding to signed permutations.

We introduce the matrix representation of a bidirected graph in Section 4 and the signed graph
structure (Definition 2). Signed graphs and bidirected graphs have different origins and were
constructed independently. However, every bidirected graph is associated with a signed graph
which can be viewed as its underlying structure. Signed graphs have a one-to-many relationship
to bidirected graphs. The bidirected graph is our main object of study and we define the descent
permutation statistic for it (Definiton 4) along with its matrix representation (Corollary 1.0.1).

We generalize the Eulerian polynomial to bidirected graphs (Definition 6) and present properties
relating the Eulerian polynomials to the graph structure (Theorem 1.0.2). For example, given a
bidirected graph, we present an expression for its Eulerian polynomial in terms of its disjoint-

subgraph’s Eulerian polynomials. We prove that the Eulerian polynomial is preserved under a



switching operation (Theorem 1.0.4). We prove that the absolute evaluation at -1 is preserved for all
orientations of the same signed graph.
In Chapter 7, we derive the classical type-B generating function for an Eulerian polynomial and

identify it with the Eulerian polynomial for the path graph.



Chapter 1

Main Results

Signed Permutations and the Hyperoctahedral Group B,, We define signed permutations as per-
mutations on [—n,n]\ {0} :={=£1,...,+n}, writing them as a set of pairs {(7,€) : T € S, € € {+1}"}
with

(71',8)]( =&~ 717(/{) = & T

[1, pg. 928]. Each pair (7, ¢€) is characterized by its mapping of elements k € [n], (7, €) : [n] —
[—n,n]\{0}. Then (7, €)(—k) is defined to be — (7, €)k so that (7,€)(—k) := —m&. Therefore,
the mapping (7, €) : [—n,n]\ {0} — [—n,n]\ {0} becomes a bijection. Under composition, this set
becomes a group known as the hyperoctahedral group B,,. Signed permutations are also known as

type-B permutations, and we define its descent set as the classical type-B descent.

Definition 1. The classical type-B descent set is defined to be Desg (m,€) ={i € [0,n— 1] : gm; > €111},

where ey := 0.
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(Note that if £;; < 0, then we have a descent in the zeroth position).

Graph Structures Next, we introduce signed graphs and bidirected graphs [8]. The bidirected
graph is our main object of study, where we extend the signed permutations to act on its vertices. A
signed graph comes about as an underlying layer that can be interpreted as classifying bidirected

graphs.

Definition 2. A signed graph is a graph (V,E) with amap y: E — {+£}. The map 'y makes each

edge into what we can call a (+) positive edge or (-) negative edge. We can denote a signed graph

by (V,E,7).

Definition 3. A bidirected graph is a graph D = (V,E) along with a mapping ©:V x E — {0,+1},

such that
0 ifvéde,
T(v,e) =
+1 ifvee.
T is interpreted as assigning a direction to e at v (if e contains v). T(v,e) = —1 is interpreted as

assigning a direction away from v, and t(v,e) = +1 as assigning a direction towards v. We denote

a bidirected graph by D = (V.E) = ((V,E), ) = (V,E, 7).

Although these structures are constructed independently from a graph, there is a relationship
between them: a bidirected graph is equivalent to an oriented signed graph [9, pg. 6]. This

relationship is captured in the following diagram:
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Graph Signed Graph

roject < > orient

Bidirected Graph

Figure 1.1: Relationship between graphs

The possible orientations of a signed graph are determined by the signs of its edges described
in Section 3.3. Conversely, a bidirected graph corresponds to some signed graph. We distinguish
between the terms biorient and orient as acting on graphs and signed graphs, respectively [7, 9, 10].
We define a projection mapping from the bidirected edge its underlying signed edge also in Section

3.3.

Matrix Representation In Section 4, we define an appended incidence matrix for a bidirected
graph D. This allows us to have a matrix representation for computation, and we denote this by .

The matrix is defined to be O-indexed. For i, j > 0, its entries are given by

(Zp);; = tlise))

(note that we need to enumerate the edges before having a matrix representation). We define the
signed permutation’s matrix representation as a column vector and denote this by o. Its entries are

given by o; = m;€;.

The Descent Set With the signed permutation group B,, generalized to act on the vertices of a

graph, the classical type-B descent is generalized to the context of a bidirected graph, denoted by
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Desj (7, €). A descent between two vertices is determined by the bidirected edge connecting them.

Definition 4. The descent set of a signed permutation with respect to a given bidirected graph D is

defined to be
Desj; (m,e) ={e € E: gm-1(i,e) + €m;-7(j,e) <Oandi,j€e}.

Theorem 1.0.1. The matrix representation of a descent set of a signed permutation with is given by

Desp (m,€) = {i: (67 -Zp), <0} = { Zak }z{i:ngnk(ZD)ki<0}.
%

Definition 5. desp (7,€) = #Desj (7, €).

The Eulerian Polynomial The generalizations of B, and descent lay the foundation for introduc-

ing the Eulerian polynomial for bidirected graphs.

Definition 6. The Eulerian polynomial for the bidirected graph D is Ap(t) = Y 195b(T£),
(m,e)EBy

This is our object of interest, and we will refer to it as “the Eulerian polynomial”, while
refering to the classical type-B Eulerian polynomial explicitly as “the classical Eulerian polynomial”
(Equation 2.2). We can compare this to the Eulerian polynomial generalized to digraphs (Equation
2) which are defined for the permutation group S, [2, 3].

Our definition captures the classical Eulerian polynomial as a special case when D is a path
graph (Section 5.0.1). Moreover, the classical type-B inversion (Equation 11) is a captured as a

special case when D is a complete graph (Lemma 5.0.1).
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Basic Properties of the Eulerian Polynomial We observe some basic properties of the Eulerian

polynomial and prove these in Section 6.

Theorem 1.0.2. Let D = (D, T) be a bidirected graph with n vertices and m edges. We use the

notation (t(e,i)-i,7(e, ) j) for a bidirected edge.

1. The polynomial A(t) is palindromic with center 5.

2. Suppose (—i,j),(i,—j) €E. Let E' = E —{(—i,)),(i,—j)}, and D' = (V,E") be the bidi-

rected graph with edges (—i, j) and (i, — j) removed. Then
Ap(t) =t-Ap(1).

3. Similarly, if (i, j),(—i,—j) € E, let D' be the bidirected graph D with edges (i, j),(—i,—j)

removed. Then

Ap(t) =1-Ap(1).

~ r ~
4. If D = || D; is a disjoint union of bidirected graphs of orders ny,no,...,n,, then
i=1

a0 =(, " ) THn ()

These properties are extensions of Proposition 2.1(a)-(c) of [2] for digraphs (Section 2). Our analog
to Proposition 2.1(b) of [2] is true only if the pairs of edges had the same underlying signed edge

(Section 3.3).
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Changing the Biorientation of an Edge Changing the biorientation of a bidirected edge generally
changes the graph’s associated Eulerian polynomial. But if we do so while maintaining the
underlying signed graph, this is called a reorientation of the edge [7] and we have the following

invariance:

Theorem 1.0.3. IfD = (V,E) and D' = (V,E") are orientations of the same signed graph D = (V,E),

then |Ap(~1)] = A (~1)].

The absolute value of the evaluation of the Eulerian polynomial at —1 is preserved under another

operation of switching at a vertex.

Switching We introduce the operation of switching a given bidirected graph at a vertex V' in
Section 6.1. The switching operation modifies the edges connected to V' by reversing the signs of
all edges adjacent to v'. Consider the bidirected graph ((D,E), T) undergoing a switch at v/, the

resulting graph is denoted ((D,E),7’) and 7’ is given by

—t(ve) ifv=V
T (v,e) = (1.1)

T(v,e) ifv£y.
In terms of the incidence matrix, the entries of the row corresponding to v changes signs (see

Example 8). We found that switching leaves the Eulerian polynomial preserved.

Theorem 1.0.4. Let D and D' be bidirected graphs before and after performing a switching

operation. The Eulerian polynomial is preserved under switching: Ap(t) = A (1).

Corollary 1.0.5. Performing a switch keeps |Ap(—1)| preserved.
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Finally, in Section 7, we present an exponential generating function for the classical type-B
Eulerian polynomial. This also serves as a generating function for the path graph’s Eulerian
polynomial. The exponential generating function for the classical type-A Eulerian polynomial is [6]

n

Y Aulg)>; = ot

n>0 n! q—e(q_l)x'

Theorem 1.0.6. Let b, (q) be the classical type-B Eulerian polynomial. Then

x" 1—gq
b (q)— = .
n;o )1 = i el
Corollary 1.0.7. ) bn(q)fl—'; = ﬂwi—m is the exponential generating function of the path

n>0

graph Eulerian polynomial.
The evaluation at —1 for the exponential generating function has a closed form identity.

Corollary 1.0.8.

xt 2 _ ech(2
an(—l)ﬁ—fh—w—sec ( )C).

n>0
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Chapter 2

Historical Background

Definition 7. The classical type-A descent set is defined to be Desy(n) ={i € [n—1]: m; > W41},

where T € §,,.
The corresponding descent statistic is desa () = #Desa(n) =#{i€[n—1]: m > w11 }.

Definition 8. The classical type-A Eulerian polynomial is defined as 'Y, 19A0.
oS,

The type-A Eulerian polynomial is at the center of finding a closed-form identity to the al-
ternating series and its reciprocal analog. In Remarques sur un beau rapport entre les series des
puissances tant directes que reciproques in Memoires de I’ Academie des Sciences de Berlin 17

(1768), Leonard Euler develops a relationship between the alternating series

1 1 1
{(s)=1"=2°4+3"—... and (p(s>:F_§+§_"'

as @(s) = (1 —2'7%)¢(s). The terms of {(s) are embedded as coefficients in the power series

expansions
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1
l—s+58°—5+...=
1+s
1
1—2s4+3s2 453+ ... =
S+ 38 s~ + (l—i—s)z
1—s
1-225 4322 4234+ = — "
s+ 3°s s+ (1+s)3
1 —4s+s°
| B B2 33y, LTS
(14s)%
111541157 =3

1—2%s+3%2 4463 1+ .

(1+s)>

The numerator has a pattern that is not obvious, and are called the classical Eulerian polynomials.

The expansions above are a few expansions of the identity [1] with t = —s
y tdesA(n)
k__ TES,
kgb(kJr 1)tk = NG Q.1)

We have a corresponding definition for the (classical) type-B Eulerian polynomial

Definition 9. The classical type-B Eulerian polynomial is defined as Y, 19¢s8(%:£),
(m,€)eBy,

The corresponding identity for the type-B Eulerian polynomial can be derived from Theorem 6.6 of

[1, pg. 948]
y tdesB(n',s)

(m,€)eBy,
(2m+1)'q" =
mzz"() (1—g)"!

(2.2)

Another well-studied statistic that comes up when dealing with permutations is the inversion statistic.
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Definition 10. The classical inversion statistic for a type-A permutation is defined to be
Inva(m) = {(i,j): 0 > mjand i < j}.
Definition 11. The classical inversion statistic for a type-B permutation is defined to be

Invg(m,e) = {(i,)) : &m > gjmjand i < j} .

Graph Generalization In 1995, Foata and Zeilberger [3] characterized direct graphs as possessing
the Mahonian property of the inversion statistic and major index statistic having the same distribution.
MacMahon introduced the major index statistic and further generalized both to arbitrary words
(with repeats) [5, pg 135 of Vol 1]. To introduce these statistics, let X be a total ordered alphabet
and aw = x1xp...x,, then

m—1

majw = Z i (x; > xiv1) (2.3)
i=1

invw = Z X (xi > x;), 2.4)
1<i<j<m

and the rearrangement class of w is the class containing all permutations of the letters of w.
MacMahon proved that for each k € Z, the number of words such that majw = k is the same as
the number of words such that invw = k. l.e., maj and inv have the same distribution over the
rearrangement class. In terms of the generating functions, inv and maj have the same generating

function : ¥ ¢™3" =¥ ¢™". Foata and Zeilberger extended these statistics to directed graphs [3,
w w



CHAPTER 2. HISTORICAL BACKGROUND 13

pg. 81] (let U be a directed graph):

m—1

majyw = Y ix((xi,xi41) €U) (2.5)
i=1

invgw= Y x((xi,xj) €U). (2.6)
1<i<j<m

Note that a directed graph U has the structure of a relation. They proved that (2.5) and (2.6) are
equidistributed if and only if the relation U is bipartitional [3, pg 82]. [3] notes five types of bipartite
relationships and it seems that these corresponds to edges of a directed graph, where type (1) at the
bottom of [3, pg. 1] corresponds to directed graphs with regular edges, e.g., no loops.

The generating functions for the descent and inversion statistic are called the Eulerian and

Mahonian polynomials (respectively) and given by:

Ag(t) =Y 1) and M,(r)= Y ™.

oEeS, oEesS,

The generalized descent set and descent statistic for a digraph (V, E) are given by
Desp(m) = {(i,j) € E: m > m;} and desp(7) = #Desp(7),
respectively. In 2023, [2] presented the Eulerian polynomial for digraphs:

An(r) = ¥ 4e)

oeGp
where D = (V,E) and o is a permutation on the vertices. They found that the descent statistic
is captured as the (digraph) descent statistic of the path of [n]: des(o) = desp, (o), and that

the inversion statistic is captured as the (digraph) descent statistic of the complete graph of [n]:
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des(o) = desk, (o) [2, pg. 2 Remark 1.1]. It follows that the Eulerian and Mahonian polynomials

were captured as the (diagraph) Eulerian polynomial for P, and K, respectively:
An(t) =Ap,(t) and M, (t) = Ak, (1).

We extend these results of the to bidirected graphs.
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Chapter 3

Graphs

3.1 Signed Graphs

Signed graphs are graphs with edges labeled either (+) or (—). They originated in social
psychology, being first introduced by Harary [4] in 1953. Psychologists employed square matrices
with entries {—1,0, 1} to represent individuals’ feelings towards on another to be negative, indif-
ferent, and positive, respectively. Symmetric matrices were then able to be represented by signed
graphs. Since their introduction, signed graphs have arisen in numerous areas in pure and applied

mathematics [8].

Example 1. (Fig 3.1)V ={1,2,3,4}, E = {{1,2},{1,3},{1,4}}, y({1,2}) =+, y({1,3}) = —,

Y({174}) =
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Figure 3.1: A signed graph with four vertices.

3.2 Bidirected Graphs

A graph is turned into a bidirected graph via a bidirection mapping we denote by 7: E XV —
{0,+£1}. Each edge is independently oriented, and we adopt the interpretation of —1 representing

an end pointing away from its incident vertex and +1 as pointing towards its incident vertex.

Example 2. (Fig. 3.2)V ={1,2}, E = {e; ={1,2}}, 1(ey,1) = —1, t(e1,2) = +1.
C €] C
Figure 3.2: Example of a bidirected graph with two nodes.

Example 3. (Fig. 3.3)V ={1,2,3,4}, E ={ej,ez,e3}, where ey = {1,2} ;e ={1,3} ,e3 ={1,4}.

The mapping 7 is given by

T(e1,1)=+1,7(e1,2) = +1,7(e2,1) = —1,7(e2,3) = +1,7(e3,1) = —1,7(e3,4) = +1.
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Figure 3.3: Example of a bidirected graph with four nodes.

Example 4. We denote the bidirected graph Figure 4.1 by D = (D, ) = ((V,E), T), where the
underlying graph is given by V.= {1,2,3,4} and E = {ej,ey,e3,ea4,es}. The map T is given
by t(er,1) = —1, 1(e1,2) = —1, 1(ez,1) = —1, 1(e2,3) = +1, t(es, 1) = —1, 1(e3,4) = +1,

T(€4,2> = _1) 1(6454) = +1’ T(6573) = +1’ T(€574) = +1

3.3 Relationships between a Signed Graph and a Bidirected
Graph

Signed edges can be oriented as depicted in Figure 3.4. Negative edges are mapped to bidirected
edges that have both ends being +1 or both —1, and positive edges are mapped to bidirected edges
with each end being opposite signs [8].

Given a bidirected graph (V,E, 7), if a sign mapping on (V, E) satisfies (Eqn 2.2 of [10])

v(e) = —1(e,i)-t(e,j)Ve={i,j} €E, (3.1)
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then (V,E,7y) is said to be its underlying signed graph. Conversely, we call (V,E, 7) an orientation
of (V,E,y) if Eqn 3.1 is satisfied.
Denote the bidirected graph (V,E, 1) as (V,E) so that E is a set of bidirected edges, we can

define a projection mapping proj : £ — {=£} with the right side of Eqn 3.1 as

proj(é) = proj({e, 7}) = —1(e,i) - 7(e, j)-

Figure 3.4: Orienting Signed Edges

Example 5. The projection of é3 from Figure 3.3 is proj(é3) = —.
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Chapter 4

Matrix Representations

The Appended Incidence Matrix Let D = (V,E) be a bidirected graph with n vertices. We
identify the set of vertices with the set [n] and write V = [n]. Then D can be represented by a matrix
(£p) of dimension (n+ 1) x (|E|+ 1) called an appended incidence matrix.

Definition 12. The appended incidence matrix p, for a bidirected graph D is defined via

;

0 ifi#1,j=0,

(Zp)ij =4 +1 ifi=1,j=0,

T(ej,i) otherwise.
\
We index the matrix from O and set the top row to O to be consistent with the convention

gmy = 0. We associate columns 1 to |E| of the matrix with the edges of a graph in lexicographic

order, and associate rows 1 to n of the matrix with the vertices. The bottom right n x ‘E‘ submatrix
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has entries determined by 7:

_0 0 0O 0 O 0

1 t(ep,1) (e, 1)
Zp= 10

0

_O 7(ey,n) T(eg|,n)

Example 6. The appended incidence matrix for D in Figure 4.1 is

0 0 0 +1 +1 +1

Figure 4.1: Bidirected graph D.

20
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The Signed Permutation Vector A signed permutation (€, 1) € B, is represented by a column

vector o with

O; = &1,
where the first index is 6p = &y := 0, yielding

&1m

EnTty
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Chapter 5

The Descent and Inversion for Bidirected

Graphs

The Classical Descent Statistic Consider the bidirected path graph, B, = (V,E), illustrated in
Figure 5.1. This consists of n vertices that we identify with [n], the n — 1 underlying edges are

E={e;} ={{i,i+ 1} :i€[n— 1]}, and the associated mapping 7 is

(

0 ife¢E,

T(eiaj): —1 ifeieE,j:min(ei)a

+1 ife; € E,j=max(e;).
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Figure 5.1: The path P, of length n.

The resulting appended incidence matrix is

0 0 0 0
1 -1 0 0
0 +1 —1 0
S5 =
0 0 +1
-1
00 0 0 +1

If we multiply the vector representation ¢ of some (€, ) € B, with the path’s incidence matrix, we
obtain a vector

T .y
o -Xp,

with entries in the form of —g&m; + €17 1. Negative entries then imply that & 71| < &;.
Therefore, we can identify the classical type-B descent set Desg (7, €) of section 1 with the product

ol -Xp associated with the path. This discussion motivates and yields the following result:

Lemma 5.0.1. For (7,€) € By,

Desp (7,€) = {i €0,n—1]: (GT 'Zﬁn)i < 0} = Des(m,€).
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The Classical Inversion Statistic Consider the bidirected complete graph K, = (([n],E), T) with

n vertices illustrated in Figure 5.2. The edges are given by
E={{i,j}l1<i<j<nj.

There is an edge connecting every pair of vertices, and the edge at the smaller vertex is directed away
from that vertex, and the edge at the larger vertex is directed towards that vertex. The associated
mapping 7 is given by

(

—1 k=min(e),

T(e,k) =19 +1 k = max(e), (5.1)

0 otherwise.

Figure 5.2: The bidirected complete graph K,, with n vertices.

Example 7. The appended incidence matrix of Ky illustrated in Figure 5.3 is given by
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Figure 5.3: The complete graph of length 4.

Lemma 5.0.2. The descent set for the complete graph is equal to the classical (type-B) inversion

set, i.e., Desg (7,€) = Invg(7,€).
Proof.

Desg, (1,6) = {k: (67 -3¢ ), <0} = {k Y on- (5¢,) < 0}

={(i,j):0i- (1) +0j-(+1) <Owhere i < j} = {(i,) : &m; > &;7j where i < j}

=Invg(7m,é€).
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Chapter 6

The Eulerian Polynomial of a Bidirected

Graph

Structural Properties

Proof of Thm 1.0.2.

1. We identify (7, €) € B, with a column vector o (as in Section 3) and identify (7, —¢€) with
—o. Now consider an entry i in the matrix product 67 - X5 that counts as a descent in
Des(m,€),

(o -£p),<0.

This is equivalent to the expression

TiET + T;EiM; < 0 <~— Ti(—Si)ﬂi—f—T]’(—Sj)iTj > 0.
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Then
k=des(m,e) =#Des{i: (6" -Xp); <0} =#Des {i: (o -X5), >0}
=m—#Des {i: (—GT -Ip); <0} =m—des(m,—¢),
so that

des(mw,—€) =m—k.

This implies that, in Ap(?), the coefficient of t* is the same as the coefficient of "

2. For all (m,€) € By, either

ET; < EjT; OF §TN; > E;T;.

i.e.,

EM —EjiT; < 0 or —EM+Eim; < 0.

This implies that exactly one of (i, —j) and (—i, j) is a descent. With both edges removed, it

follows that for all (7, €) € By,
desp (m,€) = desp(m,€) — 1.
Then

AD/ (t) — Z tdesD/(me) — Z tdeSD(TE,S)—l — t_lAD(t>

(m,e)EB, (m,e)EBy

3. Forall (m,€) € B, either

&M+ €;m; <0 or gm+€;m; >0,
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i.e.,

EM+EiT; < Oor —gm; — Eim; < 0.
This implies that either (i, j) or (—i,—j) is a descent. The proof is the same as in part (2).

4. Let V and V; denote the set of vertices of D and D;, respectively. Enumerate the vertices of D

by [n] in a way that

Vi :{17...,n1},V2:{nl—f—l,...,nz},...,Vr:{nr_l—i—l,..‘,nr}.

We can express a signed permutation on V in terms of V; by first choosing an ordered set

partition (Py, P, ...,P;) of [n] of order (n,ny,...,n,) and defining a map

o;: Vi = P x {£1}",

where o; assigns to a vertex in V; a unique number in P,. Then for ¢ € By,

o(V)= o)
i=1
so that
.
dess(0) =) desp (0;).
i=1
Since there are ( n nz"m nr) ways to partition [n] into type (ny,ns,...,n,) partitions,

Ap()= Y few@ =y ][ ¥ e :( i )fl%xr).

OEB, (P1,Py,...,P,) i=1 \ 0;EBy, ny,na,...,ny
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Preservation of the Absolute Evaluation at —1 We provide a proof for Proposition 1.0.3, which
states that the absolute evaluation at —1 is the same for bidirected graphs with the same underlying

signed graph.

Proof. 1t suffices to consider the case where E and E’ differ by only one oriented edge. Let D
and D’ be bidirected graphs with their edge sets differing only in the k' edge, E = {..,ex,...} and
E = {....€},...}, where ¢ is negated to become e;.

We want to see what happens to the parity of the descent number of each signed permutation
when negating e;. We organize the signed permutations into two subsets: the set of all permutations
with a descent at e; and the set of all permutations without a descent at e.

Let N = (7,€) be a permutation with a descent at e, and ' = (1, —€) (which does not have a

descent at e;). It follows that 17 does not have a descent at the inverted edge ey, therefore
des;(n) =desp(n) — 1.

Similarly, 7’ has a descent at the inverted edge ¢, and therefore
des;5(n') = desp(n') + 1.

We see that the parity of a signed-permutation’s descent number changes when inverting the single
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edge: desp (o) is even if and only if des;; (o) is odd.

[Ap(=1) = (=D + Y ()
desp (o) odd desp(0) even
= Y M+ Y, (D)
des; (o) even des; (o) odd
= |5 (=1)]

Finally, two orientations of a the same signed graph differ by successions of inverting single edges

and so|Ap(—1)| = |A (—1)| holds for all orientations of the same underlying signed graph. [

6.1 Switching at a Vertex

The switching operation is performed on a vertex of a bidirected graph by changing the direction
of an edge incident at that vertex. We define switching on a bidirected graph by extending this
notion on signed graphs described on pg. 51 of [11]. Consider a bidirected graph (V,E, t) and let

v :V — {4} be a sign function that identifies the vertices to be switched:

— switch ati
v(i) =

+ do not switch at i.

Then switching means forming the bidirected graph (V,E, "), where 7" is defined by

It follows that row i of the incidence matrix is negated by switching. We show in Example 8 and

example of switching at a vertex and it’s resulting incidence matrix.
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(a) Bidirected graph D. (b) Bidirected graph D.

Figure 6.1: Swtiching at a vertex

Example 8. A switch is performed on vertex 5 on the graph represented by, shown in Figure 6.1a.
The graph after the switch is represented by and shown in Figure 6.1b. The switch changes the sign

of all entries in the 5"* row.
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o 0o 0 o0 o0 -1 1 —-11

Preservation under Switching We provide a proof which states that a switch operation at a vertex

of a bidirected graph leaves its corresponding Eulerian polynomial preserved.

Proof of Proposition 1.0.4. Let D = (V,E) be a bidirected graph with {ey } being the set of all edges
of E connected to vertex k. Let N = (7,€) € Byand ' = (x,(...,—&,...)) € B, (1 and 1’ differ
only by the k' sign). Using the notation of 7 from Eqn 5.1, we write eq = (T(eq, @) - &, T(eq, k) - k)

and note that the condition for e, being in the descent set Desj(n) is

T(eq, Q) €q - Ty + T(eq, k) - & m < 0.

Now, let D’ be D switched at k. Note 7' (e, k) = —T(eq, k), and the condition for e, being in

the descent set Desp, (') is

T (eq,0) - € T+ T'(eq, k) - € - 7, < 0.
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But

T (eq, ) € Ty + T (eq, k) - €, <0 <=
T(eq, &) - €4 Tgy — T(eq, k) - & - T <0 =

T(ea,a) 'Sa . ﬂa - T(ea7k) . (_gk) 'jtk < O <~

T(ea, OC) N g(x ‘ ﬂa + T(ea,k) ‘ 8]( * ﬂk < O
This shows us that
Desj (1) = Desg (1),

and r9es5() = ydesy (') Since we are summing over all signed permutations,

AD(Z) _ Z tdesﬁ(n) _ Z tdesD(n’) _ Z tdeSD’(nl) :AD/(I).

NeB, n'eB, n'eB,

33

6.1)
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Chapter 7

An Exponential Generating Function for

Hyperoctahedral Eulerian Polynomial

We present a proof of Theorem 1.0.6, the generating function for the classical Eulerian polyno-

mial of the hyperoctahedral group.

Proof of Thm 1.0.6. Recall that the Eulerian polynomial is and defined to be
blg)= Y ¢,
(m,e)eBy,

We use it to expand the identity

bn n,_m
—(1_55,)1+1 =n§0(2m+1) q".

This yields the exponential generating function

n_m

Yo =Y ¥ ent1y(-gr L

n>0 : n>0m>0 n.

1
l—gq
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The right-hand side becomes

quz [(2m+l)(1—61) ]n Zq eZm—H )(1—q)x qu 2m(1—q)x 1 —q)x

m>0  n>0 n! m=0 m=>0
—l g [g-20-0] " = ti-ae, l_qeﬁ
Thus,
¥ (1—g)el™9) l—¢q
’Eb n(9) 1 —ge20=ax o= (—a)x _ gel1—9)

]

Recall that from Section 5.0.1, the path graph descent set is the same set as the classical type-

B descent set. This implies that B, (q) = ; 82)‘,63 ¢**7 (™€) and therefore, M% is the

exponential generating function for Ap, (7).

Example 9. We compare Corollary 1.0.8 with n = 4 against AIs4(—1) to illustrate a case of the

generating function agreeing with the evaluation of the Eulerian polynomial at —1. We have that
_ 2 3 4
Ap, (1) = 1476t +230t" + 761" +17,
so that Ap, (—1) = 80. On the other hand,

B4(—1) = sech™® (2x)|y—o = 16 sech(2x) (5 sech*(2x) — 18 sech?(2x) tanh? (2x) + tanh*(2x) ) |y~ = 80.
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